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GW SPECTRUM

THE GRAVITATIONAL WAVE SPECTRUM
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stellar-mass compact binary mergers

Image credits: WMAP, NASA, P. Mösta

stellar mass
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GW DETECTOR NETWORK

A GLOBAL GW DETECTOR NETWORK
A global consortium with more than 2000 scientist involved!
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Virgo

GEO 600

?

?‣ Simultaneous detection increases detection confidence 
‣ Improved sky localisation & polarisation 
‣ Increased duty cycle
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ADVANCED DETECTOR ERA
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LIGO

Virgo

2015 2016 2017 2018 2019 2020

O1 O2 O3a O3b

▸ O1: Sept 12,2015 - Jan 30, 2016 

▸ HL coincident time: 48.6 days 

▸ O2: Nov 30, 2016 - Aug 25, 2017 

▸ HL-coincident time: 118 days 

▸ HLV-coincident time: 15 days

▸ O3a: April 1, 2019 - Oct 1, 2019 

▸ HLV coincident time: 81.4 days 

▸ O3b: Oct 1, 2019 - March 27, 2020

Image credit: Laura Nuttall

GW TIMELINE
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FROM O2 TO O3
▸ Significant improvement in sensitivity     [see Eleonora’s talk]
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[LVC, PRX 9, 031040 (2019)] [LVC, arXiv:2010.14527]

Montana 
earthquake

GW TIMELINE
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THE GW PIPELINE - A VERY SIMPLIFIED SCHEMATIC �6

(OFFLINE) GW 
SEARCHES

See Gareth Davies’ talk

ASTROPHYSICS TESTS OF GENERAL 
RELATIVITY COSMOLOGY FUNDAMENTAL 

PHYSICS

DATA QUALITY

See Laura 
Nuttall’s talk

PARAMETER 
ESTIMATION
See Shanika 

Galaudage’s talkSee Eleonora 
Capocasa’s talk

Low-latency 
(online) analyses
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GWS FROM COMPACT BINARIES

MORPHOLOGY OF COMPACT BINARIES

▸ Signal „sweeps“ through 
the detector’s sensitivity 
band: “chirp signal” 

▸ GWs carry characteristic 
information about the 
binary such as masses & 
spins
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Merger RingdownInspiral
the orbit shrinks … … until they collide … and form a 

    single black hole

[LVC, PRL 116 (2016)]Time
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GWS FROM COMPACT BINARIES

BINARY PARAMETERS
▸ GW signal encodes fundamental properties: 

▸ Extraction via Bayesian inference:    [see Shanika’s talk]
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“tidal deformabilities"
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WAVEFORMS

WAVEFORM - A KEY INGREDIENT

▸ Comparison against waveform 
models: 

▸ Inspiral-only: PN (low mass) 

▸ Inspiral-merger-ringdown: 
Phenom, Effective-One-Body 
(all masses/mass ratios) 

▸ Late inspiral-merger-
ringdown: NRSurrogates (high 
masses, restricted mass ratios)
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Image credit: Geraint Pratten
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GW OBSERVATIONS TO DATE: GWTC-2 �10
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GWTC-2
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FIG. 6. Credible region contours for all candidate events in the plane of total mass M and mass ratio q. Each contour
represents the 90% credible region for a di↵erent event. We highlight the previously published candidate events: GW190412,
GW190425, GW190521 and GW190814, the potential NSBH GW190426 152155, and finally GW190924 021846, which is most
probably the least massive system with both masses > 3 M�. The dashed lines delineate regions where the primary/secondary
can have a mass below 3 M�. For the region above the m2 = 3 M� line, both objects in the binary have masses above 3 M�.

FIG. 7. Credible region contours for all candidate events in the plane of chirp mass M and e↵ective inspiral spin �e↵ . Each
contour represents the 90% credible region for a di↵erent event. We highlighted the previously published candidate events (cf.
Fig. 6), as well as GW190517 055101 and GW190514 065416, which have the highest probabilities of having the largest and
smallest �e↵ respectively.

[LVC, arXiv:2010.14527] 

▸ 39 new GW candidate events (FAR < 2/yr) 

▸ Includes the least (GW190924_021846) and the most massive (GW190521) BBH observed  

▸ Includes the NSBH candidate GW1909426_152155

GW OBSERVATIONS TO DATE: GWTC-2



HIGHLIGHTS FROM O3A
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HIGHLIGHTS FROM O3: GW190412

GW190412 
▸ The first clear asymmetric (=unequal mass) BBH detection
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[LVC, PRD 102, 043015 (2020)] 

m1 ⇠ 30M�, m2 ⇠ 8M�
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D. Orientation and spins

The contribution of higher multipoles in the gravitational
waveform is important for the parameter estimation of
systems with small mass ratios [135,136]. In Fig. 4 we

show the marginalized two-dimensional posterior distribu-
tion for luminosity distance and inclination obtained using
signal models either without higher multipoles, with higher
multipoles, or with higher multipoles and spin precession.
The degeneracy between luminosity distance and inclina-
tion angle that is present in the results obtained without
higher multipoles is broken when higher multipoles are
included. The inclusion of precession effects helps to
constrain the 90% credible region further. Results obtained
with the Phenom family show the same degeneracy break-
ing when higher multipoles are included, but the 90%
credible region obtained with Phenom PHM has some
remaining small support for θJN > π=2.
Weconstrain the spinparameter χeff ofGW190412’s source

to be 0.25þ0.08
−0.11 . After GW151226 and GW170729 [2,7,34],

this is the thirdBHbinarywehave identifiedwhoseGWsignal
shows imprints of at least one nonzero spin component,
although recently another observation of a potentially spin-
ningBHbinarywas reported [11].However, inferred spins are
more sensitive thanother parameters (e.g., componentmasses)
to the choice of the prior. A reanalysis of GW events with a
population-informed spin prior recently suggested that pre-
vious binary component spin measurements may have been
overestimated because of the use of an uninformative prior
[137]. Collecting more observations will enable us to make
more confident statements on BH spins in the future.
The parameter χeff only contains information about the

spin components perpendicular to the orbital plane. The in-
plane spin components cause the orbital plane to precess
[138], but this effect is difficult to observe, especially when
the inclination angle is near 0 or π. Using models with
higher multipoles, however, we constrain the inclination of
GW190412 exceptionally well and put stronger constraints
on the effect of precession than in previous binaries [7]. The
strength of precession is parametrized by an effective
precession parameter, 0 ≤ χp < 1, defined by [139]

χp ¼ max
!
kS⃗1⊥k
m2

1

; κ
kS⃗2⊥k
m2

2

"
; ð3Þ

where S⃗i⊥ ¼ S⃗i− ðS⃗i · L⃗NÞL⃗N=kL⃗Nk2 and κ ¼ qð4qþ 3Þ=
ð4þ 3qÞ. Large values of χp correspond to strong
precession.
Figure 5 shows that the marginalized one-dimensional

posterior of χp is different from its global prior distribution.
The Kullback-Leibler divergence [107], DKL, for the
information gained from the global prior to the posterior
is 0.95þ0.03

−0.03 bits and 0.51þ0.02
−0.02 bits for the EOBNR PHM

and Phenom PHM model, respectively. Those values are
larger than what we found for any observation during the
first two observing runs (see Table V in Appendix B of [7]).
Since the prior we use introduces non-negligible correla-
tions between mass ratio, χeff and χp, we check if the
observed posterior is mainly derived from constraints on

FIG. 3. The one-dimensional posterior probability density for
the mass ratio q of GW190412, obtained with a suite of different
signal models. The vertical lines above the bottom axes indicate
the 90% credible bounds for each signal model.

FIG. 4. The posterior distribution for the luminosity distance,
DL, and inclination, θJN (angle between the line-of-sight and total
angular momentum), of GW190412. We illustrate the 90%
credible regions as in Fig. 2. By comparing models that include
either the dominant multipole (and no precession), higher multi-
poles and no precession, or higher multipoles and precession, we
can see the great impact higher multipoles have on constraining
the inclination and distance. All models shown here are part of the
EOBNR family.
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coalescence rate [38]. The remnant of GW190521 fulfills
the above definition of an IMBH.
GW190521 was detected by searches for quasicircular

binary coalescences, and there is no evidence in the data for
significant departures from such a signal model. However,
for any transient with high inferred masses, there are few
cycles observable in ground-based detectors, and therefore
alternative signal models may also fit the data. This is
further addressed in the companion paper [39] that also
provides details about physical parameter estimation, and
the astrophysical implications of the observation of GWs
from this massive system.
Observation.—On May 21, 2019 at 03:02:29 UTC, the

LIGO Hanford (LHO), LIGO Livingston (LLO), and Virgo
observatories detected a coincident transient signal. A
matched-filter search for compact binary mergers,
PYCBC LIVE [40,41,42], reported the transient with a
network signal-to-noise ratio (SNR) of 14.5 and a false-
alarm rate of 1 in 8 yr, triggering the initial alert. Aweakly
modeled transient search based on coherent wave burst
(CWB) [43] in its IMBH search configuration [35] reported
a signal with a network SNR of 15.0 and a false-alarm rate
lower than 1 in 28 yr. Two other matched-filter pipelines,
SPIIR [44] and GSTLAL [45], found consistent candidates
albeit with higher false-alarm rates. The identification,
localization, and classification of the transient as a binary
BH merger were reported publicly within ≈6 min, with the
candidate name S190521g [46,47].

A second significant GW trigger occurred on the same
day at 07:43:59 UTC, S190521r [48]. Despite the short
time separation, the inferred sky positions of GW190521
and S190521r are disjointed at high confidence, and so the
events are not related by gravitational lensing. Further
discussions pertaining to gravitational lensing and
GW190521 are presented in the companion paper [39].
GW190521, shown in Fig. 1, is a short transient signal

with a duration of approximately 0.1 s and around four
cycles in the frequency band 30–80 Hz. A frequency of
60 Hz at the signal peak and the assumption that the source
is a compact binary merger imply a massive system.
Data.—The LIGO and Virgo strain data are conditioned

prior to their use in search pipelines and parameter
estimation analyses. During online calibration of the data
[53], narrow spectral features (lines) are subtracted using
auxiliary witness sensors. Specifically, we remove from the
data the 60 Hz U.S. mains power signature (LIGO), as well
as calibration lines (LIGO and Virgo) that are intentionally
injected into the detectors to measure the instruments’
responses. During online calibration of Virgo data, broad-
band noise in the 40–1000 Hz frequency range is subtracted
from the data [54]. The noise-subtracted data produced by
the online calibration pipelines are used by online search
pipelines and initial parameter estimation analyses.
Subsequent to the subtraction conducted within the

online calibration pipeline, we perform a secondary offline
subtraction [55] on the LIGO data with the goal of

FIG. 1. The GW event GW190521 observed by the LIGO Hanford (left), LIGO Livingston (middle), and Virgo (right) detectors.
Times are shown relative to May 21, 2019 at 03:02:29 UTC. The top row displays the time-domain detector data after whitening by each
instrument’s noise amplitude spectral density (light blue lines); the point estimate waveform from the CWB search [43] (black lines); the
90% credible intervals from the posterior probability density functions of the waveform time series, obtained via Bayesian inference
(LALINFERENCE [49]) with the NRSur7dq4 binary BH waveform model [50] (orange bands), and with a generic wavelet model
(BayesWave [51], purple bands). The ordinate axes are in units of noise standard deviations. The bottom row displays the time-
frequency representation of the whitened data using the Q transform [52].
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binaries. The NRSur7dq4 results are summarized in
Table I. Results for all three models are presented in the
companion paper [39].
Figure 2 shows our estimated 90% credible regions for

the individual masses of GW190521. We estimate indivi-
dual components with ðm1;m2Þ ¼ ð85þ 21

−14 ; 66
þ 17
−18Þ M⊙ and

a total mass 150þ 29
−17 M⊙. This makes GW190521 the most

massive binary BH observed to date, as expected from its
short duration and low peak frequency. To quantify
compatibility with the PISN mass gap, we find the
probability of the primary component being below
65 M⊙ to be 0.32%. The estimated mass and dimensionless
spin magnitude of the remnant object areMf ¼ 142þ 28

−16 M⊙
and χf ¼ 0.72þ 0.09

−0.12 respectively. The posterior forMf shows
no support below 100 M⊙, making the remnant the first
conclusive direct observation of an IMBH.
The left panel of Fig. 3 shows the posterior distributions

for the magnitude and tilt angle of the individual spins,
measured at a reference frequency of 11 Hz. All pixels in
this plot have equal prior probability. While we obtain
posteriors with strong support at the χ ¼ 1 limit imposed by
cosmic censorship [91], these also show non-negligible
support for zero spin magnitudes. In addition, the maxi-
mum posterior probability corresponds to large angles
between the spins and the orbital angular momentum.
Large spin magnitudes and tilt angles would lead to a
strong spin-orbit coupling, causing the orbital plane to

FIG. 2. Posterior distributions for the progenitor masses of
GW190521 according to the NRSur7dq4 waveform model. The
90% credible regions are indicated by the solid contour in the
joint distribution and by solid vertical and horizontal lines in
the marginalized distributions.

FIG. 3. Left: posterior distribution for the individual spins of GW190521 according to the NRSur7dq4 waveform model. The radial
coordinate in the plot denotes the dimensionless spin magnitude, while the angle denotes the spin tilt, defined as the angle between the
spin and the orbital angular momentum of the binary at reference frequency of 11 Hz. A tilt of 0° indicates that the spin is aligned with
the orbital angular momentum. A nonzero magnitude and a tilt away from 0° and 180° imply a precessing orbital plane. All bins have
equal prior probability. Right: posterior distributions for the effective spin and effective in-plane spin parameters. The 90% credible
regions are indicated by the solid contour in the joint distribution, and by solid vertical and horizontal lines in the marginalized
distributions. The large density for tilts close to 90° leads to large values for χp and low values for χeff.
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coalescence rate [38]. The remnant of GW190521 fulfills
the above definition of an IMBH.
GW190521 was detected by searches for quasicircular

binary coalescences, and there is no evidence in the data for
significant departures from such a signal model. However,
for any transient with high inferred masses, there are few
cycles observable in ground-based detectors, and therefore
alternative signal models may also fit the data. This is
further addressed in the companion paper [39] that also
provides details about physical parameter estimation, and
the astrophysical implications of the observation of GWs
from this massive system.
Observation.—On May 21, 2019 at 03:02:29 UTC, the

LIGO Hanford (LHO), LIGO Livingston (LLO), and Virgo
observatories detected a coincident transient signal. A
matched-filter search for compact binary mergers,
PYCBC LIVE [40,41,42], reported the transient with a
network signal-to-noise ratio (SNR) of 14.5 and a false-
alarm rate of 1 in 8 yr, triggering the initial alert. Aweakly
modeled transient search based on coherent wave burst
(CWB) [43] in its IMBH search configuration [35] reported
a signal with a network SNR of 15.0 and a false-alarm rate
lower than 1 in 28 yr. Two other matched-filter pipelines,
SPIIR [44] and GSTLAL [45], found consistent candidates
albeit with higher false-alarm rates. The identification,
localization, and classification of the transient as a binary
BH merger were reported publicly within ≈6 min, with the
candidate name S190521g [46,47].

A second significant GW trigger occurred on the same
day at 07:43:59 UTC, S190521r [48]. Despite the short
time separation, the inferred sky positions of GW190521
and S190521r are disjointed at high confidence, and so the
events are not related by gravitational lensing. Further
discussions pertaining to gravitational lensing and
GW190521 are presented in the companion paper [39].
GW190521, shown in Fig. 1, is a short transient signal

with a duration of approximately 0.1 s and around four
cycles in the frequency band 30–80 Hz. A frequency of
60 Hz at the signal peak and the assumption that the source
is a compact binary merger imply a massive system.
Data.—The LIGO and Virgo strain data are conditioned

prior to their use in search pipelines and parameter
estimation analyses. During online calibration of the data
[53], narrow spectral features (lines) are subtracted using
auxiliary witness sensors. Specifically, we remove from the
data the 60 Hz U.S. mains power signature (LIGO), as well
as calibration lines (LIGO and Virgo) that are intentionally
injected into the detectors to measure the instruments’
responses. During online calibration of Virgo data, broad-
band noise in the 40–1000 Hz frequency range is subtracted
from the data [54]. The noise-subtracted data produced by
the online calibration pipelines are used by online search
pipelines and initial parameter estimation analyses.
Subsequent to the subtraction conducted within the

online calibration pipeline, we perform a secondary offline
subtraction [55] on the LIGO data with the goal of

FIG. 1. The GW event GW190521 observed by the LIGO Hanford (left), LIGO Livingston (middle), and Virgo (right) detectors.
Times are shown relative to May 21, 2019 at 03:02:29 UTC. The top row displays the time-domain detector data after whitening by each
instrument’s noise amplitude spectral density (light blue lines); the point estimate waveform from the CWB search [43] (black lines); the
90% credible intervals from the posterior probability density functions of the waveform time series, obtained via Bayesian inference
(LALINFERENCE [49]) with the NRSur7dq4 binary BH waveform model [50] (orange bands), and with a generic wavelet model
(BayesWave [51], purple bands). The ordinate axes are in units of noise standard deviations. The bottom row displays the time-
frequency representation of the whitened data using the Q transform [52].
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binaries. The NRSur7dq4 results are summarized in
Table I. Results for all three models are presented in the
companion paper [39].
Figure 2 shows our estimated 90% credible regions for

the individual masses of GW190521. We estimate indivi-
dual components with ðm1;m2Þ ¼ ð85þ 21

−14 ; 66
þ 17
−18Þ M⊙ and

a total mass 150þ 29
−17 M⊙. This makes GW190521 the most

massive binary BH observed to date, as expected from its
short duration and low peak frequency. To quantify
compatibility with the PISN mass gap, we find the
probability of the primary component being below
65 M⊙ to be 0.32%. The estimated mass and dimensionless
spin magnitude of the remnant object areMf ¼ 142þ 28

−16 M⊙
and χf ¼ 0.72þ 0.09

−0.12 respectively. The posterior forMf shows
no support below 100 M⊙, making the remnant the first
conclusive direct observation of an IMBH.
The left panel of Fig. 3 shows the posterior distributions

for the magnitude and tilt angle of the individual spins,
measured at a reference frequency of 11 Hz. All pixels in
this plot have equal prior probability. While we obtain
posteriors with strong support at the χ ¼ 1 limit imposed by
cosmic censorship [91], these also show non-negligible
support for zero spin magnitudes. In addition, the maxi-
mum posterior probability corresponds to large angles
between the spins and the orbital angular momentum.
Large spin magnitudes and tilt angles would lead to a
strong spin-orbit coupling, causing the orbital plane to

FIG. 2. Posterior distributions for the progenitor masses of
GW190521 according to the NRSur7dq4 waveform model. The
90% credible regions are indicated by the solid contour in the
joint distribution and by solid vertical and horizontal lines in
the marginalized distributions.

FIG. 3. Left: posterior distribution for the individual spins of GW190521 according to the NRSur7dq4 waveform model. The radial
coordinate in the plot denotes the dimensionless spin magnitude, while the angle denotes the spin tilt, defined as the angle between the
spin and the orbital angular momentum of the binary at reference frequency of 11 Hz. A tilt of 0° indicates that the spin is aligned with
the orbital angular momentum. A nonzero magnitude and a tilt away from 0° and 180° imply a precessing orbital plane. All bins have
equal prior probability. Right: posterior distributions for the effective spin and effective in-plane spin parameters. The 90% credible
regions are indicated by the solid contour in the joint distribution, and by solid vertical and horizontal lines in the marginalized
distributions. The large density for tilts close to 90° leads to large values for χp and low values for χeff.
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χeff and q. We find that this is not the case, as a prior
restricted to the 90% credible bounds of q and χeff (also
included in Fig. 5) is still significantly different from the
posterior, with DKL ¼ 0.98þ0.03

−0.03 bits (0.54þ0.02
−0.02bits) for the

EOBNR PHM (Phenom PHM) model. We constrain
χp ∈ ½0.15; 0.50$at 90% probability, indicating that the
signal does not contain strong imprints of precession, but
very small values of χp ≲ 0.1 are also disfavored. The
results obtained with the EOBNR PHM model are more
constraining than the Phenom PHM results. We return to
the question if GW190412 contains significant imprints of
precession below, and in the context of Bayes factors in
Sec. IVA.
Assuming a uniform prior probability between 0 and 1

for each BH’s dimensionless spin magnitude, the asym-
metric masses of GW190412 imply that the spin of the
more massive BH dominates contributions to χeff and χp.
Under these assumptions, we infer that the spin magnitude
of the more massive BH is χ1 ¼ 0.44þ0.16

−0.22 , which is the
strongest constraint from GWs on the individual spin
magnitude of a BH in a binary so far [7]. The spin of
the less massive BH remains largely unconstrained. The
posterior distribution of both spin magnitudes is shown in
Fig. 6. Consistent with the posterior distributions of χeff and
χp, the analysis using the EOBNR PHM model constrains
χ1 more than the Phenom PHM analysis.
To further explore the presence of precession in the

signal, we perform the following analysis. Gravitational
waveforms from precessing binaries can be decomposed
into an expansion in terms of the opening angle, βJL,
between the total and orbital angular momenta (see Sec. III
in [140], and [141]). Considering only l ¼ 2 modes, this

expansion contains five terms proportional to tankðβJL=2Þ
(k ¼ 0;…; 4), and each term alone does not show the
characteristic phase and amplitude modulations of a pre-
cessing signal. When the spin component that lies in the
binary’s orbital plane is relatively small, βJL is small as well
[142], and higher-order contributions in this expansion may
be neglected. As a result, a precessing waveform can be
modeled by the sum of the leading two contributions,
where the amplitude and phase modulations of a precessing
signal arise from the superposition of these terms.

FIG. 5. The posterior density of the precessing spin parameter,
χp, obtained with the two models that include both the effects of
precession and higher multipoles. In addition, we show the prior
probability of χp for the global prior parameter space, and
restricted to the 90% credible intervals of χeff and q as given
in the “Combined” column of Table II. FIG. 6. The posterior distribution for the dimensionless spin

magnitudes χ1 (corresponding to the more massive BH) and χ2
(less massive BH). Contours and lines indicate the 90% credible
regions.

FIG. 7. The probability distribution of the precessing SNR, ρp
(blue) and the orthogonal optimal SNR, ρ, contained in the
strongest higher multipole, ðl; mÞ ¼ ð3; 3Þ (orange). We also
show the expected distribution from Gaussian noise (dotted line)
and the 3 − σ level (dashed line). The results indicate that there is
marginal support for precession, but the posterior supports a
clearly measurable higher multipole.
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GW190814
�17

[LVC, ApJL 896:L44 (2020), LIGO-DCC G2000963]

Difficult to reconcile with neutron star maximum mass constraints.
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HIGHLIGHTS FROM O3: GW190814

▸ What about tides or an EM/neutrino counterpart?

�18

⇤2
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‣ Sky map issued within ~20 minutes 
‣ No EM or neutrino counterpart 

discovered to date

‣ No information about the 
tidal deformability of the 
lighter companion 

‣ Tidal effects suppressed by 
asymmetric mass ratio

[LVC, ApJL 896:L44 (2020), LIGO-DCC G2000963]
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GW190814: SPINS
�19

low BH spin makes tidal disruption  
even more unlikely

[LVC, ApJL 896:L44 (2020), LIGO-DCC G2000963]
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BINARY POPULATIONS

POPULATIONS OF BLACK HOLES
▸ Primary mass distribution most consistent with a broken power law or a power law with a 

Gaussian feature

�21

13

Figure 1. Graphical representations of the various mass distributions described in Section 3.1. Multi Spin, a model of both
mass and spin, is similar to the mass distribution of Power Law + Peak, with a sharp lower mass cutoff rather than the
smooth low mass turn-on.

• Default (4 parameters; Appendix D.1). This
parameterization for the component BH spin mag-
nitudes and tilts was previously used to explore the
spin distribution of compact binaries in GWTC-
1 (Abbott et al. 2019a). The spin of each compo-
nent BH in a binary is assumed to be independently
drawn from the same underlying distribution. The
dimensionless spin magnitude is described using a
beta distribution as in Wysocki et al. (2019a). The
spin tilt distribution from Talbot & Thrane (2017)
is a mixture model comprising two components:
an isotropic component designed to model dynami-
cally assembled binaries, and a second component
in which the spins are preferentially aligned with
the orbital angular momentum, as expected for
isolated field binaries; the fraction of binaries in
the purely-aligned sub-population is denoted ⇣.5
For this latter component, the spin tilt angles are
distributed as a truncated Gaussian, with width
�t, that peaks when the BH spin is aligned to the
orbital angular momentum. We use this model in
concert with the mass models described above.

• Gaussian (5 parameters; Appendix D.2). While
the Default spin model is physically inspired, this
model, based on that of Miller et al. (2020), allows
us to fit the distribution of phenomenological spin
parameters �e↵ (the effective inspiral spin param-
eter, Eq. 5) and �p (the effective precession spin
parameter, Eq. 6), assuming that their distribution
is jointly described as a bivariate Gaussian. The
ensemble properties of �e↵ and �p allow us to con-

5 Throughout the paper, spin tilt is measured at a reference
frequency of 20Hz for all events except GW190521, for which the
spin tilt is measured at 11Hz (see discussion in Abbott et al. 2020c).
We verified that for GW190521, the difference between the spin
measurements at 20Hz and 11Hz are smaller than the systematic
uncertainty between the waveform models.

clude that the BBHs in GWTC-2 exhibit general
relativistic spin-induced precession of the orbital
plane (�p > 0), and that some systems have compo-
nent spins misaligned by more than 90� (�e↵ < 0)
relative to the orbital angular momentum.

• Multi Spin (12 spin parameters, 10 mass pa-
rameters; Appendix D.3). This model allows for
multiple subpopulations of BBH systems with dis-
tinct mass and spin distributions. Specifically, this
model assumes a Truncated power-law mass dis-
tribution with the additional presence of a 2-D
Gaussian subpopulation in m1 and m2, truncated
such that m1 � m2. While similar to the Power
Law + Peak mass model, there is no smooth turn
on and the mass ratio distribution is allowed to
differ between each subpopulation. Most impor-
tantly, the two subpopulations have independently
parameterized Default spin distributions. We use
this model to test whether the BBH spin distri-
bution varies as a function of mass as expected if
higher-mass systems are the products of hierarchi-
cal mergers.

3.3. Redshift evolution

• Non-Evolving (0 parameters). Our default
model posits that the merger rate is uniform in
comoving volume.

• Power-law Evolution (1 parameter; Ap-
pendix E). Following Fishbach et al. (2018), the
merger rate density is described by a power-law
in (1 + z) where z is redshift. Given the finite
range of Advanced LIGO and Advanced Virgo to
BBH mergers, we only expect to constrain the red-
shift evolution at redshifts z . 1 (Abbott et al.
2013). The farthest event in our analysis is likely
GW190706_222641, at redshift z = 0.71+0.32

�0.27.

Disfavoured!

[LVC, arXiv 2010.14533 (2020)]

▸ Feature appears at �  

▸ BH mass spectrum likely turns over at �  

▸ Minimum BH mass in BBH is � : larger than the mass of BH candidates found in galactic 
binaries 

▸ Models fail to fit GW190814 - Part of a distinct population?

∼ 37M⊙

∼ 7.8M⊙

≲ 5.7M⊙
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BINARY POPULATIONS

WHAT ABOUT SPINS?
▸ Spin distributions tightly coupled to 

formation channel 

▸ >7% (at 99% CI) of BBH have �  

▸ Weak evidence of orbital precession 
among the population of BBHs in GWTC-2

χeff < 0

�22
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Figure 9. Left : Joint posterior on the fraction ⇣ of BBHs with preferentially-aligned spins (versus isotropic spins) and
the spread �t of misalignment angles among this population obtained using the Default spin model (see Appendix D.1 for
additional details). We rule out a population with perfectly aligned spins corresponding to ⇣ = 1 and �t = 0. The gray shaded
region represents the region of parameter space inaccessible to our analysis. This region is artificially excluded due to sampling
uncertainties even when analyzing uninformative samples drawn from the spin tilt prior. The dashed and solid contours mark
the central 50% and 90% posterior credible regions, respectively, assuming a flat prior on ⇣ and �t. Right : Population predictive
distributions for the effective precession spin parameter �p of BBH systems obtained using the Gaussian (blue) and Default
(orange) spin models. Shaded regions show the central 90% credible bounds on p(�p) at a given spin value, while the solid lines
show the median posterior prediction. The inset shows draws of the Gaussian �p distributions implied by the posterior on µp

and �p. Broadly, we see support for two possible morphologies, indicated schematically by the dashed black curves. GWTC-2 is
compatible with a �p distribution that is either broad, or one that is narrow and centered at µp ⇠ 0.2.

with z = cos ✓ values centered at z = 0 (perfect align-
ment) with a Gaussian spread of width �t. In the left
side of Fig. 9, we show the joint posterior on �t and the
fraction ⇣ of events in the preferentially-aligned subpop-
ulation. Perfect alignment corresponds to ⇣ = 1 and
�t = 0. We see that this case is ruled out at > 99%
credibility. Thus, either a non-zero fraction of BBH
events exhibit isotropically-oriented spins, or BBH spins
are preferentially aligned to their orbits but with a non-
vanishing spread. Either case constitutes an observation
of in-plane spin components among the BBH population.
The shaded gray tiles in the left side of Fig. 9 show the
values of ⇣ and �t that are artificially excluded by the
prior and/or finite sampling effects; the true measure-
ment using GWTC-2 lies well away from this artificial
exclusion region.7

In Fig. 10, discussed further below, we plot the range
of component spin magnitude and tilt angle distribu-
tions recovered using the Default model. Although
the data are consistent with tilt angle distributions that

7 In order to determine the artificial exclusion region, we generate
prior samples for tilt angles ✓1,2 conditioned on the measured
values of mass ratio q and spin magnitudes �1,2. There are no
prior samples in the gray tiles, which indicate that these tiles are
artificially excluded due to finite sampling effects.

favor alignment, distributions that are highly peaked at
cos ✓1,2 = 1 are ruled out.

A similar conclusion regarding the presence of in-plane
spin components may be drawn using Gaussian spin
model, which imposes an entirely different parameteri-
zation for the BH spin distribution and makes different
assumptions regarding their masses. In particular, when
measuring the mean µp and standard deviation �p of the
�p distribution, the case µp = �p = 0 is ruled out at
> 99% credibility; fewer than 1% of posterior samples
occur at µp  0.05 and �p  0.05. Since any non-zero µp

or �p implies the existence of spin-induced precession,
this result supports the observation of spin misalignment
seen in the Default model. In the right side of Fig. 9,
the dark blue curve and shaded blue region mark the
median and 90% credible bound, respectively, on p(�p)
as inferred by the Gaussian model. While the blue
region in this figure suggests a �p distribution that peaks
at ⇠ 0.2, there are in fact two morphologies preferred by
the data according to the Gaussian model: the recov-
ered �p distribution is either broad—or narrowly peaked
at �p ⇡ 0.2. This is illustrated by the inset, in which
we plot an ensemble of distributions corresponding to
individual draws from the (µp, �p) posterior; the dashed
black curves highlight traces representative of the two
permitted morphologies.

[LVC, arXiv 2010.14533 (2020)]
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Figure 10. Reconstructions of the BH spin magnitude and tilt distributions. Left : The distribution of dimensionless spin
magnitude � as inferred using the Default spin model (see Appendix D.1). Light traces show individual draws from the
Default posterior, while the solid black curve shows the posterior population distribution for �. Dashed lines mark the central
90% quantiles. Right : the reconstructed distribution of tilt angle cos ✓1,2 of BH component spins relative to the orbital angular
momenta. An isotropic spin orientation, which corresponds to a uniform distribution in cos ✓1,2, is disfavored but not ruled out.
The data do, however, rule out a highly peaked distribution at cos ✓1,2 = 1. Rather, the data are consistent with a gently peaked
distribution, with a modest preference for aligned spin (cos ✓1,2 > 0).
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Figure 11. Left : Posterior for the mean µe↵ and standard deviation �e↵ of the BBH �e↵ distribution, obtained using the
Gaussian model described in Appendix D.2. We marginalize over the parameters governing the distribution of the effective
inspiral spin parameter and the effective precession spin parameter. While we infer a �e↵ distribution that is peaked at positive
values, its measured width implies that a non-zero fraction of BBH systems have negative �e↵ , implying component spins
misaligned by t1,2 > 90� relative to the orbital angular momentum. Right : Population predictive distributions for the effective
inspiral spin parameter �e↵ obtained with both the Gaussian and Default spin models. Shaded regions show the central 90%
credible bounds on p(�e↵) and the solid lines show the median posterior prediction for the �e↵ distribution.

The presence of BBH systems with negative effective
inspiral spin parameter carries implications for the forma-
tion channels that give rise to stellar-mass BBH mergers.
BBHs born in the field from isolated stellar progenitors
are predicted to contain components whose spins are
nearly aligned with their orbital angular momenta, al-
though sufficiently strong supernova kicks might produce

modest misalignment (O’Shaughnessy et al. 2017; Steven-
son et al. 2017; Gerosa et al. 2018; Rodriguez et al. 2016;
Bavera et al. 2019). In contrast, binaries assembled dy-
namically in dense stellar environments are expected to
have randomly oriented component spins, yielding posi-
tive or negative �e↵ with equal probabilities (Kalogera
2000; Mandel & O’Shaughnessy 2010; Rodriguez et al.

�e↵ =
(m1~�1 +m2~�2) · L̂N

M<latexit sha1_base64="CtOXEpL41XK1PKdq9fJT+Wp1LRU="></latexit><latexit sha1_base64="CtOXEpL41XK1PKdq9fJT+Wp1LRU="></latexit><latexit sha1_base64="CtOXEpL41XK1PKdq9fJT+Wp1LRU="></latexit><latexit sha1_base64="CtOXEpL41XK1PKdq9fJT+Wp1LRU="></latexit>

�p := max
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||~S1?||
m2

1

,
~S2?||
m2

2

)
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 = q(4q + 3)/(4 + 3q)
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[Damour, PRD (2001);Racine, PRD (2008); Ajith+, PRL (2011)] 

[Schmidt+, PRD (2015)]
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MERGER RATE OF COMPACT BINARIES
▸ Data are consistent with  

▸ a constant merger rate 

▸ a merger rate that tracks the 
local star formation rate (SFR) 

▸ Preferred rate somewhere in 
between the two!

�23

RBBH = 23.9+14.3
�8.6 Gpc�3 yr�1

RBNS = 320+490

�240
Gpc�3 yr�1
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Mass model R [Gpc�3yr�1]

4 M�  m1 < 10 M� 10 M� < m1 < 20 M� 20 M�  m1 < 30 M� 30 M�  m1 < 40 M�

Broken Power Law 7.86+11.17
�4.81 8.89+5.29

�3.57 3.71+1.58
�1.1 2.04+1.16

�0.78

Power Law + Peak 8.91+11.28
�5.25 7.07+4.58

�2.98 2.75+1.94
�1.14 3.05+1.86

�1.13

Multi Peak 9.54+11.48
�5.78 7.02+4.54

�3.06 2.6+1.88
�1.3 3.19+2.02

�1.22

Table 4. Merger rate estimate in different primary mass bins. These results assume a non-evolving merger rate density, and
exclude GW190814 from the analysis.

in 1 Mpc3 (Kopparapu et al. 2008), this implies a rate of
RBNS = 32+49

�24
MWEG�1Myr�1.

The BBH merger rate probably increases with

redshift, but slower than the star-formation rate.

Figure 14 shows the merger rate as a function of redshift
using the Power law evolution model (see Appendix E
for additional details, and Fig. 30 for a posterior predic-
tive check). When we allow the merger rate to evolve
with redshift according to (1+z), we find that the z = 0
merger rate is R(z = 0) = 19.3+15.1

�9.0 Gpc�3 yr�1. The
posterior for the rate evolution parameter  is shown
in Fig. 15. Since GWTC-2 includes events with greater
redshifts than the events in GWTC-1, we obtain a much
tighter constraint on the evolution of the merger rate;
compare our updated constraints of  = 1.3+2.1

�2.1 (Power
Law + Peak model) and  = 1.8+2.1

�2.2 (Broken Power
Law model) to the GWTC-1 result of  = 8.4+9.6

�9.5. We
find that the merger rate is consistent with a non-evolving
distribution ( = 0), but is more likely to increase with in-
creasing redshift, with  > 0 at 85% credibility (Power
Law + Peak model) or 91% (Broken Power Law
model).

Locally (z ⇡ 0), the Madau–Dickinson star-formation
rate (Madau & Dickinson 2014) corresponds to  = 2.7
in our Power-Law Redshift parameterization. We
infer  < 2.7 at 86% credibility with the Power Law
+ Peak mass model (77% with Broken Power Law).
Another way of comparing our inferred merger rate to the
star-formation rate is by looking at the ratio between the
rate at z = 1 and z = 0, RBBH(z = 1)/RBBH(z = 0). For
the star-formation rate RSFR(z = 1)/RSFR(z = 0) ⇡ 6,
while for BBH systems, we infer RBBH(z = 1)/RBBH(z =
0) = 2.5+8.0

�1.9(Power Law + Peak model). These
results are consistent with most astrophysical formation
channels, which predict a factor of ⇠ 2 increase between
the merger rate at z = 0 and z = 1 (Santoliquido et al.
2020; Dominik et al. 2013; Neijssel et al. 2019; Eldridge
et al. 2019; Mapelli et al. 2017; Baibhav et al. 2019;
Rodriguez & Loeb 2018).

6. CONCLUSIONS
The publication of the second LIGO–Virgo gravitational-

wave transient catalog has increased the population of
BBH events by a factor of more than four. The new
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Star Formation (Arbitrary Norm.)

Figure 14. Merger rate density as a function of redshift, fit
to the Power-law Evolution model. The solid curve shows
the median rate density, while the dark (light) shaded region
shows 50% (90%) credible intervals. The dashed curve shows
the shape of the SFR. The data exhibit a mild preference for
the merger rate to increase with redshift, but are consistent
with a flat distribution as well as one that tracks the SFR.

Figure 15. Posterior for the redshift evolution parameter
 from the Power-law Evolution model, which assumes
that rate density scales like (1 + z). We assume the Power
Law + Peak and Broken Power Law mass models, and
take a flat prior on .

[LVC, arXiv 2010.14533 (2020)]

RBBH(z = 1)

RBBH(z = 0)
= 2.5+8.0

�1.9

RSFR(z = 1)

RSFR(z = 0)
⇠ 6
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INFERRED MERGER RATES



FUNDAMENTAL PHYSICS WITH 
GRAVITATIONAL WAVES



P Schmidt, University of Birmingham

MATTER & GRAVITATIONAL WAVES

IMPRINT OF MATTER ON THE GW SIGNAL
�25

≈ point-masses, 
same signals tidal effects

+ tidal excitation of internal oscillation 
modes

Some energy used to deform the NS

Moving tidal bulges produce GWs
ĖGW ⇠

h
d3

dt3
(Qorbit + QNS)

i2

neutron star

black hole

complicated 
post-merger 

signal

Tidally induced 
quadrupole 

moment

Image: T. Hinderer, T. Dietrich



P Schmidt, University of Birmingham

NUCLEAR PHYSICS CONSTRAINTS FROM GWS

NUCLEAR PHYSICS WITH GW170817
▸ GWs are unique probes of the neutron star interior

�26

0 200 400 600 800 1000 1200 1400 1600
⇤̃

0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035

P
D

F

W
F
F
1

A
P

R
4

SL
y

M
P
A

1

H
4

M
S1

b

M
S1

IMRPhenomPv2NRT

SEOBNRv4NRT

SEOBNRv4T

TEOBResumS

TaylorF2

Prior

⇤̃ =
16

13

(m1 + 12m2)m4
1 ⇤1 + (m2 + 12m1)m4

2 ⇤2

(m1 +m2)5

8 10 12 14

R (km)

0.5

1.0

1.5

2.0

2.5

3.0

m
(M

�
)

W
F
F
1

A
P

R
4

S
L
y

M
P
A

1

H
4

BH
lim

it

Buc
hd

ah
l l
im

it
0

1

0 1

R1 = 10.8+2.0
�1.7 km

R2 = 10.7+2.1
�1.5 km

<latexit sha1_base64="yjam3uzhFdvNWZNWePlbjd0LD0E="></latexit><latexit sha1_base64="yjam3uzhFdvNWZNWePlbjd0LD0E="></latexit><latexit sha1_base64="yjam3uzhFdvNWZNWePlbjd0LD0E="></latexit><latexit sha1_base64="yjam3uzhFdvNWZNWePlbjd0LD0E="></latexit>

[LVC, PRL 121 (2018)]

[LVC, PRX 9 (2019)]
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P Schmidt, University of Birmingham

O3: GW190425

GW190425
▸ Consistent with a neutron star binary  

▸ Inconsistent with galactic BNS population 

▸ Tidal parameters consistent with GW170817 but less constraining

�27

1.12� 2.52M�(1.46� 1.87M�)
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[LVC, ApJL 892:L3 (2020)]

mtot ⇠ 3.4M�
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COSMOLOGY WITH 
GRAVITATIONAL WAVES



P Schmidt, University of Birmingham

EXPANSION OF THE UNIVERSE

O1+O2 ESTIMATE OF THE HUBBLE PARAMETER
▸ With EM counterpart: 

Determine recessional 
velocity from EM 

▸ Without EM counterpart: 
Statistical analysis through 
cross-correlation with 
galaxy catalogues
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H0 = 69+16
�8 km s�1 Mpc�1
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v = H0d
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TESTS OF GENERAL 
RELATIVITY



P Schmidt, University of Birmingham

ARE THE OBSERVATIONS CONSISTENT WITH GR?

TESTING GENERAL RELATIVITY
▸ Residual power 

▸ Propagation of gravitational waves 
(dispersion) 

▸ Generation of gravitational waves 
(parameterised tests) 

▸ Polarisation tests 

▸ Tests of the nature of the remnant 

▸ Consistency between progenitor and 
remnant
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Yunes et al., PRD 2016

mg  1.76⇥ 10�23 eV/c2
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FIG. 2. Fraction of events yielding a residuals-test p-value less than
or equal to the abscissa. The light-blue band marks the 90%-credible
region for our measurement, factoring in the uncertainty due to a finite
number of both events and background instantiations (Appendix A).
The meta p-value for a uniform distribution is 0.39.

(SNR90 = 7.52 and p = 0.07), and is highlighted in Fig. 1
by a red (blue) diamond. Although GW190408 181802 is
the O3a event with the highest residual power (SNR90 =
8.48), the p-value of 0.15 indicates that this is not inconsis-
tent with the background distribution. Two pre-O3a events,
GW170814 and GW170818, yielded higher SNR90 than
GW190408 181802 [15], as seen in Fig. 1.

The set of p-values shown in Table III is consistent with
all coherent residual power being due to instrumental noise.
Assuming that this is indeed the case, we expect the p-values
to be uniformly distributed over [0, 1]. Agreement with a uni-
form distribution is represented via the PP plot in Fig. 2, which
shows that the measurement agrees with the null hypothesis
(diagonal line) within 90% credibility (computed as detailed in
Appendix A). We also compute a meta p-value for a uniform
distribution of 0.39 (see Sec. III B). This demonstrates no sta-
tistically significant deviations between the observed residual
power and the detector noise around the set of events.

B. Inspiral–merger–ringdown consistency test

GR predicts that the final state of the coalescence of two BHs
will be a single perturbed Kerr BH [131–134]. Assuming that
GR is valid, the mass and spin of the remnant BH inferred from
the low-frequency portion of the signal should be consistent
with those measured from the high-frequency part [135–137],
where the low- and high-frequency regimes roughly correspond
to the inspiral and postinspiral, respectively, when considering
the dominant mode [137]. This provides a consistency test

TABLE III. Results of the residuals analysis (Sec. IV A). For each
event, we present the SNR of the subtracted GR waveform (SNRGR),
the 90%-credible upper limit on the residual network SNR (SNR90), a
corresponding lower limit on the fitting factor (FF90), and the p-value.

Events SNRGR Residual SNR90 FF90 p-value

GW190408 181802 16.06 8.48 0.88 0.15
GW190412 18.23 6.67 0.94 0.30
GW190421 213856 10.47 7.52 0.81 0.07
GW190503 185404 13.21 5.78 0.92 0.83
GW190512 180714 12.81 5.92 0.91 0.44
GW190513 205428 12.85 6.44 0.89 0.70
GW190517 055101 11.52 6.40 0.87 0.69
GW190519 153544 15.34 6.38 0.92 0.65
GW190521 14.23 6.34 0.91 0.28
GW190521 074359 25.71 6.15 0.97 0.35
GW190602 175927 13.22 5.46 0.92 0.86
GW190630 185205 16.13 5.13 0.95 0.52
GW190706 222641 13.39 7.80 0.86 0.18
GW190707 093326 13.55 5.89 0.92 0.25
GW190708 232457 13.97 6.00 0.92 0.19
GW190720 000836 10.56 7.30 0.82 0.18
GW190727 060333 11.62 4.88 0.92 0.97
GW190728 064510 13.47 5.98 0.91 0.53
GW190814 25.06 6.43 0.97 0.84
GW190828 063405 16.13 8.47 0.89 0.12
GW190828 065509 9.67 6.30 0.84 0.41
GW190910 112807 14.32 5.60 0.93 0.65
GW190915 235702 13.82 8.30 0.86 0.09
GW190924 021846 12.21 5.91 0.90 0.57

for GR, related to the remnant-focused studies we present in
Sec. VII and the postinspiral coe�cients in Sec. V A.

We take the cuto↵ frequency f IMR
c between the inspiral and

postinspiral regimes to be the m = 2 mode GW frequency of
the innermost stable circular orbit of a Kerr BH, with mass
Mf and dimensionless spin magnitude �f estimated from the
full BBH signal assuming GR. The final mass and spin are cal-
culated by averaging NR-calibrated final-state fits [138–140],
where the aligned-spin final spin fits are augmented by a con-
tribution from the in-plane spins [141, 142]. We compute f IMR

c
from augmented NR-calibrated fits applied to the posterior me-
dian values for the masses and spins of the binary components.
We then independently estimate the binary’s parameters from
the low- (high-) frequency portion of the signal, restricting the
Fourier-domain likelihood calculation to frequencies below
(above) the cuto↵ frequency f IMR

c . The two independent esti-
mates of the source parameters are used to infer the posterior
distributions of Mf and �f using the augmented NR-calibrated
final-state fits. For the signal to be consistent with GR, the two
estimates must be consistent with each other.

For this test, we require the inspiral and postinspiral portions
of the signal to be informative. As a proxy for the amount
of information that can be extracted from each part of the
signal, we calculate the SNR of the inspiral and postinspiral
part of the signal using the preferred waveform model for
each event (Table II), evaluated at the maximum a posteriori
parameters for the complete IMR posterior distributions [16].
As in [15], we only apply the IMR consistency test to events

We find no evidence for new physics beyond 
general relativity, for black hole mimickers, or 

for any unaccounted systematics. 



P Schmidt, University of Birmingham

ARE THE OBSERVATIONS CONSISTENT WITH GR?

TESTING GENERAL RELATIVITY
▸ Example: Parameterised tests 

▸ Test the generation of  GWs as predicted by GR 
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FIG. 6. Combined GWTC-2 BBH results for parametrized violations of GR obtained from the designated events in Table V, for each deviation
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In Fig. 5 we show the 90% upper bounds on the absolute
magnitude of the GR violating coe�cients, |� p̂i|. The indi-
vidual bounds are colored by the mean redshifted chirp mass,
(1 + z)M, as inferred assuming GR (Table I). The results for
GWTC-2 include all new BBHs reported in [16] plus the BBHs
reported in GWTC-1 [17], combined by assuming a shared
value of the coe�cient across events (i.e., by multiplying the in-
dividual likelihoods). Whilst the combined results for GWTC-1
and GWTC-2 do not include the two BNS events, GW170817
and GW190425, in Fig. 5 we show the results for GW170817
separately for comparison to previously published results [14].

We broadly see that lighter binaries contribute prominently
to our constraint on the inspiral coe�cients and heavier bina-
ries drive the constraints on the postinspiral coe�cients. This is
to be expected as more (less) of the inspiral moves into the sen-
sitivity of the detectors as we decrease (increase) the mass and
we suppress (enhance) the SNR in the postinspiral. For all co-
e�cients, bar the �1PN and 0.5PN terms, the joint-likelihood
bounds determined using GWTC-1 and GWTC-2 BBHs im-
prove on all previous constraints [14, 15]. The tightest bounds
on the �1PN and 0.5PN coe�cients come from GW170817,
which improves on the GWTC-2 BBH constraints by a fac-
tor of 120 and 2.2 respectively. We find that the combined
GWTC-2 results improve on the GWTC-1 constraints by a
factor ⇠1.9 for the inspiral coe�cients and ⇠1.4 for the postin-
spiral coe�cients respectively. This improvement is broadly
consistent with the factor expected from the increased number
of events,

p
17/5 ⇡ 1.8 for the inspiral and

p
26/7 ⇡ 1.9 for

the postinspiral respectively. Neglecting the �1PN coe�cient,
we find that the 0PN term is the best constrained parameter,
|�'̂0| . 4.4 ⇥ 10�2. However, this bound is weaker than the
90% upper bound inferred from the orbital-period derivative
Ṗorb of the double pulsar J0737�3039 by a factor ⇠3 [2, 154].

Although all results from individual events o↵er support
for the GR value, a small fraction of them contain � p̂i = 0
only in the tails. This is the case for some of the coe�cients
for GW190519 153544, GW190521 074359, GW190814,

GW190828 065509, and GW190924 021846. Yet, given the
large number of events and coe�cients analyzed, this is not
surprising: for GR signals in Gaussian noise, we would expect
on average approximately 1 out of 10 independent trials to re-
turn �p̂i = 0 outside the 90%-credible level just from statistical
fluctuations.

To evaluate the set of measurements holistically, we produce
the population-marginalized distributions for each parameter
� p̂i following the method described in Sec. III B; the result is
the filled distributions in Fig. 6. These distributions represent
our best knowledge of the possible values of the � p̂i’s from
all LIGO–Virgo BBHs with FAR < 10�3 per year to date. For
comparison, Fig. 6 also shows the joint likelihoods obtained by
restricting the deviation to be the same for all events (unfilled
black distributions), which were used to derive the combined
GWTC-2 constraints in Fig. 5.

All population-marginalized distributions are consistent with
GR, with � p̂i = 0 lying close to the median for most param-
eters, and always within the 90% credible symmetric inter-
val. The medians, 90% credible intervals, and GR quantiles
QGR = P(� p̂i < 0) of these distributions are presented in
Table VI, together with equivalent quantities for the joint-
likelihood approach. A value of QGR significantly di↵erent
from 50% indicates that the null hypothesis falls in the tails
of the distribution. The quantiles may also be directly trans-
lated into z-scores defined by zGR = �

�1(QGR), where ��1 is
the inverse cumulative distribution function for a standard nor-
mal random variable. The z-score encodes the distance of the
posterior mean away from zero in units of standard deviation
(discussed below).

In terms of the overall magnitude of the allowed fractional
deviations, the parameter constrained most tightly by the hi-
erarchical analysis is �'̂�2 = �0.97+4.62

�4.07 ⇥ 10�3, within 90%
credibility. On the other hand, the loosest constraint comes
from �'̂6l = �0.42+1.67

�1.50, also within 90% credibility. In both
cases, however, the null-hypothesis lies close to the median,
with QGR = 68% and QGR = 69% respectively. The magnitude
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