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Gravitational waves, theorised over 100 years ago, open up a new window with which to study the universe.
Since their first detection with LIGO (Laser Interferometer Gravitational-wave Observatory) in 2015, properties
of gravitational waves such as their speed, polarisation, and weak interaction with matter have been observed,
and many properties of their sources investigated. Like the gravitational lensing of light due to curved space-
time caused by massive bodies, gravitational waves can also be lensed. Gravitational lensing would produce
multiple events of the gravitational waves which are magnified or de-magnitfied and time-delayed compared
to what would be the unlensed wave. De-magnified lensed counterparts may be present in data from recent
LIGO observing runs but could be undetectable with current signal analysis methods due to the high noise back-
ground. I propose a project to make improvements to targeted sub-threshold lensed gravitational wave search
pipeline, which would include investigating the waveform approximant used in the pipeline, as well as imposing
conditions on the sky location of the lensed images.

1. INTRODUCTION

In 2015 almost 100 years since they were first predicted,
gravitational waves resulting from a pair of merging black
holes were detected with the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO) for the first time
[1]. Since the first detection of propagations of energy
through spacetime, there have been on the order of of 50
detection events over two and a half observing runs, with the
number of detections increasing between each observing run
as the instrument sensitivity and data analysis techniques are
improved [2, 3].

Gravitational lensing has first been observed in the case
of electromagnetic light, as seen by Sir Arthur Eddington in
1919 with the measured lensing of light from stars around the
eclipsed sun [4]. General relativity’s equivalence principle
says this lensing should also occur for gravitational waves yet
this has not been observed despite many efforts. Gravitational
lensing is the one of the fundamental properties of gravita-
tional waves predicted by general relativity not yet to have
been observed, others that have been observed include their
speed, polarisation, and weak interaction with matter, as well
as higher order modes.

Efforts have been made to identify lensed gravitational
waves within the current LIGO catalogues [5–11]. With the
expected rate for lensing and the increasing gravitational
wave detections, it is very likely that recent or near future
data from LIGO will contain strongly lensed gravitational
waves. This would allow not only insight into comparisons
of observations of lensing with general relativity, but allow
investigations into the structure of the universe and its matter
distribution, such as probing the population of intermediate
mass black holes [12].

Strong lensing creates multiple images of the lensed wave,
and provided that the wavelength of the gravitational wave
is much smaller than Schwarzschild radius of the lens, the
magnification due to gravitational lensing will not depend
on the gravitational wave’s frequency [13]. This means the
wave profile of the lensed counterparts and the wave if it were
not lensed would be the same apart from an overall scaling
factor. Some of these lensed signals may be considered
sub-threshold waves which would be buried in the noise
background and thus have not previously been detected.

This report is structured as follows: the background section
details the properties of gravitational wave, the methods of de-
tection and signal processing, lensing of electromagnetic light
as gravitational waves, and what efforts have been made so far
to detect lensing from gravitational wave data. Section 3 then
details the aims of the project, and section 4 poses a time plan
of when to carry out the said objectives. Section 5 details the
first portion of work on the project, detail method results and
conclusions.

2. BACKGROUND

Gravitational Waves

Gravitational waves were theorised to be self-propagating
ripples in spacetime caused by accelerating masses, predicted
by Einstein’s theory of general relativity in 1916 [14]. The
weak-field gravitational equation (equation 1) gives solutions
of the form in equation 2 in the absence of mass, the form of
these evidently hints at gravitational waves which stretch and
squeeze the fabric of spacetime as they travel:

�hi j =−
16πG

c4 Ti j , (1)
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hi j(t) ∝ exp(i~k ·~x− kct) (2)

where G is the gravitational constant, c is the speed of light in
a vacuum, Ti j is the stress-energy tensor,~k is the wave vector,
~x the direction in which it is travelling, and t time. These so-
lutions predict the speed of these waves as c, which has been
verified with observed gravitational waves to be true to within
−3×10−15 and +7×10−16 times the speed of light [15]. The
form of the spacetime strain can also be expressed in terms
of its Fourier transform from the frequency domain h̃A, as ob-
served at a detector:

hi j(t,~r) = ∑
A=+,×

eA
i j(n̂)

∫ +∞

−∞

h̃A( f )e−i2π f (t− n̂·~r
c ) (3)

where the gravitational wave strain is split across two
polarisations, h-plus (h+) and h-cross (h×). As a gravita-
tional wave passes through a ring of test masses, the ring
can be seen to be deformed as in figure 1. Under gauge
freedom, choosing the transverse-traceless gauge confines
the deformations to the x-y plane where the wave propagates
in the z direction. Therefore the tensors ei j(n̂) are the
polarisation tensors for the wave. The transverse traceless
gauge also means the retarded time t − n̂·~r

c can be simplified
to simply t as the gravitational wave wavelength is much
longer than the detector arm length~r. The resultant spacetime
strain hi j is a linear combination of these polarisations, giving
the form of the deformations to be linear, circular, or elliptical.

Figure 1. A ring of free-falling test masses as deformed by
h+ (above) and h× (below) polarisations of a gravitational wave
throughout one period of oscillations. It can be seen that the de-
formation from the h× polarisation is at a 45 degree angle to the h+
polarisation. Figure From [16].

Detection of Gravitational Waves

Gravitational waves were first detected by aLIGO
(Advanced Laser Interferometer Gravitational-Wave Obser-
vatory) on the 14th of September 2015 [17]. LIGO uses a
Michelson-Morley interferometer, which measures the strain
of the waves due to differences in the perpendicular arm
lengths of the detector. A laser beam is split into the two
arms by a beam splitter, the laser light then travels down the
arms of length 4km and is reflected off mirrors at the end of

each arm. To increase the path length to that which is needed
for the required frequencies the light is reflected multiple
times up and down the arms with Fabry-Perot cavities. Light
recombines at a detector to usually produce destructive
interference in the absence of noise or gravitational wave
strain. In the presence of a gravitational wave the arms of
the detector will oscillate in length, the difference in arm
length given by the strain hi j times the arm length. Under
the transverse-tracless gauge, the mirrors can be treated as
free-falling, meaning the length of the arms does not change
under a the wave strain and instead the time taken for the light
to travel down the arm oscillates, thus the phase difference
between the light at recombination will also oscillate. This
changing phase difference is then used to measure the strain
of the signal.

Figure 2. A simplified diagram of the Michelson Morley interfer-
ometer located at the LIGO sites. Laser to beam splitter, 4km arms
light reflected multiple times in Fabry-Perot cavaties. The light re-
combines at the detector, which is set to deconstructive interference
under the absence of noise of a gravitational wave signal. Figure
from [18].

There are two LIGO detectors in Hanford and Livingston
in the USA, and a third detector, VIRGO in Italy. The
multiple detectors can be used to confirm signals across
the three locations, providing the time difference between
the events is at most the distance separating them divided
by the speed of the waves. If the same signal is being
observed in more than one detector within a certain time
window, the likelihood of the event can be improved. Such
criterion is known as the coincidence criterion. This can
strengthen the confidence that the event is a true signal, as well
as localise the signal’s origin and disentangle its polarisations.

Ground based detectors are tuned to detect gravitational
wave frequencies in range from∼20 hertz to several kilohertz.
Abundance of noise in the detectors makes it challenging to
detect signals outwith this range, where there is a dip in the
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median noise frequency distribution, as seen in figure 3. The
current sensitivity of the detectors allows gravitational noise
strain to be detected down to strains of order 10−23 1/

√
Hz

around frequencies of 100 Hz.

Figure 3. The spectral frequency distributions of strain noise in LIGO
and Virgo as of 2019. The lower frequencies are increasingly domi-
nated by seismic and ground noise, while quantum noise dominates
at higher frequencies. A so-called bucket can be seen around 100Hz,
where current observations occur. Figure from [3]

The operating frequency of these detectors corresponds
to the typical frequency ranges of the inspiral, merger, and
ringdown phases of compact binary coalescences (CBCs) in
the stellar mass range, which can be categorised into merging
events of binary black holes (BBH), binary neutron stars
(BNS), or one of each (NSBH). The gravitational waves in
the inspiral phase carry away energy, reducing the separation
of the objects and their angular momentum. The merger
phase occurs at the peak amplitude of the event in the time
domain as seen in figure 4, when the sources coalesce into
one body. Finally the body will release further gravitational
waves while stabilising from the merging event. These three
stages, inspiral, merger, and ringdown, together constitute a
coalescence and are shown in figure 4.

The first event at aLIGO on the 14th of September 2015
was the merging event of two stellar mass black holes
(GW150914) [18], and since then approximately 50 further
mergers have been identified from neutron stars around
several solar masses large up to black holes as massive as
several hundreds of solar-masses [2][3].

Other predicted sources of gravitational waves include
stochastic background from wide range of sources far away;

Figure 4. The strain of gravitational wave GW150914 versus time
alongside a graphic depiction of the inspiral, merger, and ringdown
phases (top). The bottom panel shows the black hole relative ve-
locity, which increases exponentially until the merger phase, and the
black hole separation which decreases until the same point. Figure
from [18].

continuous waves which could be propagating from rotating
neutron stars that are not perfectly spherical; and burst
gravitational waves which encapsulates waves from poorly
modelled source [19].

While these mergers are some of spacetime’s most violent
events, the gravitational waves spread across spacetime
until they are detected on Earth. The amplitude of the
strain of these gravitational waves is thus reduced from
the time of the event, and then measured as the fractional
change in arm length in the detectors, i.e. the ratio of
spacetime distortion. For the current observations, this strain
is of order h(t) = Di jhi j(t) ∼ 10−21 or smaller, where Di j is
a constant tensor that depends on the geometry of the detector.

To be able to detect the strains of gravitational waves above
noise in the detector, efforts have been made to improve
the detector sensitivity and reduce the noise. Noise sources
include quantum, seismic, and thermal noise over large
frequency bands, as well as fixed frequencies of noise such as
60Hz mains power lines which constitute the spectral lines in
figure 3. Noise such as seismic noise from earthquakes can
be identified and removed by comparing real time data from
seismometers and microphones to the strain data received at
the laser detector. Despite efforts to remove many of the noise
sources, strain data from gravitational waves still remains
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“hidden” behind the noisy data, as seen figure 5. The main
aim of gravitational wave signal analysis is then to be able to
distinguish the gravitational wave from the background noise.

Figure 5. The strain data versus time for gravitational wave
GW151226 in the Hanford and Livingston detectors, filtered with
a 30–600 Hz bandpass filter to remove large fluctuations in strain
outside this frequency range, shown in blue and red. Shown in black
is the waveform of the gravitational wave of the strain data for the
wave with best fitting parameters to the data. It can be seen that the
noise is much greater than the wave strain, thus matched filtering is
needed to extract the waveform. Figure from [20].

Signal Processing

Despite efforts to reduce noise, the noise is still much larger
in magnitude than the typical gravitational wave. Therefore,
the approximate shape of the waveform must be found to be
able to compare with the data. This is called matched filtering.
The shape of the waveform can be determined by 15 param-
eters of the coalescence; 8 intrinsic parameters: the mass of
each coalescing body m1 and m2, their spins ~S1 and ~S2; and 7
extrinsic parameters: the time of coalescence tc, the reference
phase ϕc, the sky position in right ascension and declination α

and δ , luminosity distance dL, and the orbital orientation ΘJn,
ψ . Additionally neutron stars can be characterised by another
parameter, tidal deformability Λ̃ for the total of 16 parameters.

In order to find a gravitational wave event, the signal-to-
noise ratio (SNR), a measure of the strength of the signal
assuming it matches a given template, can be maximised for
a range of templates, hence finding the best fitting template.
While the parameters that determine the waveforms of the
templates are continuous, the templates used to perform
matched filtering are discrete and the collection of templates
is named the template bank.

The data received at the detector s(t) is given by the addi-
tion of the noise signal n(t) and the gravitational wave signal
h(t):

s(t) = n(t)+h(t) . (4)

For a given filter with filter function P(t), which gives the
whitened function of the template, the matched filtering out-
put can be given by:

ŝ =
∫

s(t)P(t)dt . (5)

The SNR can then be defined as the expectation value of the
matched filtering output when a signal is present, 〈S〉 divided
by the root mean square of the output when there is no GW
signal, N:

ρ =
〈S〉
N

, (6)

where 〈S〉 can be found with:

〈S〉=
∫
〈s(t)P(t)〉dt (7)

=
∫
〈(n(t)+h(t))P(t)〉dt (8)

=
∫
〈h(t)P(t)〉dt (9)

=
∫

h̃( f )P̃∗( f )d f . (10)

Here 〈n(t)〉 can be taken as zero assuming the noise is both
Gaussian and stationary. This is can be assumed to be the
case under the assumption that no glitches, disruptions in the
Gaussian and stationary nature of the noise, occur.

N is then:

N2 = 〈ŝ2〉−〈ŝ〉2 (11)

= 〈ŝ2〉 (12)

=
∫ ∫

P(t)P(t ′)〈n(t)n(t ′)〉dtdt ′ (13)

=
1
2

∫
Sn( f )|P̃∗( f )|2d f (14)

where Sn is the power spectral density of the noise, or
the power distribution in the noise among all frequency
components.

If a signal then matches with a template to create a high
SNR at a certain time in the data, it is then called a trigger.
SNR based ranking of signals is a good starting point,
however it cannot be used solely as it assumes that the noise
is Gaussian and stationary. In the case of noise glitching and
non-stationarity, a false-alarm rate (FAR), which signifies the
rate that noise could produce the trigger under consideration,
amongst other ranking statistics can be introduced [21, 22].

GstLAL

GstLAL is one of the pipelines for matched filtering and
data reduction of the gravitational wave data. The pipeline
can be performed either offline once all of the data has
been recorded, or low-latency i.e. with minimal delay from
the recording of the data. Low-latency methods allow for
rapid electromagnitic follow-up of any candidate gravitational
waves. The primary steps in the offline mode of the GstLAL
pipeline are shown in figure 6.
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Figure 6. Diagram of the offline search mode of the GstLAL pipeline,
following data retrieval, PSD estimation, filtering and ranking, and
follow-up parameter estimation. Figure from [22]

After the data has been received and recorded from the 3
detectors, the first step in the pipeline is to estimate the PSD
for the chunk of data. Above, the PSD was found directly
from the equation:

〈ñ( f )ñ∗ ( f ′)〉= 1
2

Sn( f )δ ( f − f ′). (15)

However this cannot be used for real data as it may contain an
actual signal and not just noise, and will also contain glitches
which would make the noise non-Gaussian non-stationary.
Therefore the data is split into small time slices and Fourier
transformed into the frequency domain, from which the
median of these is taken to to be the median PSD for said

chunk of data [22].

The data series is then whitened by dividing by the square
root of the PSD. The amplitude of the data is scaled so that
variance of the data amplitude is then 1. If there is any point
in the whitened data that has a variance exceeding a certain
value it can be said to be a glitch and can be removed by
zeroing the data around that point to 0.25s either side, in a
process known as gating. This removes obvious glitches that
would create high SNR triggers in the data. Alternatively, if
there is a known source of glitched data from instrumental
and environmental monitors at the detectors, such as an
earthquake, this can be flagged so the data can be vetoed (set
to zero) around this time.

Since the template bank is discrete yet the parameters of
gravitational wave signals are continuous, if a signal occurs
that does not exactly match a filter this can incur a loss of
SNR. In matched filtering, this can be mitigated by reducing
the number of templates, which is done by reducing templates
to vectors which match part of the signal. This is known
done as the LLOID process, which encompasses chopping
templates into different time slices, down sampling each
slice, and single-value decomposition (SVD). The total SNR
for each trigger is then found from the total of the SNR from
the top select eigenvectors.

In addition to SNR, each trigger must be categorised by
the difference between the trigger and the matched filter, ξ 2.
This allows for further distinction between glitches and true
signals, as a high SNR trigger may not truly match well to the
filter in other coalescence phases outwith the high-amplitude
and thus high SNR merger phase.

The SNR (ρ) and the ξ 2 of the triggers, as well as the filter
parameters θ̄ can be used to determine the log-likelihood ratio
L , given by equation 17:

L (ρ1,ξ
2
1 , ...,ρd ,ξ

2
d , θ̄) =

P(ρ1,ξ
2
1 , ...,ρd ,ξ

2
d , θ̄ |s)

P(ρ1,ξ 2
1 , ...,ρd ,ξ

2
d , θ̄ |n)

, (16)

for number of detectors d, and where P(...|s) is the probability
of observing the trigger (...) given a signal, and P(...|n) is the
probability of observing (...) given noise.

The false alarm probability, P(L |n), can also be calculated
as the probability of measuring a given L if the data contains
only noise. From this, the probability of obtaining a trigger of
log-likelihood ratio greater than a certain threshold L ∗ may
be found by integrating the false alarm probability from this
threshold to infinity. The false alarm rate (FAR), defined as
how often the noise is expected to yield an event with a log
likelihood greater than this threshold, can be calculated by di-
viding this cumulative probability by the observing time:
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FAR =

∫
∞

L ∗ dL P(L |n)
T

, (17)

where T is the observing time.

If the trigger is detected in more than one detector then its
ranking is promoted, however single detector triggers can still
by ranked highly while incurring a penalty.

Following the final ranked list of triggers, the highest
ranking triggers undergo follow-up parameter estimation us-
ing Bayesian analysis. Since the parameters estimated from
matched filtering are just those best fitting to the template, pa-
rameter estimation gives more reliable results for 15 (16 for a
neutron star) parameters of the CBC.

Lensing

Another consequence of the bending of spacetime is that
of gravitational lensing. As light travels on the shortest path
through spacetime, it’s path may be curved by curved space-
time. This can cause the apparent position of the bent light
source to change according to an observer on the other side of
the lens, as seen in figure 7.

Figure 7. The bending of radiation around a massive object, here the
sun, to reach an observer on Earth who would presume the light has
travelled in a straight line, hence altering the source objects apparent
position from its true position. Figure from [23].

Strong lensing also effects the arrival time of the light due
to the speed of light changing through curved spacetime, as
well as due to the difference in path lengths for different
images. Multiple images are also created under this lensing
regime, as the slight differences in the directions of the light
from the source will be bent by different angles. These
images will have different arrival times due to the difference
in path lengths between the differently lensed components.
Gravitational lensing of electromagnetic light has been
observed extensively, as seen with Eddington’s eclipse
experiment in 1919 as well as phenomena such as Einstein
rings captured by the Hubble Space Telescope.

Under the equivalence principle, gravitational lensing
should also occur for gravitational waves. While lensing of
light may be obscured due to dust between the lensed source
and the observer, this is not a problem for gravitational waves

which are not impacted by the obscuring matter. This means
that the observations of lensed gravitational waves could
allow further probing of the structure of the universe that
cannot be gathered from the lensing of light.

The strain of the lensed gravitational wave can be related to
the strain of the unlensed gravitational wave:

hlensed
+,× ( f ) = F( f )hunlensed

+,× (18)

where F( f ) is the amplification function that depends on
the frequency of the wave, as well as parameters such as
the lens mass and the distances between the observer, the
lens and the source [13]. Two forms of this function can
be found by with two simple models, taking the lens as a
point-mass, or a singular isothermal ellipsoid (SIE), although
these are vastly simplified and not comparable to real astro-
physical lenses. These models create two or four images of
the lensed wave, with different amplifications and time delays.

Assuming the geometric optics limit holds such that the
wavelength of the gravitational waves is much smaller than
the Schwarzschild radius of the lens, F( f ) can be shown to
be independent of the frequency of the wave, instead solely
modifying the wave’s amplitude and phase [13]. This is also
known as the lensing being achromatic. This limit holds in
the cases with stellar mass coalescing source objects being
lensed by massive objects such as supermassive black holes
or star clusters, but breaks down in the case of merging
events from supermassive black holes lensed by similarly
massive objects, or when stellar mass sources are lensed by
intermediate black holes of mass ∼ 103M�. However, for the
LIGO frequency band, it is expected that any lensed events
observed would be able to approximated by the geometric
optics limit.

Received at the detector, this amplitude modification scales
the SNR of the lensed wave, as seen in figure 8. The SNR is
also inversely proportional to luminosity distance, thus new
matched filtering templates of lensed waves can be created
by scaling existing templates to be at larger distances, i.e.
pushing them further away, reducing their SNR and mirroring
the effect of the above F( f ) function.

For the case of two lensed images, The probability distri-
bution of the amplification factor has been found to differ
between each image, one being very likely to be demagnified
while the other magnified to typically a factor of 4 [8]. The
typical time delay between these images would also be on
the order of minutes, although could be as long as weeks, or
months [8, 24, 25].

The expected rate of lensing of gravitational waves is
0.2+1.0
−0.1 yr−1 at LIGO’s current sensitivity, which would rise

to 5+5
−3 yr−1 at LIGO’s design sensitivity limit [26]. Another

study predicts that 30% of lensed waves would be of the 4 im-
age type [25]. These statistics make it highly likely that LIGO
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Figure 8. Waveforms of lensed counterparts plotted with waveform
template family IMRPhenomPv2. The gravitational wave source is
a CBC of two masses of 10 M� and 20 M�, spins of 0.9 and 0, at
luminosity distance 1 Mpc. The inspiral stage of these counterparts
would actually last much longer than 0.2s, but the start of the wave-
form is tapered in at this time to avoid overlapping waveforms of
multiple events, extra computational work in producing such long
data, and having an abrupt start which would produce Gibbs noise
in any Fourier transforms. The dimensionless source position rela-
tive to the central axis passing through the observer and the lens is
0.5, giving the ratio of magnifications to be ∼ 3 assuming a point
mass lens; and the time delay for a lens of mass 2.5× 104 M� is as
shown 0.5 seconds [13]. The magnified counterpart arrives before
the de-magnified wave, which is shorter than the expected delay for
lensed images of gravitational waves. It can be seen that the overall
amplitude of the lensed waves are modified by the lensing but their
frequency profile is identical. If these waves were captured in noise
and the SNR versus time were plotted, the first magnified wave might
have high enough SNR to surpass the trigger threshold, with the de-
magnified counterpart could be buried, making it sub-threshold.

data will contain or has already contained evidence of lensed
waves, giving strong motivation to pursue this search.

Searches So Far

The first 11 events in observing runs O1 and O2 have been
investigated for three pieces of evidence of lensing: gravita-
tional wave magnifications altering the redshift and chirp mass
distribution of the detected BBHs; super-threshold pairs of
gravitational waves; and instances of wave optics effects in
the waveform of the signals where the geometric optics limit
did not hold [5]. No evidence for lensed gravitational waves
was identified with these methods.

Furthermore, multiple techniques have been used to search
for “sub-threshold” waves which have been lensed to a
weaker amplitude, or de-magnified [6, 7]. The results from
[6] show no evidence of lensed waves, while those from [7]
still require parameter estimation to claim the candidates as
lensed waves.

The sub-threshold waves are considerably smaller than the
noise-background and thus require further digging to extract
them. This includes reducing the noise background by de-
creasing the templates in the template bank, without reducing
the ability to detect the gravitational wave signal.

Figure 9. The pipeline to search for sub-threshold gravitational
waves as used in [7]. The template bank is reduced by injecting sig-
nals with altered and original SNR into the data and only preserving
the templates which recover these injections. The new template bank
is used to search through all the data, which now has a reduced noise
background due to the reduced template bank. Follow-up then needs
to be performed on the candidates from this targeted search. Figure
from [7].

3. OBJECTIVES

In this project I will continue the search for sub-threshold
lensed gravitational waves. The current targeted sub-
threshold search (TESLA) pipeline, as shown in figure 9,
could be improved in several areas in order to improve its
efficiency and improve the chances of finding evidence of a
lensed gravitational wave.

The waveform template family used in this pipeline
for creating the matched filtering templates in identifying
sub-threshold gravitational waves is the spin-aligned approx-
imant IMR-PhenomD. However, using a different waveform
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approximant may alter the reduced template bank and any
possible candidates. I aim to understand the difference
between several approximants, and investigate the outcome
of these on the targeted sub-threshold search for strongly
lensed gravitational waves pipeline in order to find what the
optimal waveform approximant is.

Furthermore, lensed gravitational waves will come from ap-
proximately the same sky location. Thus another constraint
can be placed on the search pipeline to give lower ranking
statistics to waves with lensed counterparts of wide separa-
tion. This can be integrated into the pipeline due to the more
recent log likelihood ratio dependencies on the differences in
coalescence phase ∆φ and time ∆t between detectors [21]. For
each set of two detectors, this can be defined as:

L =
P({D1,D2}{d1,d2},ρ1,ρ2,ξ

2
1 ,ξ

2
2 ,∆φ ,∆t|signal)

P({D1,D2}{d1,d2},ρ1,ρ2,ξ 2
1 ,ξ

2
2 ,∆φ ,∆t|noise)

,

(19)
where Di is the horizon distance to the dith detector, ρi is the

SNR and ξ 2
i in said detector. ∆t depends on the sky location of

the source and the positions of the detectors, and ∆φ depends
on ∆t and the SNR of the signal in the two detectors.

For an injection run performed covering the full BBH and
BNS parameter space, the probability density function (PDF)
can be found for each ∆φ and ∆t. This is shown in figure 10
for the Hanford and Livingston detectors, discarding values
where |∆t| > 10ms as this is the maximum time of travel at
the speed of light between these detectors.

Figure 10. The probability distribution function P(∆φ |∆t,ρnetwork)

across ∆φ and ∆t parameter space, ρnetwork =
√

ρ2
1 +ρ2

2 and ρH1 =

ρL1 = 10. Figure from [21].

Thus, the ranking statistic L is modified to boost rankings
of high probability ∆φ −∆t values, which would be the blue

areas in figure 10. In lensing, the sky location constraint will
alter the PDF of ∆φ and present more red areas of the param-
eter space that are less likely to give true signals. Therefore
this constraint can be built in to the current GstLAL TESLA
pipeline to boost the ranking of signals which are closer in
sky location and thus refine the search for lensed gravitational
waves.

4. TIME PLAN

Date Aims
May 15th Finish and submit project proposal

May 15th to June 15th

-Extra preparation and reading, including
learning more about Bayesian Analysis.
-Understand how the GSTLaL pipeline works
and perform a GSTLaL test run

June 15th to July 2nd
(Week 1-3)

- Investigate how the waveform approximant
affects the efficiancy of the targeted
sub-threshold search,including under-
standing the difference between several
approximants, test the match between approximants.
- Work on interim report 1

July 2nd (Week 3) Submit interim report 1

July 6th - August 20th

- Work on imposing a constraint on the
skylocation of lensed images, including
making changes to the GSTLaL pipeline.
-Potentially start work on implementing a quasi-real-
time lensing search which would use unclustered data
to not have to match filter the data twice.
- Work on Interim report 2, and then gather
final results and make the final presentation

July 26- August 1,
(Week 7) Submit Interim Report 2 and Abstract

August 18-20
(Week 10) Final Presentation

September 24 Final Report Due

5. PROGRESS UPDATE

It can be argued that the a bad fitting waveform family used
to calculate the strain evolution of a gravitational wave could
lead to lensed signals being missed in the pipeline. One of the
main differences between these waveform families is whether
they consider precession. Spin-aligned waveforms take the
spin of the merging objects to be in the same direction as
the orbital angular momentum, while precessing waveforms
take any spin to calculate the strain of the gravitational waves.
Two parameters are used to define the in-plane spin and spin-
aligned components of the spin, named χP and χe f f respec-
tively and defined as:

χP = max[χ1sinΘ1,(
4q+3
4+3q

)qχ2sinΘ2] , (20)
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χe f f =
χ1cosΘ1 +qχ2cosΘ2

1+q
, (21)

where χ1 and χ2 are the dimensionless component spins of
both objects, Θ1 and Θ2 are the misalignment angles between
the coponent spins and the orbital angular momentum, and q
is the mass ratio of the merger.

All previously recorded super-threshold signals for O1,
O2, and O3a have already recovered from previous lensing
searches using both precessing and spin-aligned waveform
families within the search pipelines. However, it is still
necessary to investigate whether the sub-threshold signals
would be effectively recovered with the same SNR using
either waveform.

To do this, I found the match between precessing and
spin-aligned waveforms of previous gravitational wave events
from O1 and O2. The BNS event GW170817 was disregarded
as the lensing searches will primarily target BBH merger
events, as they will be louder farther away and thus are more
likely to have lensing masses along the line of sight from the
event to Earth.

Firstly, the maximum posterior was found for each of the
15 parameters of the merger, where the posterior samples
were found from [27], and the maximum likelihood posterior
sample found to calculate the match, as these samples are the
ones that best fit the data. Two sets of these posteriors were
found for each event, one for spin-aligned posteriors and one
for effective precession posteriors.

The antenna pattern function was also considered in order
to calculate the actual strain response in the detector. The de-
tector response for each polarisation and each detector d, F+,d
and F×,d , were combined with the strain for each polarisation,
h+ and h× to give the total antenna response for each detector
htot :

htot,d = F+,d×h++F×,d×h×. (22)

The waveforms were then generated in each detec-
tor for each htot using both a spin-aligned waveform
family, SEOBNRv2 and an effective precession family,
IMRPhenomPv2, as shown for GW170104 in figure 11. The
matches between these two waveforms found with pycbc
and the average results between detectors from these matches
found and plotted in figure 12.

It was found that while many of the events were above 90%
match between waveforms, GW170104 exhibited a lower av-
erage match of 54%. It is possible that this merger was there-
fore precessing. It could be that posterior distribution for
the in-plane spin components of each body χP may be wide
around the maximum posterior, and therefore it cannot be de-
termined if the orbit is precessing. If this were the case then

Figure 11. The time domain waveforms for GW170104 as seen in
the Hanford detector, calculated using spin-aligned waveform family
SEOBNRv2 in blue and precession-included waveform family IM-
RPhenomPv2 in orange. The precessing waveform displays obvious
signs of amplitude modulation. The match between these two wave-
forms was 58%.

there may not necessarily be SNR loss between the two wave-
form families. However, if the system was definitely pre-
cessing, with a narrow χP distribution around some non-zero
value, the precessing waveform would be truer match to the
signal, and thus the choice of a spin-align waveform family
could incur a 46% loss in SNR for the match of 54%. Thus it
would be important to choose a precessing waveform in this
case. However, with current methods the spin parameter is
not often measured this precisely. To investigate this further,
I would look at the posterior distributions of the parameter χP
for the lower match event and look into how reliably it can be
said that a merger is precessing in order to further qualify the
necessity of a precessing waveform with the current measure-
ments of spin.
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