
1	



2	



3	



Most	of	what	you	need	will	be	in	the	first	one.	The	second	does	have	some	
complimentary	informa=on,	for	example	it	talks	more	about	con=nuous	controls,	and	
it	talks	about	the	math	behind	stability	vs.	instability.	
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We	need	control	because	we	need	our	rela=ve	mirror	displacements	to	be	within	
10^-14	m	rms	(and	some	angular	tolerance),	but	the	ground	moves	them	more	than	
this	by	many	orders	of	magnitude,	around	10^-6	m.	
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Cruise	control	in	your	car	is	a	familiar	example	of	a	rela=vely	simple	feedback	loop.	
You	set	your	car	to	go	at	some	par=cular	velocity,	but	you’re	currently	going	at	some	
different	velocity.	The	control	is	designed	to	adjust	your	velocity	un=l	it	matches	the	
desired	velocity.	
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This	is	done	with	a	feedback	loop.	There	is	a	velocity	sensor	that	measures	how	fast	
you	are	going.	This	signal	is	subtracted	from	the	desired	velocity	to	generate	an	error	
signal	that	you	want	to	make	small.	There	is	also	an	actuator	that	gives	the	car	gas.	
Naively,	you	could	just	take	the	velocity	sensor	and	feed	it	back	directly	to	the	gas	
actuator,	as	shown	here.	That	way,	if	you’re	going	too	slow,	the	error	signal	is	
posi=ve	and	the	car	gets	more	gas.	If	you’re	going	to	fast,	the	error	is	nega=ve	and	
the	car	gets	less	gas.	
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However,	whether	or	not	this	loop	is	stable	depends	en=rely	on	the	dynamic	
response	of	the	car.	It	is	quite	likely	that	it	will	in	fact	be	unstable.	The	plot	in	the	
boWom	right	corner	is	an	example	of	an	unstable	response	where	the	velocity	
oscillates	and	increases	exponen=ally	in	amplitude.	

10	



To	avoid	these	issues	we	always	include	a	control	filter	in	the	loop.	The	control	filter	
contributes	its	own	dynamics	to	the	loop,	which	compensate	for	the	dynamics	of	the	
car,	allowing	the	loop	to	be	stable.	Also,	the	controller	gives	you	a	place	to	tune	the	
response	so	the	loop	isn’t	just	stable,	but	responds	in	a	desirable	way	(avoids	
oscilla=ons,	offsets,	etc).	
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The	basic	components	of	a	feedback	loop	are	a	controller,	an	actuator,	a	sensor,	and	
the	plant.	The	plant	is	the	name	for	the	thing	you	want	to	control.	
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Control	can	take	various	forms.	In	can	be	either	feedback,	which	we	just	saw,	or	
feedforward.	Both	of	these	can	then	be	linear	or	nonlinear.	
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We’re	not	going	to	go	over	nonlinear	control.	With	a	few	excep=ons,	all	our	systems	
in	LIGO	or	linear.	We	work	very	hard	to	make	them	that	way.	And	even	the	systems	
we	have	that	are	nonlinear	are	typically	controlled	with	linear	control	filters	as	well.	
	
In	the	case	of	cavity	locking,	the	signal	only	exists	when	you	swing	through	a	fringe.	
Tradi=onally,	to	acquire	lock,	we	simply	apply	the	control	signal	only	when	that	signal	
exists.	If	the	cavity	velocity	isn’t	too	high	then	this	works	preWy	well.	There	is	
research	out	there	to	improve	this	by	es=ma=ng	what	the	signal	is	when	we	can	see	
it,	using	a	model	of	the	cavity.	
	
In	the	case	of	the	electrosta=c	drive	(ESD),	which	is	the	actuator	applied	directly	to	
the	test	mass,	the	force	is	propor=onal	to	the	square	of	the	ESD	voltage.	To	make	this	
linear,	we	simply	apply	a	square	root	to	the	control	signal	within	the	controller	
so`ware,	before	sending	it	to	the	ESD.	
	
In	the	case	of	blend	switching,	where	we	switch	from	one	set	of	blend	filters	to	the	
other.	This	is	done	with	a	very	slow	ramp.	The	slowness	of	the	ramp	ensures	the	
loops	is	always	quasi-linear.	
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The	key	feature	of	feedback	is	that	it	reacts	to	changes	in	the	error	signal.	Thus,	the	
control	would	do	nothing	if	the	error	signal	was	zero.	So,	by	defini=on	feedback	can	
never	drive	the	error	signal	to	exactly	zero	(it	can	at	single	frequencies	with	infinite	
loop	gain,	but	not	it	general).	It	can	in	theory	make	the	error	arbitrarily	small	as	the	
loop	gain	gets	arbitrarily	large,	but	not	zero.	
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An	example	of	something	that	will	tend	to	increase	the	error	size	is	when	your	car	
approaches	a	hill.	The	hill	is	a	disturbance	that	tends	to	slow	the	car.	The	controller	
will	only	start	to	respond	when	it	sees	the	error	signal	increase.	It	reacts	a`er	the	
error	begins	to	change.	
	
Another	defining	feature	of	feedback	is	that	it	can	go	unstable	if	the	controller	isn’t	
designed	appropriately	for	the	plant	(or	if	something	in	the	plant	changes	or	breaks).	
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Feedforward	is	in	many	respects	the	opposite	to	feedback.	It	tries	to	predict	how	the	
car	(or	plant)	is	going	to	respond,	and	corrects	for	it	in	advance.	So,	if	the	car	had	a	
sensor	that	saw	the	hill	coming,	and	then	a	model	of	how	the	car	would	react,	a	
feedforward	controller	could	adjust	the	gas	flow	before	the	hill	even	had	the	chance	
to	slow	the	car	down.	Mathema=cally,	it	subtracts	the	hill	out	of	the	loop,	so	it’s	like	
it	isn’t	even	there.	To	do	this	well,	you	need	a	good	model	of	the	plant,	and	a	sensor	
that	has	good	coherence	to	the	plant’s	response.	
	
An	example	of	this	in	LIGO,	is	the	feedforward	used	by	the	ISIs.	An	iner=al	sensor	is	
placed	on	the	ground,	which	measures	the	ground’s	displacement.	The	feedforward	
controller	is	a	filter	that	models	how	the	ISI	will	respond	to	this	ground	mo=on.	This	
controller	then	sends	a	correc=on	signal	to	the	ISI	actuators	to	cancel	out	any	forces	
the	ground	imposes	on	the	ISI,	before	the	ISI	has	the	chance	to	respond.	The	reason	
this	works,	without	needing	a	sensor	that	can	see	the	future,	is	because	it	takes	the	
ISI	some	=me	to	respond	to	the	ground.	So	if	you	can	apply	the	correc=on	forces	
quickly	enough,	you	can	realize	a	useful	feedforward	controller.	Clearly,	any	phase	
delays	will	degrade	the	performance.	
	
An	important	feature	of	feedforward	is	that	it	is,	in	theory,	always	stable.	Feedback	is	
required	for	instability	to	happen,	and	there	is	no	feedback	here.	In	prac=ce,	
instability	can	happen	due	to	parasi=c	feedback	paths.	For	example,	when	the		
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Feedback	and	feedforward	have	complimentary	limita=ons.	So	in	general	you	get	the	
best	performance	by	using	both	simultaneously.	The	idea	being,	you	reduce	the	size	
of	the	disturbance	as	much	as	possible	with	feedforward,	then	suppress	it	further	
with	feedback.	So,	if	for	example,	you	can	reduce	the	disturbance	by	a	factor	of	10	
with	feedforward,	and	100	with	feedback,	then	with	both	you’ll	get	1000.	
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A	linear	system	has	the	property	that	its	outputs	are	a	linear	combina=on	of	its	
inputs.	So	if	you	double	the	input,	you	double	the	output.	
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Or	more	generally…	
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Linear	systems	are	useful	because	there	is	a	very	well	defines	and	rigorous	theory	to	
control	them.	
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Another	important	feature	is	that	the	output	frequency	is	always	the	same	as	the	
input	frequency.	This	is	an	extremely	important	property.	We	o`en	see	this	fail	when	
our	systems	develop	large	amplitude	oscilla=ons,	because	the	interferometer	
behaves	non-linearly	at	large	amplitudes.	
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To	stress	this	issue	of	large	amplitude	oscilla=ons,	this	is	why	we	work	hard	to	control	
the	seismic	noise	below	10	Hz,	even	though	we’re	observing	gravita=onal	waves	only	
above	10	Hz.	If	we	didn’t	do	this,	we	wouldn’t	even	be	able	to	lock	the	
interferometer.	If	we	didn’t	do	it	well,	we	might	lock	the	interferometer,	but	the	low	
frequency	noise	would	upconvert	above	10	Hz.	
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Nonlinear	systems	can	be	nonlinear	in	infinite	ways.	Their	outputs	can	be	any	
func=on	of	the	input.	Therefore	there	is	no	single	theory	to	control	them.	We	work	
hard	to	make	sure	our	systems	are	linear	to	avoid	the	issues	associated	with	
nonlinear	systems	(upconversion,	poorly	defined	control	laws,	etc).	
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We’ll	follow	the	example	of	a	simple	mass	spring	system	(which	turns	out	to	be	a	half	
decent	model	for	the	HAM-ISI).	
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Here	is	it’s	equa=on	of	mo=on.	

28	



It	has	this	general	solu=on.	The	exponents	of	this	solu=on	are	very	important,	as	we’ll	
see	in	the	remainder	of	this	lecture.	
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This	system	can	be	modeled	in	the	=me	domain	or	the	frequency	domain.	
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The	=me	domain	is	done	with	the	State	Space	format.	The	frequency	domain	uses	
transfer	func=ons.	
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State	space	takes	an	Nth	order	differen=al	equa=on	and	converts	it	to	a	system	of	N	
first	order	differen=al	equa=ons.	
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This	is	done	with	a	change	of	variables,	defining	the	system	‘states’.	There	is	no	one	
correct	choice	for	the	state	variables.	A	common	choice	for	mechanical	systems	is	to	
choose	displacement	as	the	first	state,	and	velocity	as	the	second.	
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The	new	resul=ng	first	order	differen=al	equa=ons	are	grouped	together	into	a	single	
matrix	equa=on.	
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This	is	what	the	matrices	look	like	for	this	simple	example.	
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The	A	matrix	represents	the	dynamic	behavior	of	the	mass	spring	system.	The	B	
matrix	describes	the	influence	of	the	external	input.	
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There	are	also	2	output	matrices,	C	and	D,	which	can	be	thought	of	as	a	sensing	
func=on.	If	we	have	a	displacement	sensor	on	the	mass,	then	the	C	and	D	are	as	
follows.	In	most,	but	not	all,	cases	the	D	matrix	is	zero.	It	is	used	in	the	case	where	
your	sensor	also	directly	sees	the	input.	An	example	of	this	would	be	if	the	input	is	
ground	displacement,	and	our	displacement	sensor	measures	the	rela=ve	gap	
between	the	mass	and	the	ground.	In	that	case	C	=	[1	0],	as	shown	here,	but	D	=	-1,	
not	0.		
All	4	matrices	are	required	to	complete	the	state	space	model.	
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Frequency	domain	transfer	func=ons	are	produced	using	the	Laplace	transform.	
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You	can	then	algebraically	solve	for	the	rela=on	between	the	input	f,	and	the	output	
x.	
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This	table	compares	the	proper=es	of	state	space	matrices	to	the	frequency	domain	
transfer	func=ons.	Note,	the	exponents	to	the	equa=on	of	mo=on	solu=on	are	given	
by	the	eigenvalues	of	the	A	matrix	and	the	poles	of	the	transfer	func=on	(or	roots	of	
its	denominator).	The	order	of	the	system	is	also	the	number	of	rows	or	columns	of	
the	matrix	A	(it	is	square),	and	the	number	of	poles	of	the	transfer	func=on.	
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Each	is	useful	in	various	contexts,	as	discussed	here.	O`en,	we	define	a	model	in	
state	space	form,	and	then	examine	its	proper=es	by	looking	at	the	transfer	
func=ons.	This	is	done	seamlessly	in	Matlab.	
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Let’s	look	at	the	example	of	the	HAM-ISI.	It’s	physical	parameters	are	given	in	
G070156.	
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Plugging	in	the	parameters,	we	get	these	state	space	matrices.	The	matlab	code	eig	
func=on	on	the	A	matrix	gives	you	the	system	poles.	The	ss	func=on	generates	the	
state	space	system.	
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There	are	3	common	ways	to	characterize	these	models,	the	impulse	response,	the	
complex	plane,	and	bode	plots.	All	are	equivalent,	but	the	bode	plots	are	used	the	
most.	We’ll	take	a	look	at	all	3	and	see	how	they	relate	to	each	other.	
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The	impulse	response	shows	how	the	systems	responds	when	you	apply	a	delta	
func=on	to	the	input,	that	is	an	input	that	is	infinite	in	amplitude,	but	also	infinitely	
short	in	=me,	so	that	the	area	of	the	curve	equals	1.	Matlab	will	generate	these	plots	
with	the	impulse	func=on.	The	system	oscillates	at	its	natural	frequency.	This	
frequency	is	the	absolute	value	of	the	system	poles.	
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The	complex	plane	plots	the	system	poles	and	zeros	with	respect	to	real	and	
imaginary	axes.	The	matlab	func=on	pzmap	generates	these	plots.	Note	that	complex	
poles	and	zeros	are	always	conjugate	pairs	(for	linear	systems).	Real	valued	poles	and	
zeros	do	not	need	to	come	in	pairs.	In	this	example	we	just	have	poles,	denoted	by	
the	X’s.	Zeros	would	be	denoted	by	O’s.	
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The	radius	of	the	circle	these	poles	and	zeros	lie	on	tells	you	their	frequency.	
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The	angle	they	make	with	the	imaginary	axis	is	the	damping.	Specifically,	the	damping	
ra=o	is	the	sine	of	the	angle.	The	Quality	factor	is	1	/	(2	*	sin(angle)	).	
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This	is	an	example	of	the	system	with	will	damped	poles.	
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This	is	an	example	with	zero	damping.	
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For	a	system	to	be	stable,	all	its	poles	must	lie	in	the	Le`-Half-Plane	(LHP).	
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The	most	typical	way	to	look	at	a	system	is	to	plot	the	Bode	plot	of	the	transfer	
func=on.	This	is	done	by	sepng	the	Laplace	variable	s	=	0	+	i*omega,	where	omega	is	
2*pi*frequency.	In	general,	s	has	both	real	and	imaginary	parts.	For	the	bode	plot	
however,	we	only	need	the	imaginary	part.	Note,	discarding	the	real	part	of	s	
converts	the	Laplace	transform	to	the	Fourier	transform.	So,	the	bode	plot	is	showing	
us	the	systems	Fourier	transform.	There	is	a	liWle	bit	more	discussion	on	this	in	the	
backup	slides	for	Lecture	1.	
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Here	is	the	Bode	plot	for	our	example.	The	plot	shows	the	magnitude	of	the	transfer	
func=on	on	top,	and	the	phase	below.	
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The	bode	plot	is	equivalent	to	the	pole-zero	map	in	the	complex	plane.	This	can	be	
seen	by	moving	up	the	posi=ve	imaginary	axis	with	s	=	i*omega.	The	magnitude	of	
the	bode	plot	results	from	the	distances	to	the	poles	and	zeros	for	a	given	frequency.	
The	magnitude	is	inversely	propor=onal	to	duistance	for	the	poles,	and	propor=onal	
for	zeros.	You	can	see	then	how	lightly	damped	poles	produce	large	resonance	
features,	because	they	are	close	to	the	imagniary	axis,	so	the	distance	gets	very	small	
as	you	pass	their	frequency.	The	phase	then	comes	from	summing	the	angels	to	each	
pole	and	zero	(with	the	proper	signs).	
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The	bode	plot,	it	turns	out,	is	exactly	the	Fourier	transform	of	the	impulse.	Here	I’ve	
simply	taken	the	transform	of	the	impulse	you	saw	earlier,	which	reproduces	the	
bode	plot.	
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In	fact,	you	can	measure	a	transfer	func=on	by	measuring	its	impulse	response.	This	
technique	is	o`en	used	to	characterize	the	suspension	cages.	
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The	PDH	signal	is	only	linear	at	the	limit	where	the	error	signal,	Delta-L,	goes	to	zero.	
Devia=ons	from	this	from	the	linear	regime	can	cause	upconversion	in	the	
interferometer.	If	the	devia=ons	are	large	enough,	the	cavity	loses	lock,	because	the	
slope	(gain	of	the	loop)	changes	drama=cally	in	magnitude	and	sign.	
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This	shows	the	D	matrix	of	a	state	space	system	when	the	output	is	given	by	a	
rela=ve	displacement	sensor	between	the	mass	and	the	ground.	Note,	if	the	damping	
term	is	included	between	the	ground	and	the	mass	velocity	is	no	longer	a	useful	state	
variable.	See	T1400023	for	the	proper	choice	of	state	variables	in	this	case.	
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