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The population of observed gravitational wave transients continues to grow, and with it, our
ability to further constrain deviations from our current understanding of gravity. However, our
current procedures for computing these constraints will not successfully scale with future transient
catalogs. Thus, we will leverage modern statistical methods, like ensemble Monte Carlo Markov
Chain sampling, to provide more efficient and more complete investigations of the parameter space
of deviations from general relativity given gravitational wave observations of binary black hole
mergers.

I. INTRODUCTION

General relativity is currently our most successful the-
ory of gravity. However, modern developments in both
theoretical and observational physics may provide hints
that general relativity may not be a complete theory
of gravity. For example, mathematical developments in
string theory and quantum gravity have the potential
to provide a unified theory of gravitation across length
scales. Some of the most popular alternatives to general
relativity that address theoretical and observational con-
cerns include scalar-tensor theories [10] and dynamical
Cherns-Simons gravity [1].

General relativity has been rigorously tested in the
non-dynamical, weak-field regime, through experiments
like the Gravity Probe B experiment and time-delay mea-
surements with the Cassini space probe [18]. It has
passed these tests with flying colors. Thus, the next grav-
itational frontier lies in the highly dynamical, strong-field
regime of compact object mergers. LIGO has already
begun tests in this regime, analyzing both single-events
[12, 13] and the burgeoning population of gravitational
wave transients [11, 14, 15], and to date has not yet iden-
tified deviations from general relativity.

The number of observed mergers will only continue to
grow, further enhancing our resolution on key param-
eters describing the strong-field regime. However, this
also necessitates that our statistical and computational
instrumentation can support larger and more complex
analyses. Current population analyses like [15], based on
the procedure of single-event analyses like [12], are ap-
proaching limits of reasonable computational efficiency.
Thus, the goal of this work will be to improve existing
analysis procedures, specifically targeted at the analysis
of deviations from general relativity, with modern statis-
tical and computational methods. This will allow us to
scale our analysis as the population of observed mergers
grows, and further constrain minor deviations in gravi-
tational wave signals predicted by general relativity.

In this paper, we will outline a proposal for summer
research in the LIGO SURF 2021 program. In Section
II, we will provide relevant background on the physical
context of astrophysical gravitational wave generation,
computational and statistical methods that we will use

to explore gravity in these contexts, and relevant previ-
ous work. In Section III, we will detail our particular
objectives for summer 2021, and in Section IV we will
detail the necessary tools to achieve these objectives. Fi-
nally, in Section VI, we propose a timeline and procedure
for achieving our objectives.

II. BACKGROUND

Gravitational waves are periodic ripples in spacetime
due to asymmetric acceleration of mass. Astrophysically,
they are generated by violent events involving compact
objects, most notably in the context of compact object
mergers. As the vast majority of current gravitational
wave observations are the result of binary black hole
(BBH) mergers, we will focus on BBH mergers in par-
ticular.

A. Anatomy of a Binary Black Hole Merger

A BBH merger can be divided into three time-domains,
in order: the inspiral, merger, and ringdown [15]. The
inspiral phase begins when the black holes have formed
a binary system. This phase is characterized by quasi-
circular orbits, and lasts until weak-field approximations
like the post-Newtonian expansion breakdown. Observa-
tionally, this frequency is usually determined to end at
a gravitational wave frequency between 100 and 200 Hz
[15]. Following the inspiral is the merger phase, which be-
gins with a “plunge”. In the plunge, the quasi-circular or-
bits suddenly become unstable, and the horizons merge.
This phase is only possible to describe through numerical
methods. Finally, the ringdown phase is the asymptotic
relaxation of the combined black hole to a stable, iso-
lated black hole state. This phase is well-described by
analytical quasi-normal modes (QNMs).

Each regime is traditionally modeled through differ-
ent mathematical and computational methods, owing to
their differing physical time and length scales. The in-
spiral phase can be modeled analytically, through a pa-
rameterized post-Newtonian (PN) expansion of the grav-
itational potential. This formalism was introduced in
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its modern form by [17], and specified for gravitational
wave emission from compact object mergers by [5] and
[4]. As initially identified by [17], each term in the PN
expansion can vary depending on the underlying theory
of gravity and so is one of the key quantitative models
for differentiating between alternative theories of gravity.
The merger phase can only be fully understood through
numerical relativity simulations, as it is described with
nonlinear field equations in the chosen theory of gravity.
See, for example, the work of [9] to model the gravi-
tational wave signal from a BBH merger in dynamical
Cherns-Simons gravity, which identifies a dipole compo-
nent in the gravitational radiation produced. Finally,
quasi-normal modes can be understood analytically, and
are specified by mode frequencies and damping times that
depend on the assumed model of gravity [15? ].

B. Bayesian Inference

For our description of Bayesian inference, we will be-
gin by following the description and notation of [16]. In
Bayesian inference, we consider a set of parameters θ in
the context of the data d. For a physical situation of
interest, we will have a model parameterized in terms of
θ. For example, in this work, we will have a set of pa-
rameters which includes black hole binary properties (like
mass and spin), with additional parameters to denote de-
viations from the predictions of general relativity. Our
goal is to constrain these parameters given the data; sta-
tistically, we want to construct the posterior distribution
p(θ|d), read as “the probability of getting a particular set
of parameter values given observed data.”

Bayesian inference allows us to construct the posterior
distribution via Bayes’ theorem, which relates p(θ|d) to
our observations:

p(θ|d) =
L(d|θ)π(θ)

Z
(1)

where L(d|θ) is known as the likelihood, π(θ) is the prior
distribution. The normalization factor Z is known as the
evidence, i.e. the probability of observing the data given
the parameteric model we choose:

Z ≡
∫
dθL(d|θ)π(θ) (2)

The likelihood is a model for our observations under
different parameters θ, and includes a model for noise;
for gravitational wave observations, we most commonly
use a likelihood that assumes Gaussian detector noise.
The prior distribution is, effectively, an initial guess for
the distribution of parameter values; when making this
guess, we need to ensure that we do not bias the posterior
distribution, and so may choose, for example, a uniform
prior distribution.

We observe that p(θ|d) provides a distribution on the
entire (multi-dimensional) set of parameters θ. To ex-
tract information on specific parameters of interest θi,

we must “marginalize”, i.e. integrate, over the rest of
the parameters:

p(θi|d) =

∫ ∏
k 6=i

dθk

 p(θ|d) (3)

We observe that this integration may be difficult to
compute through standard numerical methods, especially
if we have a high-dimensional parameter space. One
common method is to use a Monte Carlo Markov Chain
(MCMC) approach to approximate the posterior distri-
bution. In this approach, a series of “walkers” explore the
space of parameters θ in such a way that, given enough
iterations, their paths will produce a representative sam-
ple of the posterior distribution.

Finally, in order to combine observations from multiple
events that we suspect are part of a contiguous popula-
tion (e.g. a population of binary black hole mergers) we
will use a hierarchical analysis. In a hierarchical analysis,
we assume that the parameters we infer given each obser-
vation are drawn from the same underlying distribution.
For example, we will see that we assume parameterization
of deviations from general relativity are common among
all binary black hole mergers, and thus these deviations
are drawn from the same posterior hyperparameter dis-
tribution. The mechanics of hierarchical inference rely
on the same mechanics of standard Bayesian inference,
wherein we seek to infer hyper-parameters given a popu-
lation of observations through application of Bayes the-
orem and numerical techniques like MCMC.

C. Previous Parametric Tests of General Relativity

A key challenge in comparing the results of general
relativity with alternative theories of gravity in the con-
text of gravitational wave emission is that alternative
theories of gravity are often ill-posed in the strong field
regime [15]. Therefore, we will ultimately follow the
approach of previous methods in using a mathemati-
cal framework that quantifies deviations away from the
predictions of general relativity, as opposed to measur-
ing agreement with any particular alternative theory of
gravitation. This additionally affords flexibility in testing
multiple theories simultaneously.

Previous work with this approach includes tests with
single events (a single BBH [12] and a single neutron star-
neutron star merger [13]), as well as tests with observing
run O1 [11], the first gravitational wave transient catalog
(GWTC-1) [14], and most recently with GWTC-2 [15].
We will briefly focus on the last study, as we intend to
improve upon this analysis.

In Section V, subsection A, of [15], the authors con-
strain a set of parameters δϕ̂i that denote deviations
from coefficients in the PN expansion during the in-
spiral phase (see equation 4 of [15]). Using, alterna-
tively, the SEOBNRv4 ROM and IMRPhenomPv2 models, and
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LALInference, [15] varies each parameter ϕ̂i. Their ap-
proach only varies one parameter at a time, as they found
that multiple parameter variation reduced the informa-
tion content of their posteriors. From the modifications
to the predicted waveforms with these variations, they
construct posterior distributions on the parameterized
violations of general relativity (see Figure 6 of [15] in
particular). Ultimately, they find no evidence for viola-
tions of general relativity.

III. OBJECTIVES

There are two key limitations in the method employed
by [15] that we seek to remedy.

1. The method in [15] is computationally expensive.
They begin with a set of 15 parameters from gen-
eral relativity, with an additional variation param-

eter δφ̂i. So, in total, they must infer a set of 16

parameters for each variation δφ̂i, requiring many
evaluations of the signal model in order to explore

the parameter space of physically relevant δφ̂.

2. The method in [15] only varies one parameter ϕ̂i
at a time, due to the computational expensive in-
volved in one parameter variation and an observed
loss of information in posterior distributions with
multiple parameter variation. Although there is
reason to believe that variations in one parameter
may be sufficient [15], there remains the possibility
that violations of general relativity will only appear
in multi-coefficient deviations from the PN expan-
sion.

We intend to use advanced statistical techniques to
simultaneously improve the efficiency of inspiral-phase
analyses and effectively increase the dimensionality of
inspiral-phase analyses, in the context of identifying vi-
olations of general relativity from populations of BBH
mergers.

IV. METHODS AND PROCEDURES

To achieve our first objective, we will use ensemble
Monte Carlo-Markov Chain (MCMC) methods. These
build upon existing MCMC methods by replacing a
single walker, as used in traditional approaches like
the Metropolis-Hastings algorithm, with an ensemble of
walkers that explore the parameter space in parallel [3].
A key feature of this approach is that we can reduce the
number of samples we need to generate for our Bayesian
inference methods, as at any single step the ensemble of
walkers provides us a representation of the target poste-
rior distribution. Additionally, ensemble MCMC meth-
ods allow us to use the posterior distribution assuming
GR is correct as the initial condition for our walkers. We

will conduct an ensemble MCMC analysis over the set of
general relativity and PN expansion correction parame-
ters with the emcee python code, implemented through
the BILBY API. This will allow us to efficiently compute
posterior distributions on the correction parameters.

We will achieve our second objective after demonstrat-
ing our capacity to replicate the single-parameter varia-
tion analysis of [15] with an ensemble MCMC method.
With a more efficient method to construct posterior dis-

tributions on each parameter δφ̂i, we will not be con-
strained by computation time, and thus be able to sample
over multiple parameter variations as well.

V. PROGRESS UPDATE

A. Completed Objectives

To date, I have completed key startup activities and
tutorials relevant to contextual astrophysics and software
tools necessary for completing our project objectives. I
have attended four LIGO Gravitational Wave Science
Seminars, covering the basics principles of LIGO detector
science and gravitational wave astrophysics. Simultane-
ously, I have completed the Gravitational Wave Open
Data Workshop 4 tutorials [6]. These tutorials described
the basic usage of relevant software tools for gravitational
wave analysis, from time- and frequency-domain signal
processing to Bayesian parameter estimation. In these
tutorials, I learned how to use the PyCBC software library
to generate model waveforms from general relativity ap-
proximants. I also learned the basics of parameter esti-
mation for gravitational wave signals with the BILBY soft-
ware library. These tutorials were completed on a per-
sonal laptop running Ubuntu 18.04, with the igwn-py38
Python environment. Work for this project can be found
in the associated GitLab repository [7].

1. TaylorF2 Waveform Generation

I have successfully implemented the TaylorF2 wave-
form approximant in Python. This is a PN expansion
of the gravitational wave strain in the frequency domain,
broken into expansions of the amplitude and phase of the
signal.

h̃(f) = APNe
−iψ(f) (4)

where A is the amplitude and ψ is the phase; both may
depend on intrinsic or extrinsic parameters of the BBH.
The form of the amplitude expansion, in geometric units
(c = G = 1) is

APN = A0

∑
i

Ai(πf)i/3 (5)
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Typically, for TaylorF2, only one term in the expan-
sion is used. This yields, with physical units,

APN =

√
5

24

π

η

m1m2

dL

(
πMf

G

c3

)−7/6
(6)

where m1,m2 are the component masses of the BBH
(by convention, m1 ≥ m2), M = m1 + m2, η =
m1m2/M

2 is the symmetric mass ratio, and dL is the
luminosity distance to the BBH.

The phase is calculated with an expansion of the form
to 3.5PN order, adapted from [2],

ψ(f) = −π
4

+
3

128ηv5

7∑
i

ϕiv
i (7)

where v =
(
πMfGc−3

)1/3
(we nominally set the time,

tc, and phase, φc, of coalescence to zero). The coefficients
ϕi can be found in Equation 3.18 of [2]; for example,

ϕ1 = v−1 (8)

ϕ2 =
20

9

(
743

336
+

11

4
η

)
(9)

Although this approximant is already implemented in
PyCBC, I am working to manually generate these wave-
forms so that I can directly add non-GR corrections to
the phase terms, effectively yielding

ψ(f) = −π
4

+
3

128ηv5

7∑
i

(ϕi + δϕi) v
i (10)

with non-GR corrections δϕi. In future, I could apply
similar corrections to the amplitude terms Ai, although
LIGO is less sensitive to these deviations.

I have successfully replicated the amplitude evolution,
as shown in Figure 1, as well as the phase evolution,
as shown in Figures 2 and 3. This progress is notable,
as of the last interim report I had not yet successfully
replicated the phase evolution.

2. Overlap Calculation

With correct TaylorF2 waveforms in hand, I then cal-
culated the overlap between GR (i.e. PyCBC implemen-
tation) waveforms and waveforms generated with non-
GR corrections δϕi. Ultimately, our goal is to enforce a
minimum overlap condition when sampling for non-GR
parameters, to make our final analysis more efficient.

The complex overlap between two frequency-domain
waveforms, h̃1(f), h̃2(f), is calculated in the following
manner

FIG. 1: Log-log plot of waveform amplitude verus
frequency, demonstrating the agreement between our

manual calculation of the TaylorF2 amplitude and that
implemented in PyCBC.

FIG. 2: Plot of the real part of the waveform amplitude
verus frequency, demonstrating agreement between our
manual calculation of the TaylorF2 amplitude and that

implemented in PyCBC.

FIG. 3: Plot of the phase evolution of our manual
calculation of the TaylorF2 waveform and that

implemented in PyCBC.
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O =

〈
h̃1(f), h̃2(f)

〉
√〈

h̃1(f), h̃1(f)
〉〈

h̃2(f), h̃2(f)
〉 (11)

where 〈·, ·〉 denotes an inner product of the form

〈
h̃1(f), h̃2(f)

〉
= 4∆f

N∑
i

h̃1,ih̃
∗
2,i

si
(12)

where we sample each waveform, as well as a detector
power spectral density s, at N discrete sampling frequen-
cies, evenly spaced by ∆f . I performed an initial inves-
tigation of how the overlap varies with mass ratio q at
fixed values of the total mass M , qualitatively identify-
ing how a minimum overlap of O ≥ 0.9 would limit the
parameter space. As shown in Figure 4, I observed that
as the total mass M increases, so does the spread in O
versus δϕ2, meaning that more values of δϕ2 would be
allowed with a cutoff of O ≥ 0.9.

3. Hybrid Sampling with a Generalized Normal Distribution

Finally, I have also implemented a basic version of the
hybrid sampling method that we hope to ultimately ap-
ply to parameter estimation for variations δϕ2 in BBH
waveforms. Broadly, our hybrid method first uses a
nested sampling approach to estimate GR parametetrs
like mass and spin, and uses the nested sampling results
as the input to an ensemble method for estimating the
remaining non-GR parameters.

Our basic test cases uses the generalized normal distri-
bution to illustrate this approach. The generalized nor-
mal distribution has the following PDF:

P (x) =
β

2αΓ(1/β)
e−(|x−µ|/α)

β

(13)

where α takes a role akin to the standard deviation σ
in a normal distribution. We note that, in the limit of
β = 2, this becomes a normal distribution (and we have

α =
√

2σ).
Starting with the nested sampler dynesty, I inferred

the mean µ and standard deviation σ of a normal distri-
bution generated with µ = 3 and σ = 4. The results of
this first step are shown in Figure 5.

One key output of dynesty are the “posterior weights”
pi that determine how each sample of µ, σ is weighted
in constructing the final posterior. I constructed tem-
pered versions of these weights by raising pi to a series of
powers βT . The tempered posterior weights are shown in
Figure 6; we note that βT = 1 corresponds to the original
posterior weights and in the limit βT = 0 we recover the
prior.

For each βT , I then performed rejection sampling on

the normalized weights pβTi /
∑
i p
βT
i to obtain represen-

tative initial positions for parallel tempered walkers in
ptemcee. The results of this analysis are shown in 7.
From this figure, we achieve β = 2 for a normal distribu-
tion, as expected, and approximately recover µ = 3 and
σ = α/

√
2 = 4 (5.67/

√
2 ≈ 4).

B. Current Objectives

Having implemented the basic machinery for generat-
ing non-GR waveforms and using a hybrid sampling ap-
proach, my current objective is to combine these tools.
I am currently working to combine these tools with the
BILBY API; in particular, I am developing a modified
source method that will return non-GR waveforms given
variations δϕi, in the style of existing BILBY source meth-
ods like lal binary black hole [8]. Then, I will use
this modified source method to test parameter estima-
tion with our hybrid sampling method given an injected
GR signal, and an injected non-GR signal.

C. Future Plans and Expected Challenges

Immediately, I will validate my source function using
the dynesty sampler on a purely GR waveform, inferring
the luminosity distance and masses of the system. I will
inspect the time required to evaluate the likelihood func-
tion with this source function, and perform any speedup
improvements that I identify in concert with my mentors.

Following the completion and validation of the source
method, I will perform parameter estimation on injected
BBH signals for the luminosity distance and masses of
the system using the hybrid sampling scheme for both
pure GR and non-GR waveforms. I will validate these
results by using the dynesty sampler alone to estimate
the same set of parameters. Finally, given success in these
initial tests, I will perform the same parameter estimation
on the full suite of 15 GR parameters plus 8 non-GR
parameters using bilby pipe on the LIGO computing
cluster.

VI. WORK PLAN

There will be three main phases to the project. In the
first phase, we will attempt to replicate the results of [15]
using the ensemble MCMC approach on a single event,
implemented via BILBY and emcee. Then, we will repeat
this analysis with a hierarchical approach to combine
data from multiple observations. In the second phase,
we will extend this analysis to include simultaneous vari-
ations of multiple parameters, and explore methods to
ensure that our posterior distributions remain informa-
tive. In the third and final phase, given time, we will work
to implement this with more recent parameterizations of
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FIG. 4: Overlap with respect to variations in the mass ratio q, at four fixed total masses M . The horizontal dotted
line shows the cutoff O = 0.9, and the vertical dotted line shows δϕ2 = 0.
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FIG. 5: Marginal and joint distributions on µ and σ
inferred with dynesty.

FIG. 6: Tempered posterior weights at five
temperatures, chosen by the ptemcee make ladder

method.

deviations from general relativity, like the parameterized
post-Einsteinian framework [19]. The timeline for this
work plan can be found in Table I.
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