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We derive the dipole tensor for a magnetic dipole in a curved space-time, and expand J* in
vector harmonics assuming a spherically symmetric spacetime. We then consider the specific case
of a stationary, precessing magnetic dipole in a Schwarzschild background. For this case, we set up
the equations that the electromagnetic fields satisfy, and derive expressions for them on the horizon.

We solve this system numerically.

I. INTRODUCTION

In this research project, we aim at studying the elec-
tromagnetic field of a precessing magnetic dipole near a
black hole. This is meant to model a neutron star (which
is typically between 1 and 3 Mg) falling into a much
more massive black hole (for example with mass around
or greater than 10 Mg, we also assume the neutron star
will not be tidally disturbed). We would like to under-
stand the distribution of the magnetic field, as well as
the induced electric field — due to the orbital motion
and precession of the neutron star, and (if time permits)
due to the spin of the black hole. Our project is not
only of interest for theoretical reasons, but also for ob-
servational reasons. In presence of a plasma around the
black hole, as proposed by McWilliams and Levin, the
induced electric field mentioned above may drive a cur-
rent through the plasma, the neutron star, and across the
event horizon of the black hole — and cause emission of
transient electromagnetic waves that may be visible from
the earth during the merger process [? 7 |.

From considerations based on energetic and time
scale estimates, black-hole—neutron-star coalescence is
believed to be a good candidate for short gamma-ray
bursts (duration about less than 2 s) — the most lumi-
nous events in the universe. Moreover, Advanced LIGO
will become operative next year, and will be searching
for gravitational waves from neutron-star—black hole bi-
nary mergers [? ]. If EM counterparts of gravitational
waves from neutron-star—black-hole binaries are found
and characterized, one will be able to make the connec-
tion between the mergers and the bursts — yet the mech-
anism of EM emission will still have to be clarified. There
is also the possibility that the EM counterparts will be
detectable but not in the form of short gamma-ray bursts.

This interesting possibility of an electromagnetic coun-
terpart for Advanced LIGO’s detections of such mergers
motivates our more careful study of the electromagnetic
field of a magnetic dipole near a black hole. The problem
can be approached hierarchically: because gravitational
interaction in this system dominates, we ignore the back
reaction of the EM field onto the orbital motion. We can
simply treat the neutron star as moving along its own
trajectory, as governed by pure gravitational physics, and
sources an EM field that propagates on the space-time of
the black hole.

The organization of this paper is as follows: in section

2 we describe the set-up and set-up all of the equations.
In section 3 we solve Maxwell’s equations. In section 4 we
show our results, and we discuss our results and conclude
in section 5.

II. MAXWELL EQUATIONS ON
SCHWARZSCHILD GEOMETRY

The background that we will be considering is a sta-
tionary, spherically symmetric background. The metric
is given by

d 2
ds? = gy datda” = —f(r)dt* + % +72(d6* + sin® 0dp?),
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where in the case of Schwarzschild,
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Throughout we work in units G = ¢ = 1.
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FIG. 1: Diagram of set-up. Stationary, neutron star pre-
cesses with angular frequency of w at an angle 6y with
respect to the z axis, and the dipole moment is p.



A. Maxwell’s equations

We would like to solve the Maxwell’s equations

v, F* = dr JH (IL3)
VieFay =0 (IT.4)

on the Schwarzschild spacetime. Here F),, is the Maxwell
tensor, and the second line of the Maxwell equation (11.4)
allows us to write
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with A,, the vector potential.

Spherical symmetry of the Schwarzschild background
makes it preferable to expand the four-current J* and the
vector potential A, in scalar and vector harmonics [? J:
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In both expressions, the first sum is the terms of (—)*
parity, which we will call odd, and the second sum is the
terms of (—)*! parity, which we will call even. From
(I1.3), we find that for each £,m, we have the following
pair of differential equations for the radial functions

(I1.10)

(IL.11)

f(fa)y —a+f (Hl) = —fa (I1.12a)
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where b is defined to be
— T2 ] /

Here for simplicity we have dropped the ¢m dependence
of fields. If we define the tortoise coodinate r, as

r
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then the wave equation for ¢ and b can be written as
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The charge conservation equation
VuJt =0 (I1.17)
is satisfied by the constraint
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That is why x does not appear in (I1.12).

In terms of a and b, the odd parity components of F'*
are given by
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and the even parity components by
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At this point in our discussion, we find it helpful to
define a tetrad of tangent vectors:
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We can define a set of fiducial observers (FIDOs), who
stay at fixed spatial locations in the Schwarzschild co-
ordinate system, with four velocity field €;. Let us as-
sume that they each carry the above tetrad, then in the
proper reference frame of these observers (which are ac-
celerating), we measure the following electric and mag-



netic fields:
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B. Boundary Conditions

We need to impose boundary conditions for a and b
at the spatial boundaries of our computational domain,
which are located at r, — £00, where the source vanishes
and the wave equation simplifies to

0? 0?
gv . (IL.26)
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where u stands for either a or b. For r, — +oo, it is
natural to impose
u(t,re) ~u(t —ry), re— 400, (I1.27)
which is the out-going boundary condition. On the other
hand, for r, — —o0, near the horizon, we should impose
u(t,re) ~u(t+re), re— —00. (I1.28)
This means wave must go down the horizon. This con-
dition is required in order the freely falling observers ex-
perience finite field strengths.

C. Poynting flux

The electromagnetic stress-energy tensor is given by

1
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Since we have a static spacetime with a time-like Killing
vector O, we can define the energy flux vector by con-
tracting the Killing vector and the stress-energy tensor,
obtaining as —T3*. Here the minus sign is used to main-
tain the usual sign convention for energy.
Here we calculate the Poynting flux across a constant
r surface, which has a surface element 1-form of
%, = —e (5wdt5t,d959, d¢55¢) : (I1.30)
with € the Levi-Civita tensor; the only non-vanishing
component of this 1-form is
d¥, = /—gdtdfdp = r*sin Odtdfde . (I1.31)

The energy flow across a patch of the constant r surface
will then be given by

&=— / T1dY, = / (=T;") r?sin fdfdedt . (11.32)

Here we are interested in 0 < 0 < 7, 0 < ¢ < 27 and ¢
from t; to to. Note from Eq. (IT1.31) that the area element
dY, has the same form as in Euclidean space — and this
provides —T;" usual physical interpretation of energy per
unit area and per unit (universal) time. More specifically,
we have
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Expanding in spherical harmonics, we can write
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Here we have taken the complex conjugate of F* and
F*?: since they are both real-valued, this does not change
the value of the T;", but simply makes the expression
more compact.

Integrating over the angular directions, and noting the
orthogonality between the scalar spherical harmonics, we
obtain
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(I1.35)
Note that near the horizon, we will have a ~ a(t + r.),
which means P < 0, because energy flows toward increas-
ing 7; on the other hand, at » — +o00, we have P > 0.
Similarly,
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We can then obtain the total fluxes,
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III. CURRENT DENSITY OF A MOVING
ELECTROMAGNETIC DIPOLE

We consider a neutron star near a black hole, and
model its EM field as being produced by a magnetic
dipole. We shall first discuss more broadly the EM field
generated by a moving particle that has both a electric



and a magnetic dipole, with the conclusion that the EM
field of a moving magnetic dipole can be obtained from
the dual of a moving electric dipole. We will then work
out the spherical harmonic decomposition of the electric
current density of a moving electric dipole — which will
then be used in the next section to drive the Maxwell
equation.

A. Duality Relation

For antisymmetric rank-2 tensor X*¥, we define its
dual, X8 as

. 1
XM — ieﬂmﬁxaﬁ, (IT1.1)

where € is the Levi-Civita tensor. It is easy to check that
XM — X (I11.2)

Using the dual of the Maxwell tensor, the Maxwell equa-
tions can be generalized to

V,F = 4zt (I11.3)
YV, F* = dx gk (I11.4)

where J# is the electric charge current, while J¥ is the
magnetic charge current. In absence of magnetic charges,
J# vanishes.

If F*¥ solves the charge-free Maxwell’s equation (i.e.,
J#¥ = 0), then its dual form, solves the charge-free
Maxwell’s equation, as well. Under this transformation,
once we define the electric and magnetic fields in a local
Lorentz frame, we have

E=B, B=-E (ITL.5)
where E and B are 3-vectors in the spatial slice. More-
over, in presence of charge, Maxwell’s equation can be
generalized to

V,F" = 4x Jh
V,EF* = 4x gk

(I1L.6)
(I1L.7)

where J! is the electric charge current, while J! is the
magnetic charge current. In absence of magnetic charges,

J¥ vanishes. Using the fact that —F* = F* we find
that F*¥ also solves the generalized Maxwell equation,
with

=gk, Jl =Tk

m

(I11.8)

B. Electric Dipole in a General Space-time

Let us now show that the 4-current J< for a point
electric dipole source is given by (see [? ] for flat case)

(P — _ Q”Q(T)aaaw [zF — 2°(7)] -
)= / —g(a) "

(I11.9)

Here 2°(7) is the trajectory of the dipole, with 7 the

proper time, and

dz*(7)
dr

Ve = (IT1.10)
is the 4-velocity. The antisymmetric dipole tensor Q" is
defined to be

QW (1) = VHpY — VY (IIT.11)
We present the argument below for an electric dipole.

Suppose we have one object, then it is quite easy to argue
that

5@ [2f — 27 (7))
—g(2")

Note here that we have taken the liberty to use z” in g

instead of z?(7). Let us also note that here the existence

of V¢ in the integrand means that 7 does not need to be
proper time. One can prove that

JH(zP) = / dr V(1) (II1.12)

vV, Jh=0. (IT1.13)

Now, a dipole is simply the difference of J* with two
particles located at zP(7) & ep”(7), divided by 2. We
have

1

J(l;ipole = 276 [Jie - Jﬁe] (11114)

with

S [xF — 2P (1) — ep”(7)]
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(IT1.15)
Here we have the p® term because the particle has a
slightly different 4-velocity. In fact, V*+ep® is not neces-
sarily the 4-velocity, since 7 may no longer be the proper
time — which as we argued does not affect the valid-
ity of Eq. (IIL.15). In Taylor-expanding J# we obtain
two terms, corresponding to the two terms in Q*® in
Eq. (II1.9).
Q" (1) =VHpY — ptV" (I11.16)

where V* is instantaneous 4-velocity of the source, p” is
the electric dipole moment such that V' - p'= 0.



C. Magnetic Dipole in a General Spacetime

In Minkowski space, it is well known that by taking a
duality transformation, the EM field of a moving electric
dipole p becomes the EM field of a magnetic dipole with
m = —p moving along the same world line. We shall
generalize this relation to an arbitrary spacetime. This
is obviously true if we also allow the duality between
electric and magnetic currents. However, in reality, the
magnetic dipole must be generated by an electric current,
and we will need to explicitly show that, the dual field
of a electric dipole (away from the source) can in fact be
generated by a purely electric current, as well.

Suppose we have an antisymmetric dipole tensor,
Q" (7), defined along the particle’s world line, and sup-
pose F*[Q%P], is the unique EM field sourced by Q*?,
given the no-in-going-wave boundary condition, it satis-
fies:

Qr(1)9a0W[ar — 2°(7)]

b OaB] — _Agr -
VVF [Q } 4 / _g(xp) d )
(IT1.17)
V,F Q] =0. (I11.18)
Let us try to find F*[Q*%], where
Q™ () = %e“% [ (m)] Q" (7). (I11.19)

is the dual of Q7 along the particle’s world line. In order
to do so, let us define

G (af) = P [Q) ()
A7 ~
_— 1 (SO [z — 2P (7)dr .
s [ @O )l
(I11.20)

which is equal to the dual of F*” away from the source.
It is straightforward to show that

VLG ) = st [V

i [ @2 ),
—g(z°)
(IT1.21)
and that
V., GH (zP) =0, (I11.22)
therefore we can write
GH = Fr[—-Q*P], (I11.23)

which means the electric current generated by —Q*? pro-
duces a field that agrees with F*?[Q®#] away from the
source.

Returning to the issue of a moving magnetic dipole i,
withe i - V = 0, and we need to find F**[i]. According
to relation between electric and magnetic dipole fields,
which remains true for general spacetimes, we can write

F*[magnetic dipole = 1]
= — F"[electric dipole = i
= [QY = —VemP + m*V 7]
=Fm QP = B, VFm”],. (T11.24)
More generally, the current density of a particle with
electric dipole moment vector p* and magnetic dipole
moment vector m* (with V- 5=V - = 0) should be
given by

QP (r) = Vep! — VP 4 P Vimt (111.25)

with all quantities on the right-hand side evaluated at

2P(T).

IV. PRECESSING, STATIONARY MAGNETIC
DIPOLE IN SCHWARZSCHILD SPACETIME

In this section, we shall obtain the EM field for a pre-
cessing magnetic dipole located at a fixed spatial location
in Schwarzschild coordinate system.

A. Source Terms

the current density operator of a magnetic dipole that
moves along 0, therefore staying at a constant spatial
location in the Schwarzschild coordinate system, with
r =R, 0§ = n/2 and ¢ = 0. The 4-velocity is given
by
Vh = (1/\/f(R),0,0,0) (IV.1)
Let us assume that the dipole m has an inclination angle
of + away from the €y direction, and precesses with a
frequency w. This means the time-dependent part of the
dipole moment is given by
m(t) =m (é}, coswt + € sin wt) (Iv.2)
where m is the magnitude of the component of i in the
equatorial plane. The static component simply causes a
static field distribution that does not radiate. Note that
w here is frequency measured at infinity, which is related
to the local frequency 2 via gravitational redshift:

w=+f(R)Q.

(IV.3)



In the complex notation, we have

@ =m (o, VIR0, i/R) (IV.4)
with
m#(t) = Re [mFe™""] (IV.5)
Using Eq. (II1.25) and Eq. (II1.9), we obtain
i 3) I
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where we have defined
6@ =6(r — R)6(0 — 7/2)d(9). (IV.9)

We can now expand these into spherical harmonics
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Using orthogonality condition of vector harmonics, we
have
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B. Junction conditions for a and b

In both even and odd parity cases, we have an equation
of the following form:

0e+1)

32
w4 f - u=2951

2
or?
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ory

+ 505(7” — R)

(Iv.14)
where u stands for either a or b, while Sy and S| are
functions of R but not r. Note that the source term van-
ishes except near r = R — therefore the field u would be a
freely propagating wave at r > R and r < R respectively.
Noting that for » > R, we can use boundary condition
at r, — 400, while for » < R, we can use boundary
condition for r, — —oo, we will only need to obtain the
junction conditions for u and du/dr, at r = R.

In order to do so, let us imagine §(x) as a function with
a finite but very narrow width around x = 0, and take
an € which is greate;‘ than that width. We can integrate

Eq. (IV.14) with / ‘

R.—e¢

dry, and obtain
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Taking substituting y — R.+e¢ in Eq. (IV.15) we already
obtain

= 516(7’ — R)
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On the other hand, if we further integrate Eq. (IV.15)
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with / dy, we will obtain
R.—e¢

€e—0.

(IV.16)
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Applying the above calculation to odd parity, we ob-
tain

(IV.17)
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while for even parity, we obtain
Ob |R«+0 drmw T
=———— Y, (=,0 V.20
Or.lr.—0 L+ 1)Rf(R)"’ fm(z’ ) (IV.20)
R.+0
=0. (IV.21)
R,—0

C. Numerical solutions for a and b

We can obtain numerical solutions for u by first con-
structing the normalized homogeneous solutions of the



wave equation (IV.14):

—iw(t—7x)
)

Ty — 400, (Iv.22)

(IV.23)

UR ~ €

ug, ~ e—zw(t—i—r*) ,

Te — —0Q.
Here both u;, and up are defined along the entire axis
of —0 < r, < +00. While ug satisfies the out-going
boundary condition at infinity, it does not necessarily sat-
isfy the down-going boundary condition at the horizon,
while the converse is true for u;,. The actual solution to
Eq. (IV.14) that satisfies both the boundary conditions
and the junction conditions is

Aug(r), r>R,
u(r) = (IV.24)
Bup(r), r<R.
with the coefficients A and B provided by
_ /
A= oot [oug (IV.25)
fA(uur —upuly)
_ !
B = —ouur T foug (IV.26)

- [P(ufur — upufy)

where all functions are evaluated at » = R.

V. RESULTS

In this section I define the physical parameters used,
and show the plots that we obtained, as well as calcula-
tions for the Poynting flux computed at both the horizon
and at spatial infinity. For simplicity, for these simula-
tions, we used the electromagnetic duality discussed in
the paper and replaced the magnetic dipole of the neu-
tron star with an electric dipole

A. Physical parameters

For the values in our numerics, we assume

M =10Mg = 1.99 x 1034 g
2GM

C2
w=4x10% rad/s

m = 10%° gauss cm?

R=25 =7.38%x 10" cm

Here M is the mass of the black hole, R is the distance
from the neutron star to the black hole, w is the frequency
measured at infinity, and p is the magnitude of the dipole
moment projected onto the equatorial plane. The total
power P is given by

4 2,4
P="""Y _ 196 %10 erg/s,

s (V.1)

In the geometrical units with M = G =c =1, we will
have
GM

e 0.2

w =

(V.2)

and

me?

== W = 263 X 1026

m (V.3)

For the plots of the EM components, we represented
the black hole as a sphere of radius 1, and normalized the
strength in terms of the color, where red signifies high
positive value, black represents 0, and blue represents
high negative value. And by front, we mean facing the
black hole, from the perspective of the neutron star, and
by back, we mean the other side.
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FIG. 2: Plots of E, on the horizon for a neutron star
located at R = 25 and precession frequency of .2
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FIG. 3: Plots of B, on the horizon for a neutron star  FIG. 4: Plots of tangential components of £ on the hori-
located at R = 25 and precession frequency of .2 zon for a neutron star located at R = 25 and precession
frequency of .2
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FIG. 5: Plots of tangential components of B on the hori-
zon for a neutron star located at R = 25 and precession
frequency of .2

B. Poynting flux
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FIG. 6: Log-log plots of power vs w. We see that it

supports power law P o< w?.
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FIG. 7: Plot of power/m? for w = .2 and various val-
ues of R. We see that as R — oo, power approaches
flat space-time value of .00106, represented by the red
line. In physical units, flat space-time value of the power
corresponds to 1.26 x 10*3 ergs/s. The flux through the
horizon rapidly drops as R increases, and in fact, even at
R =25,is 2 x 1076,

VI. DISCUSSION

From these plots, we notice a few things. We notice
that the power P o w®, where z is clsoe to the flat value
of 4, which is what we expected. We also notice that as
the neutron star approaches infinity, the flux at infinity



approaches the flat space-time value and the flux at the
horizon approaches 0, and the reverse as the neutron star

10

approaches the black hole. This is what we expect.
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