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Sources of CGWs for ground based detectors

Rotating, distorted neutron stars

(pulsars)

An artist’s impression of a pulsar/neutron star. 
Credits: NASA’s Goddard Space Flight Center

Arvanitaki et al., PRD 81, 123530 (2010)

Brito et al., Class. Quantum Grav. 32, 134001 (2015)

consequent small backreaction effects. For this reason, the BH geometry is very well
described by the Kerr metric, even in the presence of massive bosonic clouds.

2. Bosonic clouds around BHs: a quasi-adiabatic approximation

For concreteness—and also because it is where most of the work on BH superradiance is
framed—we focus on the action for a minimally coupled massive scalar field, which can be
either real or complex (we use Planck units):
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although the qualitative aspects of our analysis are valid also for other massive bosonic
fields4. The resulting field equations are 2� � Ψ μ Ψ=μ μ and G T8π=μν μν with
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A full nonlinear evolution of this system in the case of a spinning BH was recently
performed [25]; following the development of the instability is extremely challenging because
of the time scales involved: MBHτ ∼ is the light-crossing time, 1Sτ μ∼ is the typical
oscillation period of the scalar cloud and M M( )9τ μ∼ is the instability time scale in the
small-Mμ limit. In the most favorable case for the instability, 10 S

6τ τ∼ is the minimum
evolution time scale required for the superradiant effects to become noticeable5. Thus, current

Figure 1. Pictorial description of a bosonic cloud around a spinning BH in a realistic
astrophysical environment. The BH loses energy ES and angular momentum LS through
superradiant extraction of scalar waves and emission of GWs, while accreting gas from
the disk, which transports energy EACC and angular momentum LACC. Notice that
accreting material is basically in free fall after it reaches the innermost stable circular
orbit. The cloud is localized at a distance M M1 22μ∼ > .

4 Here we neglect possible scalar self-interactions beyond the mass term. Nonlinearities can give rise to interesting
effects, for example a condensate of axion-like particles governed by a sine-Gordon potential
V f f( ) [1 cos ( )]a a

2 2Ψ μ Ψ= − would collapse and produce a ‘bosenova’ explosion when M f m M1600( )S a P
2≈

[31, 36], where fa is a model-dependent decay constant and mP is the Planck mass.
5 The minimum instability time scale corresponds to M 0.42μ ∼ (see e.g. [19]). Although this value is beyond the
analytical, small-Mμ approximation, the numerical result is in good agreement with an extrapolation of the analytical
formula [23].

Class. Quantum Grav. 32 (2015) 134001 R Brito et al
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Boson cloud

rotating BH

Boson cloud around rotating BHs

Planetary mass primordial BHs

(cosmological origin)

Sasaki et al., Class. Quantum Grav. 35, 063001 (2018)
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Continuous gravitational waves (CGWs)

• Persistent, quasi-monochromatic signals

• Amplitude is very weak. 

• e.g. spinnig deformed NS

• We need to accumulate O(yr)-long strain data to detect CGWs.

• We have not detected CGWs yet.

2 Elastic Deformations
The simplest model of the NS CGWs emitter is described by a rigidly rotating aligned
triaxial ellipsoid, radiating purely quadrupolar waves (Figure 4). As was mentioned in
Section 1.1, signal expected to be observed on the Earth will have two polarisations
h⇥(t) and h+(t), which depend on the emission mechanism (Equation (8)):

h+(t) =
1
2

h0
⇣
1 + cos2 ◆

⌘
cos(�(t) + �0) (24)

h⇥(t) = h0 cos ◆ sin(�(t) + �0), (25)

where ◆ is an inclination angle of NS rotation axis with respect to the line of sight,
�(t)+�0 is the phase of the wave (�0 being the initial phase), expressed as a truncated
Taylor series,

�(t) =
sX

k=1

f (k)
GW

tk+1

(k + 1)!
+

n0 ⇥ rd(t)
c

sX

k=1

f (k)
GW

tk

(k)!
, (26)

where f (k)
GW is a k-th frequency time-derivative at the Solar System Barycentre (SSB)

evaluated at t = 0 ( f (1)
GW = ḟ , f (2)

GW = f̈ , ...), n0 is a constant unit vector in the direction
of the NS in the SSB reference frame (it, therefore, depends on the sky position of the
source) and rd is a vector joining the SSB with the detector.

The parameter h0 is a constant GW strain, which can be estimated from Einstein’s
quadrupole formula (Equation (1)). For the triaxial ellipsoid model it is given by the
following formula:

h0 =
4⇡2G

c4

I3 f 2
GW✏

d
= 4.2 ⇥ 10�26

✓ ✏
10�6

◆ ✓ P
10 ms

◆�2  
d

1 kpc

!�1

, (27)

where the deformation (also called ellipticity) is quantified by ✏ = (I1 � I2)/I3. Quan-
tities I1, I2, I3 are the moments of inertia along three principal axes of the ellipsoid,
with I3 aligned with the rotation axis (see Figure 4). The symbol d denotes the dis-
tance to the source, and fGW = 2⌫ is the GW frequency, equal to twice the rotational
frequency of the star9. The NS angular frequency is given by relation ! = 2⇡⌫ = 2⇡/P,
where P is the spin period.

From the right-hand side of Equation (27) one can notice that the ellipticity ✏ de-
pends on the interior properties of the NS. It carries information on how easy it is to
deform NS or, equivalently, about the sti↵ness of the matter. So far, exact values of ✏

9We consider here density perturbations, which a↵ect the spherical shape of the star �⇢ =
Re{�⇢lm(r)Ylm(✓, �)}, where Ylm(✓, �) denotes spherical harmonics. The multipole moment of the perturba-
tion along radius coordinate r is Qlm =

R
�⇢lm(r)rl+2dr. Here we focus only on the lowest-order perturbation

Q22, consistent with l = m = 2, for which fGW = 2⌫. Note that in this section we consider the simplest
model, in which rotational and I3 axes are aligned. In general they may be misaligned, producing additional
CGW radiation at 1⌫ frequency, whose strength depends on the angle between rotational and I3 axes and
is maximal when they are perpendicular (Bonazzola & Gourgoulhon, 1996). Such cases are consider in
Section 3 and 5. Searches in the LVC data for the CGW radiation at both 1⌫ and 2⌫ were performed in the
past (Abbott et al., 2019g).

15

ε : ellipticity, P : pulse period, d : distance
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FIG. 15. Comparison of 95% confidence upper limits on GW amplitude h0 obtained by the FrequencyHough pipeline (black
triangles), the SkyHough pipeline (red squares), the Time-Domain F-statistic pipeline (blue circles), and the SOAP pipeline
(magenta diamonds). Population-averaged upper limits obtained in [101] using the O3a data are marked with dark-green
crosses. To enhance visibility, we do not show the error estimates of h0 in this plot; additionally, the data is divided in 2 Hz
bins, and the median of h0 values within each bin is presented.

an absolute statement about the abundance and rates of PBHs.
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Waveform model of CGWs

Two polarizaion of GWs
<latexit sha1_base64="U9ndp2zpGNOE8fATPXBqLxFU5nQ="></latexit>

h+(⌧) = h0 cos[�(⌧) + �0], h⇥(⌧) = h0 sin[�(⌧) + �0]

Phase of GWs

<latexit sha1_base64="vPGIz84Z3w2V1vcR3g8JfXVWoDQ="></latexit>

f (k) :=
dkf

d⌧k

<latexit sha1_base64="4rDhR8+iRzPyCy7ygGovqlC5uVI="></latexit>

�(⌧) = 2⇡
sX

k=0

f (k)

(k + 1)!
(⌧ � ⌧ref)

k+1

Frequency parameters

At emission, the model of CGWs is simpler than those of CBCs.

Detector motion makes it complicated.

in source frame
τ : time when wavefront reaches at SSB (solar system barycenter)
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Waveform model of CGWs

3. Doppler modulation due to the detector motion

in detector frame

<latexit sha1_base64="jlOLRW62HxXz02Da0Do3em9y+Vk="></latexit>

⌧ = t� r(t) · n(↵, �)
c

τ : SSB time,  t : detector time

r(t) : detector location with respect to SSB

n(α, δ) : unit vector pointing from SSB to the source

2. Detector’s antenna patterns
<latexit sha1_base64="+MmW/Q1Bs8xMB2LS/bYPVeMn6Tg="></latexit>

F+(t;↵, �, ) = sin ⇣ [a(t;↵, �) cos(2 ) + b(t;↵, �) sin(2 )]

F⇥(t;↵, �, ) = sin ⇣ [b(t;↵, �) cos(2 )� a(t;↵, �) sin(2 )]

What we will observe is
<latexit sha1_base64="S2S6g+qb6cRL7AjtqTVIN8I8bqs="></latexit>

h(t) = F+(t;↵, �, )h0
1 + cos2 ◆

2
cos [�(t) + �0] + F⇥(t;↵, �, )h0 cos ◆ sin [�(t) + �0]

ψ : polarization

ζ : Angle btw arms, π / 2 for LVK

1. Inclination angle
<latexit sha1_base64="FJQmliwsgYHMrZWqojCgUNuqxdA="></latexit>

h+ ! h0
1 + cos2 ◆

2
, h⇥ ! h0 cos ◆Amplitudes of +, x modes
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Frequency modulation

Figure 5: Typical modulations of the CW signal frequency for an
isolated neutron star as a function of time. Top: daily modulation
(blue) due to the rotation of the Earth. Middle: yearly modulation
(red) due to the orbit of the Earth. Bottom: long-term decrease
(yellow) due to the spindown of the star.

For isolated stars, �R(tNS) = 0 and Eq. (47) gives tNS

directly in terms of functions of tdet; otherwise, Eq. (47)
must be numerically inverted to determine the function
tNS(tdet). Finally, the CW phase is

�(tdet) = 2⇡

smaxX

s=0

f
(s) tNS(tdet)

s+1

(s+ 1)!
. (48)

Figure 5 illustrates the typical timescales of modula-
tions for the CW phase of an isolated star. On timescales
of a day, the dominant modulation is from Doppler modu-
lation due to the Earth’s sidereal rotation. Over the course
of a year, the dominant modulation is Doppler modulation
due to the Earth’s orbit. And over many years of obser-
vation, we expect a steady spindown in frequency as the
neutron star loses energy.

2.2.5. Approximate phase
While the full phase expression of Eq. (48) is required

to accurately track the CW phase over long observation
times, it is often useful (see e.g. Sec. 4.2) to consider a
simpler, approximate form of the phase [23, 85, 93].

We first discard the Einstein and Shapiro delay terms
�E�(tdet),�S�(tdet), as they are always small compared
to the other terms in Eq. (47). We then expand Eq. (48),
and discard any terms of order f

(s)
t
s�n+1

NS
�

n
R···, where

n > 1, and �R··· is any of the Rømer delay terms. This is
because, over the time-span of an observation T , f (s) typ-
ically scales with T

�s�1, ts�n+1

NS
scales with T

s�n+1, but

the oscillatory Rømer terms remain of order unity. Terms
of order f

(s)
t
s�n+1

NS
�

n
R···, therefore, scale as T

�n, and are
small enough to be neglected when n > 1. Finally, if
�R(tNS) is present, we assume that the orbital motion is
slow compared to gravitational wave transit time across
the orbit, and we can therefore approximate �R(tNS) ⇡

�R(tdet). Applying these approximations yields:

�(tdet) ⇡ 2⇡

smaxX

s=0

f
(s)

⇢
(tdet � t0)

s+1

(s+ 1)!

+
(tdet � t0)

s

s!

h
�R�(tdet) � �R(tdet)

i� (49)

= 2⇡f(tdet � t0)

h
�R�(tdet) � �R(tdet)

i

+ 2⇡


ftdet +

1

2
ḟ t

2

det
+

1

6
f̈ t

3

det
+ . . .

�
.

(50)

In Eq. (50), the instantaneous frequency f(tdet � t0) is
usually replaced by a constant fmax, the maximum fre-
quency of the signal over the observation, thereby giving
the maximum modulation from the Rømer terms.

3. Challenges of continuous wave searches

The fundamental challenge of CW searches lies in ex-
tracting a very weak signal from comparatively noisy data.
While gravitational wave signals from the mergers of bi-
nary black holes and neutron star are strong enough to, on
occasion, be discernible to the naked eye [e.g. 7, 94], CW
signals are comparatively much weaker. We must there-
fore apply data analysis techniques to the data. All such
techniques rely on the idea of matched filtering : we formu-
late a model for the CW signal (Sec. 2), apply that model
to the data, and compute a detection statistic which tells
us which of two hypotheses are favoured: the signal hy-
pothesis, that the data contains a CW signal matching our
model; or the noise hypothesis, that it does not.

A first challenge is breaking the following circular de-
pendency: how we can detect an unknown CW signal,
when we must first know its model parameters, in order to
apply the model to the data, in order to detect the signal
in the first place? It is here that the distinction between
amplitude and phase parameters made in Sec. 2 becomes
important. To see why, we first express the detector re-
sponse functions F+(t), F⇥(t) using two new functions6,
a(t) and b(t) [23]:

F+(t) = a(t) cos 2 + b(t) sin 2 ,

F⇥(t) = b(t) cos 2 � a(t) sin 2 .
(51)

By combining Eqs. (1), (4), (5) and (51), we see that the
component h

2m
(t) of h(t) associated with each harmonic

6Note that, in contract to the definitions given in [23], I have
absorbed the factor of sin ⇣ into the definitions a(t), b(t).

10

Wette, 2305.07106

<latexit sha1_base64="jlOLRW62HxXz02Da0Do3em9y+Vk="></latexit>

⌧ = t� r(t) · n(↵, �)
c

<latexit sha1_base64="4rDhR8+iRzPyCy7ygGovqlC5uVI="></latexit>

�(⌧) = 2⇡
sX

k=0

f (k)

(k + 1)!
(⌧ � ⌧ref)

k+1

<latexit sha1_base64="u//br/c/U3DVWr10ZfY+fF+KGgI="></latexit>

f(t) =
1

2⇡

d�

dt

⇠ (f (0) + f (1)t+ · · · )⇥
✓
1 +

r(t) · n
c

◆

⇠ daily oscillation + yearly oscillation + intrinsic evolution

10



Difficulties in CGW searches
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• Non-Gaussian detector noise
There are two types of non-Gaussian detector noise; glitches and lines. They can 
affect the sensitivity by increasing the false-alarm rate and elevating the noise PSD. 

• Computational cost
Due to the long duration and the detector motion, CGW searches are quite 
sensitive to the small difference in the signal parameters. It leads to heavy 
computational cost.



Glitches
Glitches
= burst-like disturbances

Unlike CBC searches, glitches cannot be 
the sources of confusion with CGWs.

But, it affects the estimation of PSD by 
increasing noise floor.

12



Instrumental lines
Instrumental lines
= narrow band, persistent artifacts

Sources:
• 60Hz power line harmonics,
• Violin modes of suspension
• Environmental disturbances, etc…

Instrumental lines can degrade the CW 
search sensitivity because they share the 
similar features with CGWs leading the 
increase of the false-alarm rate. Also, lines 
much affect on the PSD estimation.

Fig: https://gwosc.org/O3/o3speclines/
13



Tobs dependency of computational cost

14

Resolutions
<latexit sha1_base64="yakXruqe6/gmRki8Eg+YXNUrs0k="></latexit>

�f (0) ⇠ T�1
obs

Idea: difference in frequency should be smaller than (Tobs)-1 

<latexit sha1_base64="BB1m+NHcI9VZcMXpjggks6IJJh4="></latexit>

�f (1) ⇠ T�2
obs

Volume of the parameter space each grid covers ΔVgrid ~ (Tobs)-5 

<latexit sha1_base64="uchnQxhAU0ORWDUew3ESiQuv4Wc="></latexit>

Doppler modulation ' f (0) v · n
c

Long observational time leads to the rapid increase of 
the computational cost.

<latexit sha1_base64="k9LgxGWHVTkSkWA0N/2Aez4RVmM="></latexit>

Small deviation ⇠ f (0) v

c
�↵ . T�1

obs

Computational cost ~ (# of grids) x (comp. cost per grid) ~ (Tobs)6

<latexit sha1_base64="IchzbDDto4iSQWJtH3jCKjrcCKM="></latexit>

�↵ ⇠ �� ⇠
⇣
f (0) v

c

⌘�1
· T�1

obs



Semi-coherent searches

15

• Coherently processing entire observational data is not feasible. So, we divide it into 
short segments, process each segment coherently, and integrate them.           
Typically, Tcoh = 1800 sec. But, it can be longer.

• The sensitivity is degraded comparing with the fully-coherent search. But, with the 
computational resource limitation, semi-coherent searches show better sensitivity 
than the coherent searches.

• Each algorithm returns candidates which satisfies the criteria and is followed by the 
follow-up search to confirm whether the candidates are astrophysical signals or 
detector artifacts.



Various types of CGW search

Figure 3: Schematic plot of the sensitivity versus computational cost of the di↵erent
CGWs searches strategies.

Additionally, young and hot NSs may become unstable and undergo various dy-
namical processes (e.g., cooling processes and oscillations—see Section 4). Full real-
istic description of the CGWs emission, in presence of multiple physical phenomena
may require inclusion of higher frequency derivatives and in general is extremely hard
to model. Nevertheless, searches were performed for the CGWs from known super-
novæ remnants (Abadie et al., 2010; Zhu et al., 2016; Ming et al., 2016, 2018, 2019;
Abbott et al., 2019h), as well as in the direction towards the Galactic Centre region,
where massive stars (progenitors of supernovæ explosions) are found in stellar clus-
ters (Aasi et al., 2013; Dergachev & Papa, 2019c).

The most computationally intensive searches are all-sky (blind) searches, since only
minimal assumptions are made to search for the signals from a priori unknown sources.
Such a search requires well-optimised and robust tools, because the less is known about
the source, the smaller sensitivity of the search can be achieved and bigger computa-
tional cost is required. All types of searches are summarised in Figure 3. Several
methods (described below) were so far tested and used in blind searches on mock and
real data. Each all-sky search has di↵erent advantages in the sensitivity vs. robustness
against complexity of the assumed CGWs emission models, as was compared in Walsh
et al. (2016).

Several search methods were developed for the CGWs signals originated in isolated
NSs (very extensive comparison of the sensitivity of various searches can be found
in Dreissigacker et al. 2018):

• The F -statistic method introduced in Jaranowski et al. (1998). The F -statistic

11

Fig. Sieniawska & Bejger, Universe 5(11), 217 (2019)  [modified]

known [f(0), {f(k)}, loc]

known location
(e.g., SNe remnants)

Unknown sources

• The more knowledge we have, 
the better sensitivity & the 
more efficient the search is.

• Blind (all-sky) searches are the 
most expensive task in GW 
astronomy.

• In this talk, we focus all-sky 
searches.

16



Search pipelines employed in O3 all-sky searches

17

• Time-domain F-statistic

Maximum likelihood based approach.

• Frequency Hough, sky Hough

Hough transform. Frequency Hough makes Hough map in (f(0), f(1)) plane while sky Hough makes it in (α, δ) 
plane.

• PowerFlux

Adding SFT powers normalized by noise PSD and antenna pattern functions.

• SOAP-CNN

Combining Viterbi algorithm, machine learning technique to find the likely frequency track, and a 
convolutional neural network.

LVK collaboration, arXiv:2201.00697



Search pipelines employed in O3 all-sky searches

18

• Time-domain F-statistic

Maximum likelihood based approach.

• Frequency Hough, sky Hough

Hough transform. Frequency Hough makes Hough map in (f(0), f(1)) plane while sky Hough makes it in (α, δ) 
plane.

• PowerFlux

Adding SFT powers normalized by noise PSD and antenna pattern functions.

• SOAP-CNN

Combining Viterbi algorithm, machine learning technique to find the likely frequency track, and a 
convolutional neural network.

Hands-on



F-statistic

19

reference

Jaranowski, Królak, and Schutz, Phys.Rev.D58, 063001 (1998)



Notation s(t): strain data, h(t): GW waveform, n(t): detector noise

Assumption: detector noise is stationary and Gaussian with zero mean

Matched filter

20

Likelihood of s(t) 
<latexit sha1_base64="4UG9+ugutQ4BKKmXvwVsZwxq8gw="></latexit>

P (s|0) / exp


�1

2
(s|s)

�

2

We use λ to denote a set of the intrinsic parameters.

λ =
{
f0, ḟ , f̈ , · · · ,α, δ, θorb

}
, (11)

where θorb is the orbital parameters of the binary.
The detector output is

s(t) = n(t) + h(t;A,λ) = n(t) +Aµhµ(t;λs) , (12)

where n is the detector noise and the subscript s means the quantities related to the CGW source. Here, we use the
Einstein’s notation of summation. We omit the time t from the argument.

The detector noise is assumed to be Gaussian. Therefore, the likelihood of s with the null hypothesis (e.g., the
detector strain does not contain the GW signal) can be written as

P (s|0) ∝ exp

[
−1

2
(s|s)

]
, (13)

where

(a|b) = 2

∫ ∞

−∞
df

ã(f)b̃∗(f)

Sn(f)
. (14)

The second argument of 0 means the null hypothesis. Under the hypothesis in which the CGW h(t;A,λ) presents,
the likelihood of s can be written as

P (s|h) ∝ exp

[
−1

2
(s− h|s− h)

]
= exp

[
−1

2
(s|s) + (s|h)− 1

2
(h|h)

]
(15)

When we assume the template h(t;A,λ), the log-likelihood ratio is

lnΛ(A,λ) = ln
P (s|h)
P (s|0) = (s|h)− 1

2
(h|h) = Aµxµ − 1

2
AµMµνAν , (16)

where

xµ := (s|hµ) , Mµν := (hµ|hν) . (17)

We can maximize the likelihood ratio over the amplitude parameters A by analytical manner.

0 =
∂

∂Aα
lnΛ

∣∣∣∣
Â
= xα −MαµÂµ , (18)

where we use the symmetry Mµν = Mνµ. Then, we get the optimal values Â by

Âµ = Mµαxα , (19)

where Mµν is the inverse matrix of Mµν . We substitute Â into the log likelihood ratio, then we get

lnΛ(A = Â,λ) = xµMµνxν − 1

2
xαMµαMµνMνβxβ =

1

2
xµMµνxν . (20)

We define the F-statistic by

2F(s;λ) := xµMµνxν , (21)

This is nothing but the log likelihood ratio optimized over the amplitude parameters.
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hñ(f)ñ⇤(f 0)i = 1

2
Sn(f)�(f � f 0)

noise-weighted inner product

noise power spectral density (PSD)

In the absence of signal
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P (s|h) / exp


�1

2
(s� h|s� h)

�
In the presence of signal

Log likelihood ratio
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ln⇤ = ln
P (s|h)
P (s|0) = (s|h)� 1

2
(h|h)



Rewrite signal model
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• Parameters = { f(0),  {f(k)},  α,  δ,  h0,  ι,  ψ,  Φ0 }

Frequency evolution Amplitude
<latexit sha1_base64="S2S6g+qb6cRL7AjtqTVIN8I8bqs="></latexit>

h(t) = F+(t;↵, �, )h0
1 + cos2 ◆

2
cos [�(t) + �0] + F⇥(t;↵, �, )h0 cos ◆ sin [�(t) + �0]
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F+(t) = sin ⇣ [a(t;↵, �) cos(2 ) + b(t;↵, �) sin(2 )]

F⇥(t) = sin ⇣ [b(t;↵, �) cos(2 )� a(t;↵, �) sin(2 )]
Antenna pattern functions

7+s parameters are too heavy.
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F-statistic = likelihood ratio maximized over Aµ
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Likelihood ratio can be rewritten by

Easily maximized over {Aμ}
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ln⇤ = Aµxµ � 1

2
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xµ = (s|hµ), Mµ⌫ = (hµ|h⌫)with
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2F := max
A

[ln⇤] = xµMµ⌫x⌫

: inverse matrix of 
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Mµ⌫

F-statistic 

Depending only on {f(0), {f(k)}, α, δ}

Using F-statistic, we can reduce the dimension of the parameter space by 4.



Statistics of F-statistic
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2F = xµMµ⌫x⌫ ⇠ Z2
1 + Z2

2 + Z2
3 + Z2

4F-statistic

In the absence of signal, 2F follows χ2 distribution with 4 d.o.f

If signal exists, 2F follows non-central χ2 distribution

with 4 d.o.f and non-centrality of (h|h)
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E[2F|h] = 4 + (h|h) , Var[2F|h] = 8 + 4(h|h)
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E[2F|0] = 4 , Var[2F|0] = 8

<latexit sha1_base64="qzxQlCFt8k8qbNy0PoFlwiwuDSs="></latexit>

SNR =
E[2F|h]� E[2F|0]p

Var[2F|0]
=
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Semi-coherent F-statistc
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Divide data into N segments and sum all F-statistics over all segments

In the absence of signal, 2F follows χ2 distribution with 4N d.o.f

If signal exists, 2F follows non-central χ2 distribution

with 4N d.o.f and non-centrality of (h|h)

This is an another explanation why semi-coherent search lose sensitivity.
But, under the limit of computational resources, it is not the case.
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2Ftot =
NX
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2F`
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E[2Ftot|0] = 4N , Var[2Ftot|0] = 8N
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E[2Ftot|h] = 4N + (h|h) , Var[2Ftot|h] = 8N + 4(h|h)
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Frequency Hough
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Peak map
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First of all, we make a periodogram and normalize it by noise PSD.

A pixel of the normalized periodogram is classified as a peak if a pixel satisfies two criteria:

(1) the power exceeds the given threshold, and (2) it is a local maxima.

Each pixel in a peak map has a value {0, 1}.

(Only noise)

Normalized power

for one SFT segment

Peak map

Yellow: 1

Purple: 0



Hough transform
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Assuming the relation between the input plane M and the parameter space Σ,

Hough transform converts each point in M into a set of points in Σ.

If a point in Σ is consistent to a point in M, it is incremented by one.

general procedure is essentially the same as in the dis-
crete case and is depicted schematically in Fig. 4: we look
for pixels in parameter space which are consistent with
the observations. There is, however, one technical differ-
ence, namely, since each observation is an extended re-
gion in M, the points in parameter space consistent with
this observation do not constitute a sharp hypersurface
Ui. Each pixel instead gives a region ~Ui bounded by two
such hypersurfaces. Given such a region, we can then
select pixels in parameter space. Since a pixel in parame-
ter space might intersect more than one ~Ui, we need an
unambiguous criterion to select pixels in parameter space
in order to ensure that each pixel gets selected at most
once by an observation. Given such a criterion, we can
continue the earlier strategy and construct a histogram in
parameter space by assigning a number count to each
pixel in parameter space. The pixel with the largest num-
ber count is our best candidate for a detection.

IV. THE HOUGH TRANSFORM WITH
NONDEMODULATED DATA

The steps involved in a single incoherent stage of the
search are outlined in Fig. 5. In this search, one starts by
breaking up the input data of duration Tobs into N seg-
ments each with a duration of Tcoh, which would be equal
to Tobs=N if there were no gaps in the data. Except for
precisely two exceptions, namely, Eqs. (5.35) and (6.41),
all the equations in this paper will be valid even in the
presence of gaps; we shall not assume Tcoh ! Tobs=N.
This is important because in practice, the real data stream
will inevitably have gaps in it representing times when the
detector is not in lock or the data is not reliable.

The next step is to compute the Fourier transform of
each data segment to obtain N SFTs. Select frequency
bins in each SFT by setting a threshold on the normalized
power spectrum. This produces a distribution of points in
the time-frequency plane — the manifold M—most of
which are noise but some excess of which are hopefully
present along one or more signal patterns given by

Eq. (2.4). Having selected points in the time-frequency
plane, go through the Hough transform algorithm to
obtain the Hough map, i.e., the histogram, in parameter
space !. The details follow.

A. Notation and conventions

We assume that the N different data segments have the
same time duration. Label the different segments by a !
0; 1 . . . "N # 1$ and denote the start time of each segment
by ta which will often be called the time stamp of the ath

data segment. Let each segment consist of M data points.
Let us now focus on the ath data segment which covers

the time interval %ta; ta & Tcoh'. Let x"t$ be the de-
tector output which is sampled at times tj ! ta & j"t
with j ! 0; 1; . . . "M# 1$. Here the data segment has
been subdivided into M subsegments with the times tj
defined to be at the start of each subsegment; this implies

Hough
transform

Σ M

FIG. 4 (color online). A schematic view of the Hough trans-
form for the discrete case. An observation consists of a pixel in
M which goes over to the region enclosed between the dotted
lines under the Hough transform. This in turn leads to a
selection of pixels in parameter space. The shaded pixels are
the ones which get selected and are the ones consistent with the
observation.

Break up data into 
smaller segments

Compute normalized
power−spectrum for

each segment

Select frequency bins

Perform the Hough
transform

Select candidates
to be followed up

FIG. 5. A single stage of a hierarchical continuous wave
search involving the Hough transform. The starting point is
to break up the data with total observation time Tobs into N
segments and to compute the Fourier transform of each seg-
ment. The next step is to select frequency bins from each SFT
by setting a threshold on the normalized power spectrum and
use the selected frequency bins to construct a Hough map. The
output is then a set of candidates in parameter space obtained
by setting a threshold on the Hough number count.
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Fig: Krishnan et al., PRD70, 082001

Parameter space Peak map

For each grid in Σ, 
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Example: linear function + noise
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Data {(xi, yi)} (i=1,2,…,100),    yi = 1.0 * xi + 0.5 + ni,    ni ~ N(0,0.02)

We assume the model y = a * x + b and estimate (a, b).

Hough map (parameter space) Input plane



Doppler correction for peak map
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For each grid on the sky, we shift the peak map to demodulate the frequency and 
make a Hough map. Therefore, we have a Hough map for each grid on the sky.

Doppler correction



Hough map
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After the Doppler correction

Accounting the frequency resolution, each peak is transformed into a stripe in 
parameter space.
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Straight line in (f(0), f(1)) plane

general procedure is essentially the same as in the dis-
crete case and is depicted schematically in Fig. 4: we look
for pixels in parameter space which are consistent with
the observations. There is, however, one technical differ-
ence, namely, since each observation is an extended re-
gion in M, the points in parameter space consistent with
this observation do not constitute a sharp hypersurface
Ui. Each pixel instead gives a region ~Ui bounded by two
such hypersurfaces. Given such a region, we can then
select pixels in parameter space. Since a pixel in parame-
ter space might intersect more than one ~Ui, we need an
unambiguous criterion to select pixels in parameter space
in order to ensure that each pixel gets selected at most
once by an observation. Given such a criterion, we can
continue the earlier strategy and construct a histogram in
parameter space by assigning a number count to each
pixel in parameter space. The pixel with the largest num-
ber count is our best candidate for a detection.

IV. THE HOUGH TRANSFORM WITH
NONDEMODULATED DATA

The steps involved in a single incoherent stage of the
search are outlined in Fig. 5. In this search, one starts by
breaking up the input data of duration Tobs into N seg-
ments each with a duration of Tcoh, which would be equal
to Tobs=N if there were no gaps in the data. Except for
precisely two exceptions, namely, Eqs. (5.35) and (6.41),
all the equations in this paper will be valid even in the
presence of gaps; we shall not assume Tcoh ! Tobs=N.
This is important because in practice, the real data stream
will inevitably have gaps in it representing times when the
detector is not in lock or the data is not reliable.

The next step is to compute the Fourier transform of
each data segment to obtain N SFTs. Select frequency
bins in each SFT by setting a threshold on the normalized
power spectrum. This produces a distribution of points in
the time-frequency plane — the manifold M—most of
which are noise but some excess of which are hopefully
present along one or more signal patterns given by

Eq. (2.4). Having selected points in the time-frequency
plane, go through the Hough transform algorithm to
obtain the Hough map, i.e., the histogram, in parameter
space !. The details follow.

A. Notation and conventions

We assume that the N different data segments have the
same time duration. Label the different segments by a !
0; 1 . . . "N # 1$ and denote the start time of each segment
by ta which will often be called the time stamp of the ath

data segment. Let each segment consist of M data points.
Let us now focus on the ath data segment which covers

the time interval %ta; ta & Tcoh'. Let x"t$ be the de-
tector output which is sampled at times tj ! ta & j"t
with j ! 0; 1; . . . "M# 1$. Here the data segment has
been subdivided into M subsegments with the times tj
defined to be at the start of each subsegment; this implies

Hough
transform

Σ M

FIG. 4 (color online). A schematic view of the Hough trans-
form for the discrete case. An observation consists of a pixel in
M which goes over to the region enclosed between the dotted
lines under the Hough transform. This in turn leads to a
selection of pixels in parameter space. The shaded pixels are
the ones which get selected and are the ones consistent with the
observation.
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Perform the Hough
transform
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FIG. 5. A single stage of a hierarchical continuous wave
search involving the Hough transform. The starting point is
to break up the data with total observation time Tobs into N
segments and to compute the Fourier transform of each seg-
ment. The next step is to select frequency bins from each SFT
by setting a threshold on the normalized power spectrum and
use the selected frequency bins to construct a Hough map. The
output is then a set of candidates in parameter space obtained
by setting a threshold on the Hough number count.
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Parameter space (f(0), f(1)) Peak map on (t, f)
For each grid in Σ, 
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Sum is taken over the frequency track

consistent with the grid in Σ.

Calculating n for every grids in Σ, we get a Hough map. Fig: Krishnan et al., PRD70, 082001
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Summary

• CGWs will provide us with the fruitful information about 
astrophysics, particle physics, and cosmology.

• Searches for CGWs are challenging due to the 
computational cost and non-Gaussian noise.

• Various semi-coherent searches are employed to detect 
CGWs. F-statistic and Hough transform are powerful 
tools.
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I didn’t talk the following:
• Targeted, narrow band, and directed searches

• Sophisticated techniques (grid placement, hierarchical algorithm, etc) 

• Pre-processing (gating, line cleaning, making SFT database, etc)

• Post-processing (clustering, coincidence, vetos, etc) and follow-up stage

• Many apps in lalsuite

• Machine learning & deep learning approaches
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CHAPTER 2. GRAVITATIONAL WAVES

Figure 2.3: The P -Ṗ plot of the pulsars. From this figure, we can roughly classify all pulsars
into three types, 1) normal pulsars, 2) millisecond pulsars, and 3) magnetars. Possible
sources of gravitational waves that can be detected by the ground-based detectors are
millisecond pulsars, which have a period ⇠ O(10

�2
)sec. The pulsar catalog is obtained from

ATNF catalog. (https://www.atnf.csiro.au/research/pulsar/psrcat/) The figure is
plotted with the module psrqpy and slightly modified.

• “Mountain” on neutron stars. If there is a mountain on the neutron star, it can
produce quadrupole moment. The ellipticity ✏ is estimated by

✏ . 2 ⇥ 10
�5

⇣
ubreak

0.1

⌘
,

where ubreak is the crustal breaking strain.

• Magnetic fields. Neutron stars are believed to have strong magnetic field. It causes
the deformation of neutron stars. For the case of toroidal magnetic field, the ellipticity
can achieve
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CHAPTER 2. GRAVITATIONAL WAVES

Figure 2.1: The schematic picture of a rotating triaxial ellipsoid. The coordinate {x
0
, y

0
, z

0
}

is the co-rotating frame where the ellipsoid is at rest. Also, each axis of the co-rotating
frame coincides with each principal axis of inertia. The ellipsoid rotates around the z

0-axis
with the angular frequency ⌦.

Using the matrix

Rij(t) =

0

@
cos ⌦t � sin ⌦t 0

sin ⌦t cos ⌦t 0

0 0 1

1

A , (2.69)

we obtain the quadrupole moment in the laboratory frame as

Qij(t) = Rik(t)Rj`(t)Q
0
k` . (2.70)

Because of the quadrupole formula, the gravitational waves from rotating triaxial unequal
ellipsoid can be calculated as

h+(t) =
1

r

G

c4
4⌦

2
(Qy � Qx) cos 2⌦t̃ , (2.71)

h⇥(t) =
1

r

G

c4
4⌦

2
(Qy � Qx) sin 2⌦t̃ , (2.72)

with the retarded time t̃ defined by

t̃ := t �
r

c
. (2.73)

The ellipticity ✏ is defined by

✏ :=
Qy � Qx

Qz
, (2.74)
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ellipticity

current upper lim. ~ 2 x 10-25

ex. Rotating distorted NS
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CHAPTER 2. GRAVITATIONAL WAVES

2.4.2 Axion clouds around black holes
According to the QCD or the string theory, ultra-light bosons can exist in the Universe
while they have not been detected. These bosons are called QCD/string axions. These
scalar fields may extract the energy and the angular momentum from the Kerr black hole
by the superradiance, and the bound state can be formed around the black hole. This
bound state is called “axion cloud”, and the coupled system of the black hole and the
cloud is regarded as the “gravitational atoms”. Because the cloud is formed by a number
of boson particles, the reactions of small event rates can be occurred in the cloud. In
BH-cloud systems, the pair annihilation of two axion particles and the level transition of
the clouds can emit the gravitational waves [36].

The system is characterized by the parameter ↵ which is defined by the ratio of the
Schwarzschild radius of the black hole and the Compton wavelength of the axion, i.e,

↵ :=
RSch

�axion

⇠ 7.5 ⇥ 10
�2

✓
MBH

10M�

◆⇣
maxion

10�12 eV

⌘
. (2.93)

where MBH is the black hole mass and maxion is the axion mass. The cloud is expected to
emit gravitational waves via various processes. Roughly speaking, the leading order of the
gravitational wave frequency is

fgw ⇠
2maxionc

2

h
⇠ 2.5 ⇥ 10

2
Hz

⇣
maxion

10�12 eV

⌘
. (2.94)

For ↵ ⌧ 1, the luminosity of the gravitaional waves from the axion cloud is estimated by
[37]
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c
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Here, Mcloud is the mass of the axion cloud around the black hole and is estimated by

Mcloud ⇠ ↵MBH . (2.96)

By roughly rewriting Eq. (2.66) as
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, (2.97)

the characteristic strain is estimated by

h0 ⇠ 2.1 ⇥ 10
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The duration ⌧GW is estimated by

⌧GW ⇠
Mcloudc

2

LGW
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⇣
↵
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✓
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◆
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Therefore, the gravitational waves lasts much longer than the observation period.
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Arvanitaki et al., PRD 81, 123530 (2010)

Brito et al., Class. Quantum Grav. 32, 134001 (2015)

consequent small backreaction effects. For this reason, the BH geometry is very well
described by the Kerr metric, even in the presence of massive bosonic clouds.

2. Bosonic clouds around BHs: a quasi-adiabatic approximation

For concreteness—and also because it is where most of the work on BH superradiance is
framed—we focus on the action for a minimally coupled massive scalar field, which can be
either real or complex (we use Planck units):
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although the qualitative aspects of our analysis are valid also for other massive bosonic
fields4. The resulting field equations are 2� � Ψ μ Ψ=μ μ and G T8π=μν μν with
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,
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α
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A full nonlinear evolution of this system in the case of a spinning BH was recently
performed [25]; following the development of the instability is extremely challenging because
of the time scales involved: MBHτ ∼ is the light-crossing time, 1Sτ μ∼ is the typical
oscillation period of the scalar cloud and M M( )9τ μ∼ is the instability time scale in the
small-Mμ limit. In the most favorable case for the instability, 10 S

6τ τ∼ is the minimum
evolution time scale required for the superradiant effects to become noticeable5. Thus, current

Figure 1. Pictorial description of a bosonic cloud around a spinning BH in a realistic
astrophysical environment. The BH loses energy ES and angular momentum LS through
superradiant extraction of scalar waves and emission of GWs, while accreting gas from
the disk, which transports energy EACC and angular momentum LACC. Notice that
accreting material is basically in free fall after it reaches the innermost stable circular
orbit. The cloud is localized at a distance M M1 22μ∼ > .

4 Here we neglect possible scalar self-interactions beyond the mass term. Nonlinearities can give rise to interesting
effects, for example a condensate of axion-like particles governed by a sine-Gordon potential
V f f( ) [1 cos ( )]a a

2 2Ψ μ Ψ= − would collapse and produce a ‘bosenova’ explosion when M f m M1600( )S a P
2≈

[31, 36], where fa is a model-dependent decay constant and mP is the Planck mass.
5 The minimum instability time scale corresponds to M 0.42μ ∼ (see e.g. [19]). Although this value is beyond the
analytical, small-Mμ approximation, the numerical result is in good agreement with an extrapolation of the analytical
formula [23].
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CHAPTER 2. GRAVITATIONAL WAVES

2.4.2 Axion clouds around black holes
According to the QCD or the string theory, ultra-light bosons can exist in the Universe
while they have not been detected. These bosons are called QCD/string axions. These
scalar fields may extract the energy and the angular momentum from the Kerr black hole
by the superradiance, and the bound state can be formed around the black hole. This
bound state is called “axion cloud”, and the coupled system of the black hole and the
cloud is regarded as the “gravitational atoms”. Because the cloud is formed by a number
of boson particles, the reactions of small event rates can be occurred in the cloud. In
BH-cloud systems, the pair annihilation of two axion particles and the level transition of
the clouds can emit the gravitational waves [36].

The system is characterized by the parameter ↵ which is defined by the ratio of the
Schwarzschild radius of the black hole and the Compton wavelength of the axion, i.e,

↵ :=
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where MBH is the black hole mass and maxion is the axion mass. The cloud is expected to
emit gravitational waves via various processes. Roughly speaking, the leading order of the
gravitational wave frequency is
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For ↵ ⌧ 1, the luminosity of the gravitaional waves from the axion cloud is estimated by
[37]
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Here, Mcloud is the mass of the axion cloud around the black hole and is estimated by

Mcloud ⇠ ↵MBH . (2.96)

By roughly rewriting Eq. (2.66) as
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the characteristic strain is estimated by
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The duration ⌧GW is estimated by
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Therefore, the gravitational waves lasts much longer than the observation period.
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The number of detectable low-mass PBH binary

Takahiro S. Yamamoto

2020年 2月 18日

1 STFT segment

STFTにおける各セグメントの時間幅 ∆T は「重力波放出による周波数変化 ḟ があっても一つの周波数ビ
ンに収まっていてほしい」という条件により強く制約される。
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ダークマターの全質量のうち PBHが占める割合を fPBH とすると、銀河団 haloにおけるダークマターの個
数 NPBH および個数密度 nPBH は
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とできる。ここで D は検出可能な最大の距離である。
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ḟTobs !
1

∆T
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if PBHs form a binary, 
Fig: LIGO

ex. Small mass PBH binaries
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