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ABSTRACT

A total of more than 50 binary compact object mergers has been detected by the LIGO-Virgo

gravitational wave (GW) detector network in their most recent observing run. The formation channels

of these compact objects are still highly uncertain: to make progress we require a range of methods

to characterize their population properties. The Bayesian hierarchical methods mainly employed so

far become more computationally expensive as the size of event catalogs increases, and assume simple

functional forms for the source distribution. Here we propose a fast and flexible method to reconstruct

the population of LIGO-Virgo binary mergers without such assumptions. Under some conditions

(sufficiently high statistics, sufficiently low individual event measurement error relative to width of

population features) a kernel density estimator (KDE) reconstruction of the mass distribution from

parameter estimation (PE) median masses will be sufficiently accurate. The method we are proposing

improves the accuracy and flexibility of kernel density estimation (KDE) by using adaptive bandwidth

(awKDE) and cross-validation to obtain an optimal bandwidth. We apply awKDE to publicly released

parameter estimates for binary mergers in O1, O2, and O3a, in combination with a fast polynomial fit

of search sensitivity, to obtain a non-parametric estimate of the mass distribution for comparison with

established Bayesian hierarchical methods.
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1. INTRODUCTION

Advanced LIGO’s and Virgo’s first three observing

runs have produced tens of confident detections of bi-

nary compact object mergers published in GWTC-1 Ab-

bott et al. (2019) and GWTC-2 Abbott et al. (2021). A

detailed investigation of the population properties of bi-
nary black hole (BBH) mergers, the most commonly de-

tected source type, has been published in Abbott et al.

(2020) focusing on several population characteristics in-

cluding their component masses and spin.

One objective has been to reconstruct the primary

mass distribution of merging BBH, in order to address

questions in stellar evolution, BH formation and binary

formation channels. The primary BH masses have lower

measurement uncertainty compared to other parameters

such as binary spins, thus their distribution is expected

to yield significant information, which may eventually be

compared with astrophysical model predictions. In Ab-
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Figure 1. Observed primary black hole mass distribution
predicted by each mass model in Abbott et al. (2020).

bott et al. (2020) specific functional forms and Bayesian

hierarchical analysis are used to infer the mass distribu-

tion of binary mergers from these observed gravitational

wave events: see Figure 1. These methods are well es-

tablished but they are computationally extensive and

with the growing observations, in future observing runs,

can be more complicated.

In this paper we are proposing a fast and flexible

method for reconstructing binary merger population dis-

tributions via adaptive Kernel Density Estimation

(KDE), using a publically available code (Menne 2020).
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This method addresses the same goal as the parametric

hierarchical analyses, but without assuming any func-

tional form of the distribution. A standard KDE with

a fixed (global) bandwidth is unlikely to give a good

representation of the BBH mass distribution. Available

observed gravitational wave detected events are suffi-

cient to use in an adaptive KDE (awKDE) to address

the bandwidth problem and estimate the mass distri-

bution of binary mergers. This method will validate as

well as check the model assumptions of the standard

Bayesian analyses and can potentially discover features

not described by models in a fast, flexible, and compu-

tationally efficient way. We can further use this awKDE

to compute rate estimates using an estimate of search

sensitivity estimate as given in Wysocki et al. (2019).

The paper is organized this way. In section 2 we de-

scribe awKDE code and how we produce results that

are comparable with published results. In section 3 we

applied our awKDE onto observed LVK events and also

show the procedure we follow for rate estimates. In sec-

tion 4 we summarize and conclude.

2. METHOD

We propose the use of a kernel density estimate (KDE)

with adaptive bandwidth selection for reconstructing the

probability distribution of source parameters for com-

pact binary mergers observed via GW. This method

is non-parametric, straightforward to apply, and en-

ables the identification of general features in the dis-

tributions that may be an important input in the as-

trophysical interpretation of the merging binary pop-

ulation. Other, more sophisticated and computation-

ally demanding non-parametric methods have recently

been described in (Tiwari & Fairhurst 2021; Tiwari 2021;

Veske et al. 2021; Rinaldi & Del Pozzo 2021; Edelman

et al. 2021). While a KDE with fixed (global) bandwidth

is known to be a suitable method to estimate a distribu-

tion close to a single Gaussian, the mass (and possibly

also spin) distributions of BBH mergers appear to show

a more complex structure, which we do not expect to

be well reconstructed by a simple KDE. In particular,

for the primary and secondary masses the distribution

may be composed of several components including power

laws and one or more Gaussian peaks. Thus, we con-

sider an extension of the KDE to allow the bandwidth

to vary locally according to an initial estimate of the

density of sample points Terrell & Scott (1992); Sain &

Scott (1996).

This ‘adaptive bandwidth KDE’ (Wang & Wang 2011)

is implemented in the open source code awkde (Menne

2020). We first describe the construction of a KDE from

sample values Xi, i = 1 . . . n: for instance, Xi may be

a measured property of a binary merger. Later, we will

describe how measurement uncertainties in these indi-

vidual event properties are incorporated in the estimate.

The algorithm computes a density estimate f̂ using a

Gaussian kernel density estimator

f̂(x) = n−1
n∑
i=1

1

hλi
K

(
x−Xi

hλi

)
(1)

where K(.) is the standard Gaussian kernel, n is the

total number of samples and, in general, the product

hλi takes the role of a local bandwidth with h being

the global bandwidth. The first step in the algorithm is

computation of a pilot estimate f̂0 setting λi = 1 for all

i, which is a standard fixed bandwidth KDE. Based on

the pilot density f̂0, the local bandwidth accounting for

variations in the density of samples is obtained via

λi =

(
f̂0(Xi)

g

)α
(2)

where α is the local bandwidth sensitivity parameter

(0 ≤ α ≤ 1) and g is a normalization factor

log g = n−1
n∑
i=1

log f̂0(Xi). (3)

Finally the adaptive KDE f̂(x) is obtained by evaluating

(1) with the variable (local) bandwidth hλi.

The above method assumes one-dimensional data Xi;

the method may also be applied to two- or more-

dimensional data by transforming the data to have zero

mean and unit covariance matrix.

The method requires a choice of the initial global

bandwidth and sensitivity parameter α: we use the

leave-one-out cross-validation method Hastie et al.

(2001) to determine these values. As a figure of merit

for the cross-validation we use the (log) likelihood,

LLOO =

n∑
i=1

log f̂LOO,i(Xi), (4)

where f̂LOO,i is the KDE constructed from all samples

except Xi. We use a grid search over different global

bandwidth and α values and select those with the high-

est LLOO. We often find that likelihood is maximized

for α at or close to 1, thus in some cases we will impose

α = 1 rather than conduct a full 2d grid search.

2.1. Application to GW observations

The component masses of observed GW binary merg-

ers have significant uncertainties, and we wish to incor-

porate these uncertainties in reconstructions of the mass
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distribution. The parameters of each binary are ob-

tained by Bayesian inference using models of the emitted

GW waveform (e.g. Veitch et al. (2015)). We consider

detected mergers labelled by i = 1 . . . n: uncertainties in

a given parameter X are quantified via MCMC sample

values Xk
i , whose density is proportional to the posterior

PDF for the i’th merger. Typically, some thousands of

parameter samples are available per merger event LVC

(2020).

Although we use a random selection of these PE

samples when performing the optimized KDE includ-

ing measurement uncertainty, to obtain the optimum

global bandwidth and sensitivity parameter α we first

evaluate the likelihood LLOO using as data Xi only the

median parameter value for each merger. This choice re-

duces computational cost as well as avoiding over-fitting

of random fluctuations: note that these medians are in-

dependent values, whereas the PE samples for a given

event i, Xk
i , are not independent of one other. Having

obtained the optimal h and α choices, we construct the

population KDE using 100 randomly chosen samples for

each event. As noted above, in most cases the optimum

α is found to be at or close to 1, thus we often fix α = 1

for convenience. We also verify that increasing the num-

ber of PE samples in constructing the population KDE

did not change our results significantly. We note that for

large measurement errors relative to the scale of struc-

tures in the underlying distribution, the KDE result is

likely to be over-dispersed, i.e. any sudden variations in

the actual density will be smoothed out.1

We also compute an uncertainty estimate (confidence

interval) for the population KDE using the bootstrap

technique (Efron 1979). Our major source of uncer-

tainty lies in the finite number of binary merger events

and the resulting count fluctuations in the estimate at a

given parameter value. We account for this uncertainty

by bootstrap resampling over the merger events i, i.e.

each bootstrap iteration contains some number of copies

of (the PE samples for) each event i, with the number

of copies approximately following a Poisson distribution.

We conduct 1000 bootstrap iterations and then extract

the median, 5th and 95th percentiles as an estimate of

the confidence interval at any given parameter value.

By plotting all bootstrap KDEs we can visually identify

regions of high and low uncertainties in our population

KDE.

1 In principle this bias can be tackled by the computationally
demanding hierarchical methods, if they model functional forms
that are sufficiently close to the real distribution.

Figure 2. KDE with uncertainty estimates of source frame
primary mass, m1, for detected events in the O1, O2 and
O3a observing runs. Top: KDE using the PE sample median
for each event. Bottom: KDE constructed using 100 random
samples from each observed event. The median (black solid),
90% confidence interval (black dashed lines) and blue curves
are constructed using a bootstrap. Our KDE results match
closely the Power Law + Peak and Multi Peak model
results in Abbott et al. (2020), see Fig. 1.

3. RESULTS OF AWKDE FOR LIGO-VIRGO

DETECTIONS FROM O1, O2 AND O3A

OBSERVING RUNS

Here we apply these methods to reconstruct the dis-

tribution of detected primary mass m1 (in the binary

source frame) for the BBH observed in the O1, O2 and

O3a runs (Abbott et al. 2019, 2021). The resulting

KDE bootstrap samples, median estimate and 90% con-

fidence intervals are shown in Figure 2, where the top

panel uses only the median m1 value for each binary

merger and the lower panel accounts for measurement

uncertainties via the PE samples. These primary mass

distributions match well those inferred using paramet-

ric models in Abbott et al. (2020), specifically with the

Power Law + Peak and Multi Peak models most

preferred by the GWTC-2 data. We note that there is a

clear global maximum in the observed distribution be-

tween ∼ 35−40 M�and that the uncertainty in the mass

distribution is smallest here. The awKDE is also able to

reconstruct a wide dynamic range of densities without

excessive statistical uncertainties.

As an alternative to the primary mass, we also con-

sider the chirp mass M for observed BBH mergers,

which is also measured with relatively small uncertainty.

The corresponding KDEs are shown in Figure 3.
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Figure 3. KDE with uncertainty estimates of source chirp
mass, Mfor detected events in the O1, O2 and O3a observ-
ing runs. Top: KDE using the PE sample median for each
event. Bottom: KDE constructed using 100 random sam-
ples from each observed event. The median (black solid),
90% confidence interval (black dashed lines) and blue curves
are constructed using a bootstrap. In addition to the prin-
cipal peak in the distribution around 25–30 M�, there is a
hint of further structure around 10 M�.

3.1. Merger rate estimation from awKDE

We also consider estimation of BBH merger rates us-

ing our awKDE results. The additional ingredient in this

analysis is the sensitive volume V within which a source

is detectable: we quantify this based on an approxima-

tion for sensitivity of GW detectors, with corrections

to account for the actual behaviour of searches in real

data (Wysocki et al. 2019). The idea is to calibrate a

semi-analytic function V Tanalytic against the re-weighted

result of injections (i.e. simulated signals added to real

data and analyzed by search pipelines) V Tinj, assuming

a parameterized relationship between them that can be

expressed via basis functions.

For the O1-O2 and O3a observing runs, the ‘uncali-

brated’ semi-analytic sensitivity is estimated using the

criterion that the signal-to-noise ratio (SNR) of a signal

in the second most sensitive detector, using specific ref-

erence power spectral densities, should be greater than

8. This semi-analytic estimate V Tanalytic is obtained for

a given observing time T over a grid of intrinsic source

parameters such as component masses. For the injection

V Tinj, one performs a set of injections and counts the

number detected by search pipelines to obtain an aver-

age V Tinj for the injected population at given intrinsic

parameters. The calibrated estimate of V T is then ob-

tained by fitting a correction function to the deviations

Figure 4. Rate estimates using sensitive volume and adap-
tive KDE. Green curve is the rate estimate using the Power
Law + Peak method from Abbott et al. (2020) where blue
curve is the rate estimate using KDE results from median PE
values and using VT from Wysocki et al. (2019); Wysocki
(2020)

of V Tinj from V Tanalytic, as described in Wysocki (2020)

and applied in Abbott et al. (2020).

We compute the merger rate density using this cor-

rected V T and our KDE results for the primary mass

f̂(m1) from observations up to O3a. We obtain V T (m1)

assuming a power law mass distribution for the sec-

ondary m2, taking the median value of the power from

Abbott et al. (2020), and find the merger rate density

via
dR

dm1
= N

f̂(m1)

V T (m1)
. (5)

Our estimate is in good agreement with the results in

Abbott et al. (2020), as shown in Fig. 4.

3.2. 2D KDE for cosmological evolution of BH mass

distribution

We apply our adaptive KDE in a two-dimensional

space using source frame median PE values for m1 and

luminosity distance DL for all events in the O1-O2 and

O3a (GWTC-2) observing runs, following the same pro-

cedure of leave-one-out cross-validation to determine the

optimal global bandwidth and sensitivity parameter. As

shown in Figure 5, the resulting two dimensional KDE

shows peaks around 10 and 35–40 M�, similarly to the

one-dimensional m1 KDE; these over densities appear

to be present consistently over different distances.

4. CONCLUSIONS

We introduce a fast and efficient method of using

adaptive KDE to get binary merger population distri-

butions. This method can be used for sanity checks for

computational extensive models for binary merger pop-

ulation distributions. This methods can use PE sample

values of each events and can take into account uncer-

tainty estimates. Results of KDE can be used for rate

estimates. This methods can be extended for higher di-

mensions given more observational results. A possible

application of this method can be in cosmology.
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Figure 5. Using median values of parameters for observed
BBH events adaptive KDE is computed in two dimensions
using source frame primary mass and luminosity distance.
The features around 10M� and 40M� seem to be present
consistently at different distances.
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