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The elastic properties of multilayer coatings determine the thermal noise imposed on beams
reflected from interferometer mirrors. Those properties are not simple averages of the properties
of the individual layers making up the coating, and the averaged properties that enter into modeling
thermal noise and are different from those entering into measurement of the loss via the Q of
mechanical resonators. It is the purpose of this document to establish a unified description of these
elastic multilayers through the use of an effective medium theory for both isotropic (amorphous)
and cubic (AlGaAs, AlGaP) layers that is applicable both for noise calculations and for analyzing loss
measurements.

The effective medium approach is applicable when the variation of the elastic fields, other than that
due to the layering itself, is slow compared to the thickness of the layer C_ s. By combining the

constitutive relations (Hooke’s Law) for the elastic stiffness in each layer with the continuity
conditions for certain components of the stress and strain tensors, one can arrive at the connection
between the stress and strain averaged over the layers, described in terms of an effective stiffness
tensor computed from combinations of the stiffness tensors in each of the layers. Because the
layering breaks the symmetry of the structure, the symmetry of this effective stiffness tensor will be
lower than that of the layers themselves. In the two cases considered here: for isotropic layers the
effective stiffness tensor has C, symmetry, while for cubic layers the effective stiffness tensor has

tetragonal symmetry.

This document is organized as follows: Section 1 establishes the effective stiffness tensor for
isotropic and cubic layers. Section 2 uses the effective medium description to evaluate the stresses
and strains in a thin multilayer coating in terms of the stresses and strains in the underlying
substrate, and uses these elastic fields to compute the elastic energy density and power dissipated
in the coating in terms of the substrate fields. Section 3 contains two applications of these results:
computation of the thermal noise due to a mirror coating, and computation of the loss contributed
by the coating in the measurement of the Q of a mechanical resonator. Section 4 is an appendix
compiling relations between the various forms used to describe the mechanical properties of
isotropic media, and giving results for integrals involved in the thermal noise calculation.

1. Formulating the effective medium

1.1. Symmetry of elastic multilayers

In an isotropic medium, the elastic properties are the same for stresses applied in any direction.
This ceases to be true in a multilayer made up of isotropic media, because the layering makes the
direction normal to the layers different from the in-plane directions, which remain essentially
isotropic. Such a symmetry is known as Ce. For fourth-rank tensors like the elastic stiffness, the
implications of C., symmetry are the same as for hexagonal point groups, with the layer-normal
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direction taking the role of the 6-fold (or z) axis. Hook’s law in such a medium is expressed in terms
of its stiffness tensor in the form

T €y G G S,
T, € G G S,
T _| G G Gy S; (1.1.1)
T, Caq S,
T; Caq S;
Tl | Ces IS

Here the second-rank stress (T) and strain (S) tensors are given in the Voight notation, where (1, 2,
3,4, 5, 6) correspond to (xx, yy, zz, yz, xz, xy). Details can be found in B.A. Auld, Acoustic Fields and
Waves in Solids, vol. 1, Wiley (1973), referred to hereafter as “Auld”. One note on notation: the
engineering (or Voight notation) strain S, =2¢_ =0u_ /0y +0u, / dx (see Auld Eq. 1.52 and page 56).
This factor of 2 appears only for shear strains, not for compressions.

1.1.1. Isotropic layers
In an isotropic medium the tensor takes the same form as Eq. (1.1.1), but with

Ci3 = Cpp5 C33 =€y, G5 = Cyy

Note that there is an additional symmetry constraint on the elements of the C, stiffness tensor,

g =(c;; —c,)/ 2 [inisotropic media: ¢, =(¢,, —¢,,)/ 2], so that there are 5 independent elements
in the Co tensor, as compared to the 2 independent elements for an isotropic medium. Thus,
describing the multilayer in terms of two quantities, like the Young’s modulus and the Poisson ratio,
or the bulk and shear moduli, is inappropriate.

1.1.2. Cubic layers

Note also that the form of the stiffness tensor for cubic media is the same as isotropic media, with
the exception that the symmetry constraint ¢,, =(¢,, —¢,,) /2 does not hold, so the stiffness tensor
for layers of cubic materials will have the same form as Eq. (1.1.1), but again without the symmetry
constraint ¢, =(c,, —¢,,)/ 2. Thus, a material made of cubic-symmetry layers will have 6
independent elements (as does a tetragonal point group like 4mm). All of the results given here in
terms of stiffness tensor elements, for example the form of the averaged effective-medium stiffness
coefficients given in Eq. (1.2.10) will apply to cubic layers as well. Those results that rely explicitly
on the isotropy of the individual layers, such as those involving Young’s modulus and Poisson ratio
(e.g. Eq. (3.1.11)) of course cannot be applied to cubic layers.

It is the purpose of this section to derive the connection between the properties of the layers
making up the film, and those of an effective medium of the symmetry shown in Eq. (1.1.1). The
individual layers for both isotropic and cubic layers will be described again by a stiffness tensor for
computational convenience, though the elements of that tensor for isotropic media can all be given



in terms of more conventional terminology like Young’s modulus and Poisson ratio (see Appendix
for those connections).

1.2. Effective medium analysis

The effective medium approach is applicable when the variation of the elastic fields, other than that
due to the layering itself, is slow compared to the thickness of the layers. We can then apply a local
averaging procedure to find an effective stiffness tensor, [c], that accurately approximates the
response of the layered medium to applied stresses T and strains S , also averaged over a period of
the layer. We follow the approach of G. Backus, “Long-Wave Elastic Anisotropy Produced by
Horizontal Layering,” Journal of Geophysical Research 67, pp. 4427-40 (1962), hereafter referred to
as “Backus”. The essence of the approach is to arrange the components of the constitutive relations
in forms that do not contain products of quantities discontinuous at the interface between the
layers. The required averaging is then conceptually straightforward, though in some case somewhat
involved algebraically.

We assume a structure containing alternating layers of materials A and B, with thicknesses da and
dg and stiffness tensors ca, and cs. We define an averaging operator by

o9l
Il

(g) b g4 (1.2.1)
d,+d,"" d, +d, " -

where g is any quantity or combination of quantities in layer A. The analysis begins by noting that
the in-plane strains (51, Sz, S¢) and the surface normal stresses (T3, T4, Ts) are continuous across the
layers.

1.2.1. Shears

Consider first the shears, since they are simpler than the compressions. According to the isotropic
form of Eq. (1.1.1), in each layer we have

T, = C44,JS4,J
I, = c44,JS5,J (1.2.2)

Ty =€y 356,

where J € (4, B). In order to apply the averaging required for the effective medium approach, we

need to arrange Egs. (1.2.2) so that they contain no products of discontinuous quantities:

S4,J = C;i,JT;l,J
S5y = C;i,JT;,J (1.2.3)

Te,J =Cy; Se,J

In this form, the averaging function in Eq. (1.2.1) is straightforwardly applied:



S, =(Ss)=(cuTs)=(ci) T (1.2.4)

Cu =y =(cil) | (1.25)
Coo ={Cu)

The different types of averaging involved can be thought of as analogous to averaging springs in
series vs springs in parallel.

1.2.2. Compressions

The concept is the same for finding the effective stiffness components for the compressions, but a
bit more work is involved due to the inherent coupling between them due to Poisson’s ratio. Begin
again with the relations in each layer given by the isotropic form of Eq. (1.1.1)

Tl.,J ¢y 99, T Cl?,JSQ + 612“153,‘1
TQ,J = 012,(151 + C11,3°2 + 012,(1‘5’3,.] (1.2.6)
_3 = Cp JSI + 012,JSZ, + cll.JSB,J

where we already denote the continuous fields with overbars. With the third of Egs. (1.2.6), we can
arrange to have an “averageable” RHS for all three of Egs. (1.2.6):

— C,. — —
SSA,J = cl_llJTi; - = (51 + Sz)
Ciy
2 2
CIQ.J o CIQ.J o CIQ,J T
TL,J = [CII,J - B ' Sl T Cog — B » T c 3 (1.2.7)
11,J 11,J 11,J
2 2
Caslg Coslg | Cogm
T,, = [012,J - S+ ey — S, + 3
clL.] Cll,J Cll,J
Carrying out the averaging for the first of Egs. (1.2.7)
p— B C P p— p—
53:<C111>Ts_<cu>< T z)
! (1.2.8)
— -1 = \-1/c¢ — —
Sl ) ()8 )
11

Carrying out the averaging for the second two of Egs. (1.2.8) and replacing T}with the second of
Egs. (1.2.8) yields
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C3 = <C 1 >
Cy3 =\Cny
Cyy = <C44>

where we have also listed here the shear elements from Eq. (1.2.5) for completeness.
1.3. Stress-free layer in terms of Young's modulus and Poisson ratio

For comparison with more conventional analyses, it is interesting to work through the same
calculation in terms of an effective Young’s modulus and Poisson ratio. Rather than work out the
complete tensor, we focus for simplicity on those elements pertinent to the case of layers with a
stress-free normal surface. We also do not compute S since it will not contribute to the energy
density when T3 = 0.

Hooks law for in-plane strains of an isotropic medium with T4 = Ts = T3 =0 is

S, . 1 -o 0 1,
S, =? -o 1 0 T, (1.3.1)
S, 0 0 2(+0)]| T
Its inverse is
T, 1 o 0 S,
Y
T, =1 o 1 0 S, (1.3.2)
T, 1o 0 a-0)/2]s,

Conveniently, all the fields on the RHS are continuous across interfaces, so that the averaging
process is straightforward. We have



/Y Yo ]
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Inverting this matrix we have
Y | Yo |
1-o° 1-o°
Yy \* Jyva\" | ¥ \' /Yo \
1-o° 1-o7 1-o° 1-o°
* * 0 (1.3.4)
-1
0 0 2<L>
l+o

where the * represent the components known by symmetry from the others.

Comparing Eq. (1.3.4)with Eq. (1.3.2) we identify the effective medium quantities

7= <1Y62< > Y<1>YZ2 >
TR e e
= =)

_< Yo > < Yo >
ﬁ‘“z . A\l (1.3.6)
Yy \* /Yo < Y >
<1—02> <1—o-2> 1-o°

where second form for & follows with Eq. (1.3.5) for Y . If these are consistent, we should have for

and

~i Ql

the shear element

2(1+5):92< Y >‘1 Y 9< Y > (137)
= ) 3.

—) = =1
l+o (1+0) l+o



Substituting into Eq. (1.3.7) from Egs. (1.3.5) and (1.3.6) shows that it in fact is obeyed, so we have

for the effective quantities
2
goAlto/\-a/ o Moo/ (13.8)

Y » T Ty
1-o° 1-o°

where we add subscripts as a reminder that these hold for in-plane stresses and strains, while there
will be different effective quantities for out-of-plane fields.

2. Thin Effective Medium on a Substrate

One can in a general case include a stiffness tensor in the form of Eq. (1.1.1) with elements
calculated from the layers’ material properties with Eqgs. (1.2.10) into FEM calculations to obtain
results for the elastic state of the composite layer. Here we assume that one can adopt the method
of GM Harry et al, “Thermal noise in interferometric gravitational wave detectors due to dielectric
optical coatings,” Class. Quantum Grav. 19, 897 (2002), hereafter referred to as “Harry”, where the
elastic fields in the substrate are calculated independent of the mirror layer, and then the fields in
the layer are computed treating those at the surface of the substrate as boundary conditions on the
layer.

2.1. Boundary condition treatment of composite layer

Let us assume that the elastic fields in the substrate are known, and in particular that the in-plane
strains and the surface-normal stresses in the substrate are Sis, Sz, Ses and Tss, Tus, Tss, respectively.
We further assume that the surface of the layer away from the substrate is not subjected to any shear
stresses. The continuity of the surface-normal stresses and in-plane strains then allows us to
conclude that the surface-normal shears vanish in both the film and the substrate, and therefore that
the fields in the film obey

I,=T,=0, =T,

(2.1.1)
S =8 8, =85, S =S,

We can then use these fields and Eq. (1.1.1) to compute S3, T4, T2, and Ts in the film. With these
fields in hand, the energy in the film can be calculated, either for a thermal noise calculation or to
evaluate the energy ratio in a loss measurement.

2.2. Field energy in the layer in terms of boundary fields
With Egs. (1.1.1) and (2.1.1) we have

Tl :EllSls +E|2S

T, =c,8, + ¢85 + 55,

s €385

_ _ _ (2.2.1)
T35 = c13S1x + CI3S2s + C33S3

Ti = ¢S,

65



The shear stress in the film is obviously trivially obtained, so the work again is in working out the
compressional fields. The equation for Ts yields

=03 [T, =5(S), + 5,)] (2.2.2)

With Sz from Eq. (2.2.2) in Egs. (2.2.1) for T1 and T, we find
—2 —2
TF(EH—%]SM{EQ i ]st"'CBT
Cs3 Cs3 C33
—2 —2
Tz=(a2—¥]SlS+(E” f jS + 13T
Cy3 Cy3 C33

With Egs. (2.2.2) and (2.2.3), along with Egs. (2.1.1), we now have all the fields in the layer in terms
of those in the substrate, so can calculate the elastic energy density in the film according to

1 6
z_z l,TISI
21:1

1 g g @ - —
== cll_iL S| 6 S S25+ mE T, |S, clz_ii S+ cn_ii st+iiT3§ Sys
2 Cy3 3 Cy3 C33 C33 C33

+ 73353_31 [7'35 - El3 (Sls + SZS )] + E66S623 }

(2.2.3)

2
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(2.2.4)

We are primarily interested in the power dissipated in the film. Here we must be careful and not
simply assign complex values to the elastic constants (e.g. the imaginary part of the coefficient
1/¢,, will have opposite sign to that of c11, which doesn’t make physical sense as both should add to
the total loss). To evaluate the dissipated power, we return to the expression for the rate at which
work is done on a deformed elastic body (L. D. Landau and E.M. Lifshitz, Theory of Elasticity, Course
of Theoretical Physics Vol. 7,1975):

dg,
dt

p=0, (2.2.5)

In Voight notation, and for sinusoidal time dependence exp(iwt), the average dissipated power per
unit volume is then

Dy = —%Im[T;SJ (2.2.6)

With the fields from Egs. (2.2.2) and (2.2.3), Eq. (2.2.6) becomes
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(2.2.7)

where the second form follows from taking the negligibly lossy substrate fields as real.

We can evaluate the combinations of effective stiffness elements in Egs. (2.2.4) and (2.2.7) in terms
of the layers’ properties according to Eq. (1.2.10). We find

— 2 — 2 —
c c C c 1 C

— 13 _ _ G - G35 _ _Cp 13 _[Cn —1 _ /] - - _

T = _<cn >, Cp—= _<C12 > = _< >, C33 _<C11 >’ Ce6 —<c44>
C33 Ch C33 h C33 Ch

(2.2.8)

-

With Egs. (2.2.8) for the effective stiffness components in terms of the layer properties, Eq. (2.2.4)
for the energy density in the film becomes

-1
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and the dissipated power from Eq. (2.2.7) becomes

@ Cz ) CZ ’ _ C ’ C, *
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where the third form follows from defining the in-plane dilation as S, =S, + S, and the anti-
symmetric strain as S, =S, —S,, and the last form holds for isotropic layers recalling the isotropy

condition for the elastic constants ¢, — ¢, = 2¢,, . Noting that the dilation is invariant to coordinate

rotations, and that Sz’s + Sﬁzys is invariant to rotations around z, the final forms of Egs. (2.2.9) and

(2.2.10) can be seen to be explicitly invariant to rotations around the surface normal.

Note that some of the terms in Eq. (2.2.9) involve averages of the stiffness coefficients, while some
involve averages of the reciprocal of the coefficients. This is in contradiction to the sometimes-used
approach of simply averaging over Young’s moduli. For comparison with the literature, recall from
Eq.(1.1.1) that S, =2¢,, =0u, / dy +Ou, / Ox . The appearance of c;; rather than its complex conjugate
results from its arising from S33 = T33/c33 and that Eq. (2.2.6) involves conjugating only the stresses;
this form correctly results in a positive contribution to the loss from this term.

It is also worth noting that the term proportional to Im(ci2/c11) has no corresponding term
proportional to Re(ci2/c11) in the energy density in Eq. (2.2.9), so it is easier to obtain the correct
expression for the losses by using the direct expression Eq. (2.2.10) for the dissipated power rather
than simply inserting complex stiffness coefficients into the energy density expression Eq. (2.2.9).

3. Applications of the effective medium approach

3.1. Thermal noise: Isotropic Layers

We can use the result for the elastic energy density in Eq. (2.2.9) to compute the thermal noise in a
coated mirror, as was done in Harry. We begin with the substrate fields for a Gaussian pressure
field applied to the face of the mirror, with pressure field of the form (2F/mw2) exp(-r2/w2), from his
Egs. (A10):

s = L i(l _ efg,ﬂ/wz ) - iefzy,z/wz
1 dm(\ + p)| w?
F 1 2,2
Sps = _—_‘<1 —e /v ) (3.1.1)
’ Am(A + p)
F 4 27,2
Ly = T _-672r Jw
27 w?

where A; and y; are the first Lamé constant and the shear modulus of the substrate, respectively.

[t is shown in Auld, Appendix 1, that in isotropic media the same form holds for the stiffness tensor
for fields given in cylindrical coordinates as for Cartesian coordinates, with the identifications

1>, 25600, 3—2zz, 4—>0z, 5—>rz, 6 >r0 (3.1.2)

and the same identifications for the stresses. From his arguments, it appears that this connection
also holds for cylindrical coordinates in hexagonal (or C») media, though of course not for the
tetragonal symmetry media arising from layers of cubic materials.



With Eq. (2.2.10) for the average power dissipated in the film, we have, with the thickness of the
coating d,

dtss

P, :—§2ﬁdlm{(<cn>*_<clz> )J (Ser+S2 )rdr+<012—z—2> IO (S +St9€s) rdr
11

27sz. D VA

v 2 (3.1.3)
+lzIm<ﬁ> _[0 (Srrv +S99& T;zx rdr+<cll > 712& }"dr

2 2 * *
= _Cl)_d r > Im <Cll>* _<_C£> ;2+llm<cl_2> ;+<Cl_ll>
2 w Cll 4(2’3 +ﬂ\) Cll (/IA +ﬂ>)

With Egs. (4.5.4) from the Appendix for the stiffness coefficients in terms of Young’s moduli and
Poisson ratios, we have from Eq. (3.1.3) the dissipated power in terms of the bulk and shear loss
angles

%Sﬁ%d 1722{<1{(1—2a)2 L2 1—a+022 ¢#}> 1 2+<(1‘20)(1+20)(¢K—¢y)>;
W 3(1-0) 3(-0)1-07) 4(A, +u,) 3(1-0) A+ )

+<l{(l+o)2(1 ~20), 2 (1+0')(1—22<7)2 y D}
Y| 3(-0) 3 (-o)p

(3.1.4)
With Egs. (4.2.1) for A and y, Eq. (3.1.4) becomes

P _wd F* 11 (1—20)Y¢ +g l-o+0° Yo (I+0,)’(1-20,)
2 awt |3\ (-0 ) 3\(-o)1-0?) " Y

(1-20)1+0) (1+o0)(1-20,)
S e .

s

_{l<(1+a)2(1—220')l¢K>+z<(l+a)(1—220')2l >}}
3\ -0y Y 3\ (-o)} Y

The thermal noise spectral density according to Levin is given by

4k, T W,
(3.1.6)

S,(f)=—- o E

where Waiss = Paiss/ (27f) is the power dissipated per cycle divided by 27. Thus, with Eq. (3.1.5) for
Pgiss, we have
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In the limit of equal bulk and shear losses, the noise takes the simpler form

_2kT d Y (1+0,)’(1-20,) (I+o0)1-20) 1
Sx(f)—ﬁzf w2{<(l—02)¢> % +< o) Y¢>} (3.1.8)

While not required for the thermal noise calculation, we can also evaluate the total energy in the
film by integrating Eq. (2.2.9)

U=2rd j:u(r)rdr

- 3.1.9
=27d| {%<CH _i>(sj,,s + S5 )+ <c12 _i>(s,,,,,ssgg,s )+ <"11_1>T2 4 MS&S}F dr (3.1.9)

cll cll

where d is the thickness of the coating.

Noting also that the xy (i.e. 6) shear vanishes in the substrate, and, using Egs. (4.6.1) - (4.6.3) from
the Appendix for the integrals in Eq. (3.1.9), we have the energy in the film as

F*d c 1 .
U=—3 <c11 —£>—2+<c“‘> (3.1.10)
Tw cll 4(15 +Il’ls)

In order to compare with Harry, we need to re-express the elastic constants in terms of Young’s
moduli and Poisson ratio. Using Eqs. (4.1.1) and (4.2.1) to evaluate the coefficients in Eq. (3.1.10),
we find

- F2d2 K Y 2>(1+as)2(1—2as)2 +<l(l+a)(l—20)>} (3.1.11)
27w’ | \1-o Y, Y (I-o0)

where the subscript s denotes a quantity evaluated in the substrate. This result for the elastic
energy in the film agrees with that obtained from Harry Egs. (A17) -(A19), in the limit when the
composite layer is truly isotropic, i.e. when the averaging function is not required.

3.1.1. Implications of the film energy expression for thermal noise: reciprocal weighting

By considering the elastic moduli to be complex, various aspects of the aspects of the lossy behavior
of the film, and hence the thermal noise, can be explored, e.g. allocating the loss to bulk vs shear
contributions, tradeoffs between number of required layers and loss, etc. One quick point worth



mentioning here, considering the simple case of a film made up of layers each with isotropic loss, so
that the Poisson ratio can be considered real, and neglecting the different weighting of the two
terms in Eq. (3.1.11) due to Poisson ratio factors, we see that the averaged loss angle in the first
term vs that in the second term of Eq. (3.1.11) would involve

3 | | v
(P)=(xA+ip))=(¥)+i(Yg) = ¢, = <(T)>

(7 =([ravio] )= [(r)=i(p/7)] :<y1>{1_,-<2”; j'>>] g, = _<?YY_ f>>

We see that even for the simplest case, the importance of the loss in the softer layer will be
emphasized in one term in Eq. (3.1.11) for the energy while the loss in the stiffer layer will be
emphasized in the other.

(3.1.12)

3.1.2. Implications of the film energy expression: bulk and shear losses

We see that there are comparable terms involving bulk and shear losses even in the limit of large
spot size to film thickness as is assumed here. While a bulk compression would produce only bulk
losses, a uniaxial stress as is imposed here will result in both bulk and shear losses. The relative
importance of the two depends on the Poisson ratio and ratio of Young’s moduli in film and
substrate, but in general neither is entirely dominant over the other.

3.2. Thermal noise: Cubic layers

For layers that are made of cubic materials like AlGaAs or AlGaP, there are three independent
elastic constants, and we can’t make use of the usual description in terms of Young’s modulus or
Lamé constants of the film. We can, however, use the effective medium result of Eq. (1.2.10) to
describe the effective stiffness tensor, and the result in Eq. (2.2.7) for the dissipated power. If we
continue to assume that the film is thin enough that Harry’s approach of taking the substrate fields
to be the same as they would be in the absence of the mirror layers, then the computation remains
relatively straightforward.

The first step is expressing in Cartesian coordinates the required strain and stress tensor
components given in cylindrical coordinates in Harry. In Harry, we are given

S Sﬁﬁ,s H Srﬁ,s = S

.S rz,8

=8,y,=0,T_,,T., =T, =0.The connection between strains in Cartesian and

> Tzz,807rz,8 i
cylindrical coordinates at an angle 6 to the x-axis is given by

S. S, S [cos§ -sin@ O[S, S, S cosf sinf 0

xx Xy xz

S, S, S.|=[sin@ cos® 0SS, S, S, |—sind cosd 0
S, S 0 0 L|s, S, S 0 0 1

X zy zz zr

I (c*S., +5°S,)—2csS., cs(S, —S,)+(c*-5)S, cS.-sS,
=|es(S, —S,)+(c*=57)S, (s*S,+c*S,)+2csS, sS_+cS,
cS_—sS, sS_+cS,, S

zz

(3.2.1)



where c=cos8, s =sinf. With Eq. (3.2.1) we then conclude

S, =S.=(c*S, +5°S,)—2csS,

§,=8, = s*S_+c*S,, +2csS,,

S3 =S.=S..

S,=25_=2(sS_+cS,.) (3.2.2)
§;=25, =2(cSrZ _SSGZ)

S, =25, =2[cs(S, = S,)+(c* =57)S,) |

For the given substrate strains, we have

Sl,s = cz Srr,s + S2S99,s
Sy, =8>8, +C* S, (3.2.3)

s

S(),s = ZCS (Srr,s - SHH,S)

We only need the stresses,

L, =T,
Tzl,s = ]—jvz,s = O (324)
TS,S = ];z,s =

With Egs. (3.2.3) and (3.2.4) for the substrate stresses and strains in the expression for the
dissipated power density, Eq. (2.2.10), we have

2

pdiss = _glm{(<cll>* _<012>*)(Sl2s +S22s)+<012 _CL> (Sls +S23 )2 +121m<%> (Sls +S2s)T33
11 11
+<cl_11>T325 +<c44>* Sazs}

Looking at the combinations of fields individually and expanding them using Eqgs. (3.2.3) and (3.2.4)
yields:

(3.2.5)

S2 482, =(c2S,, + S0, )2 +(s°S,, +¢ Sig,s )2 (3.2.6)
= (Sfm +85 ) -2c%s’ (Srr,s —Sgo.s )
(Sl’s +8,, )2 = (02 S+ SZSHM +5° S+ c? So.s )2 (3.2.7)

(S +Sn)

(Sls +S2S)T;s :(Srr,s +S90,S)T (328)
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S(?,s = [ZCS (Srr,x - S@&,s)]z
=457 (S, =25, S+ i)

s m,s

(3.2.9)

With Egs. (3.2.6) - (3.2.9) in Eq. (3.2.5) we have
Paiss = —%Im{«cn >* _<Cl2>*)|:(Sr2r,s + Saze, s ) -2c%° (Srr,s _Sea,,y )2]

+<c12 —i—> (S0 S0.) +i21m<cﬁ> (S04 S0 )T+ () T2, (3:210)

1 i

+ <C44 >* 4c’s? (S, = Sons )’ }

Recalling that for isotropic layers, ¢,, =(c,, —¢,,)/ 2, we see that as expected paiss becomes

independent of 6 in that case. We can thus write Eq. (3.2.10) in a more suggestive form, using the
trig identity sin20 =2sin@cos@:

Paiss = —%Im {((Cu>* _<012>*)(Sr2r,s + Seza, s ) + sin2(2¢9) |:<C44 >* _(<cll>* _<CIZ>*)/2i|(Srr,s - Sae, s )2
+<c12 —i> (Sm +84. )2 + i21m<ci> (SM +Sg., )TV + <CHI>TZ§,S}

Ci S

(3.2.11)

Comparing Eq. (3.2.11) with the first form of Eq. (3.1.3), we see that the result for integrating the
dissipated power density over the volume of the films will be the same as for the case of isotropic
layers, but with the addition of a term Pgniso given by

P, = —%dIchM ) =((en) ~(u) ) 2| [ dosin* o) drr(s,. =S, )

d S TRGIRT Fo T T20 ey 4 e |
:-%Im[<c44> _(<Cn> —(clz> )/Z}E[m} IO dr{r—z(l—e )—76 }
=_w_d F? Im[l[<c >*_<C“>*_<CIZ>*J] 1

2 7w’ 20V 2 4(A, + 1)’

where the second form follows from Egs. (3.1.1) for the substrate fields, and the third form from
evaluating the radial integral as 2 /w?2.

(3.2.12)

Adding Eq. (3.2.12) for the “extra” term in the dissipated power for layers of cubic symmetry to the
resultin Eq. (3.1.3) for isotropic layers, we find



__a)_d F? * _i * l *_<cu>*_<clz>* 1
Pdiss,cubic - 2 7Z'W2 Im (<C”> < cll > J—i_ 2 (<C44> 2 4(2@ + IUS )2

+iIm <Ci> —1 + <cf11>
ey (A +n)

With Eq. (3.2.13) for the dissipated power in Eq. (3.1.6) for the thermal noise spectral density, we
find

__ZkBTd * _i ' l *_<cn>*_<clz>* 1
5/)= zzzﬁMQIm {<c”> < cH>J+2£<c“4> 2 J4(/15+u5)2

c ) 1
+ilm(2) ———+ (¢}
l m<c11> (ﬂ’s +/ls) <cll >}

where again the correction term for cubic vs isotropic layers explicitly vanishes when the shear
stiffness obeys the symmetry condition required for isotropy.

(3.2.14)

3.3. Loss measurements with resonator Q’s

3.3.1. Analysis with effective stiffness approach

The same general considerations as were considered in computing the energy in the film for the
thermal noise problem are applicable to compute the connection between modal Q’s and the losses
in the multilayer. The difference between the film energy in this case and that in section 3.1, are
that the surface of the resonator is in general stress free, so that 7y, =7, =0, but the in-plane
shears will not necessarily vanish, i.e. S;, =S¢ # 0. In this case the energy density in the film from
Eq. (2.2.9) takes the form

11 el 1
”:E{E<Cn +¢, _2£>S[2),s +E<Cu _Cl2>S§,s +<C44>S62,s}

G
, (3.3.1)
~_____ i 242\ g2 S2 482
isotropic layers E 5 Sy + Cp—e— D.,s +<C44>( A,s + 6,5)
11
The dissipated power according to the third form of Eq. (2.2.10) with T35 =0, is
o |1 A\, ., -
DPaiss = _Elm E ¢yt o _20_“ SD,s +5<cll _c12> SA,S +<c44> S6,s
(3.3.2)

i

0] 1 c ' *
isotropiclayers _Zlm {E<Cl 1 + CIZ - 2£> S[ZJS + <C44> (Siv + S623 )}



The in-plane dilation and the asymmetric strain were defined after Eq. (2.2.10) as S, =S, + 5,
and §, =S

1,s

-, , respectively. This energy density and dissipated power of course cannot be
integrated over the strain fields until the fields of the mode in the substrate are known, presumably
from FEA.

For isotropic layers the second form of Egs. (3.3.1) and (3.3.2) can be expressed in terms of Young's
modulus and Poisson ratio. Eq. (3.3.1) for the energy density in the film becomes with Egs. (4.1.1)
for the elastic constants.

1/ Y \w Y ), @
= ()82 (L )(s2 +S
! 4{<1—0'> Dss <1+a>( A f’)}
_ 1 Y P ) Yo 1 Y 2
_E|:<1_O_2>(Sl,s +S2,s)+2<1_o_2>S1,SS2,s +5<1+O_>S6,5:|

where the second form follows by expanding Sp and Sx as described after Eq. (3.3.2). Eq. (3.3.2) for
the dissipated power becomes with Eqs. (4.5.4) for the imaginary parts of the elastic constants in
terms of the bulk and shear losses

(3.3.3)

w Y 2 Y 2 2
Pass —5{<m[20—20)¢,< +(1+ a)¢,,}>SD,S +< e ¢,1>(SM + 82, )} (3.3.4)

In this case, there are no coefficients involving averaging of inverse stiffness coefficients, unlike Egs.
(3.1.10) or (3.1.11), which can be traced back to the absence of any out-of-plane stresses in this
case. We see by comparison with Eq. (3.1.9) that the combination of elastic losses obtained with Q-
measurements is not the same as that which enters into the calculation of thermal noise.

3.3.2. Analysis for isotropic layers via effective Young's modulus and Poisson ratio

We can also obtain the energy density via the effective Young’s modulus and Poisson ratio
approach. We of course must ultimately get the same result as in Eq. (3.3.3) if the methods are both
carried out correctly. The energy density is given by

1= _ _
u =E[7;S1 +1,8, + T,S, | (3.3.5)

With the stresses in terms of the strains via the constitutive relation in Eq. (1.3.2) we have

1 Y _ _ 1-&
U= [(S1 +385,)S, +(S, +5S,)S, +TS§}
_ (3.3.6)
1 Y -5

=E§|:S12 + S22 +25S1S2 +TS62:|

Consider the coefficients individually. With the effective Y,& from Egs. (1.3.8), we have
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and hence with Y from Eq. (1.3.8) in Eq. (3.3.7)
Y Y
& :<1_O_2> (3.3.8)

()22 aao

and

2&1_’;2 =2< Y"2> (3.3.10)

With Egs. (3.3.8), (3.3.9), and (3.3.10) in Eq. (3.3.6) we have the energy density as

1|/ v s Yo 1/ v \ .,
u=— S+ SH+2(——=)8S, +—(——)S 3.3.11
2{<1—0'2>( P+ 52) <1—02> = 2<1+0'> "} ( )




Comparing Egs. (3.3.11) and (3.3.3), we see that the same result is obtained with the effective
Young’s modulus and Poisson ratio as with the stiffness method.

4. Appendix

A variety of forms are used for the elastic constants of isotropic media. We collect some useful
results here.

4.1. Stiffness in terms of Young’s modulus and Poisson ratio
The components of the stiffness tensor in terms of Young’s modulus and Poisson ratio are

l-o o 1
———, ¢y =Y (4.1.1)
(I+o)(1-20) 2(1+0)

¢, =¥————¢,=
" (+o)1-20) °

4.2. First Lamé constant and shear modulus in terms of Young's modulus and Poisson ratio
The first Lamé constant and shear modulus in terms of Young’s modulus and Poisson ratio are

9yt 421
l+oyi—20) “ " 20+0) (42.1)

4.3. Stiffness in terms of bulk and shear moduli
The components of the stiffness tensor in terms of the bulk K and shear y moduli are

_3K+4u _3K-2u

C C C
11 12 44
3 3

=u (4.3.1)

4.4. Young's modulus and Poisson ratio in terms of bulk and shear moduli

The Young’s modulus and Poisson ratio in terms of the bulk and shear moduli are

y——Ku ,_3K=2u (4.4.1)
3K + u 6K +2u
The inverse is
Y 1
K=—— u=Y (4.4.2)
3(1-20) 2(1+0)

These can be expanded into their real and imaginary parts to find the loss angle for the Young's
modulus and Poisson ratio in terms of those for the bulk ¢, and shear moduli ¢, (which are perhaps
the most physically meaningful loss quantities). It is easiest to obtain the result for ¢ _by taking the
ratio of the two Egs. (4.4.2) and then expanding. ¢, is then obtained straightforwardly. We find

_(1-20)(1+0)

1
b =5[1-200 +20+0), ], ¢, =——"—— (6 ~4,) (4.4.3)



Note that the loss angle for the Poisson ratio vanishes only if the bulk and shear losses are equal.
These results are consistent with Hong et al, Phys. Rev. D, 87, 082001 (2013), Egs. (53) and (54).

4.5. Coefficients in mirror energy equation, Eq. (3.1.11)

Two combinations of stiffness coefficients appear in the energy of the mirror layer in the thermal
noise calculation in Eq. (3.1.3). These can be computed in terms of bulk and shear moduli using the

relations in Egs. (4.3.1)

2 3K + 3
_G_y B T (4.5.1)
+4u

Toe, 3K +4u’
Or, with Egs. (4.1.1), in terms of the Young’s modulus and Poisson ratio:

(+0)1-20) ¢, o (4.5.2)

¢ Y o 1
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Using the imaginary part of Young’s modulus and Poisson ratio in terms of bulk and shear loss
angles from Egs. (4.4.3), we have
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In some cases it will be more convenient to have the total imaginary part of the coefficients, which
we obtain from Egs. (4.5.2) and (4.5.3) as
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4.6. Evaluating the integrals in the thermal noise calculation
Let us consider the integrals in Eq. (3.1.9) separately:
2 . - 2
27[I s> rdr= d 2[2 1;14) 27fj Sezas’”d”zF—zln_?
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Sgo.s is tricky due to the logarithmic convergence. It is easier to
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evaluate as 25, S, =(S,,. +S99S) (S2

F2
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=27 (S, )rdr=0

27 (S, +S4,) rdr=

where the second result in Eq. (4.6.2) follows from Eq. (4.6.1).

The integral of the stress is

27| T2 rdr = — (4.6.3)
Finally, the integral of the combined stress and strain fields is
2
2”.[ s S +S,, rdr = 27[%]‘ I
T (ﬂg +pu w0
- (4.6.4)
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