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1 Propagating Gravitational Waves

1.1 The polarization decomposition

If we describe linearized GR in the transverse-traceless-temporal
gauge, the spacetime interval is replaced byf]

d82 = —62 dt2 + (513 + hZ]) dLEZ dﬁj (11)
where
1 e
5y = { e (1.2)
0 i#j

is the Kronecker delta and {h;;} are small perturbations. In this
gauge, the components {h;;} all obey the wave equation

1 02
(_E@ + VQ) hij =0 (1.3)

Because the metric is the Minkowski metric plus a small
spatial perturbation, we can do all of the important calculations
for GW detection in the notation of vectors in a three-dimensional
Fuclidean space.

A wave coming from a single distant source can be treated as a
plane wave propagating along a unit vector k which points from
the source to the observer. If we choose our coordinate axes so
that this unit vector has components

{(k}=k= (1.4)

_ o O

"'We're using the Einstein summation convention: there is an implicit sum
over repeated i, j, k, . . . indices, e.g., Z?:r In this linearized 3-space language,
there’s no strong distinction between subscripted and superscripted indices,
but we should have one “upstairs” and one “downstairs” for the implicit sum,
and have the same “unbalanced” indices in the same places on both sides of
an equation.

the components of the metric tensor perturbation are

hy hy O
{hiyt=h=|hy —hy 0 (1.5)
0 0 0

where the two independent degrees of freedom h and hy are func-
tions of ¢t — k - /c. We can also write this as

hij = h+e+ij -+ hxexij (16)
or
h = h+e+ + hXeX (17)
in terms of the matrices
1 0 O 010
{erijt=er=10 -1 0 and {ex;j}=ex=1|1 0 0
0 0 O 0 00
(1.8)

It’s useful, however, to be able to write things without referring to
a specific codrdinate system | We think of a vector @ as a physical
object with magnitude and direction, not just as the collection of
three numbers {v;}. In fact, we can resolve the vector ¢ in different
bases, e.g., {€;} and {€/}. There will be different components {v;}
and {vy} defined by

v, =6 U Vs vy =€ T (1.9)

and we could collect them into different 3 x 1 matrices (column
vectors)

U1 Uy
{vi} =v= |1 Vs {vg} =0 = | vy (1.10)
Vs Vs/

20ur “codrdinate-free” mnotation will only be covariant in the three-
dimensional sense; since it assumes we’re still in the TT gauge.



The matrices v and v’ contain different triples of numbers, but they
are just different ways of describing the same object ¢. The vector
v'is what’s fundamental, because “physics is about things.”ﬁ Some-
times we’ll want to refer to a complicated object in a coérdinate-
independent way. For that purpose it’s useful to introduce what’s
known as abstract index motation, using Latin indices from the
front of the alphabet. So if I write v,, this is the same as writing
v. It refers not to a particular component or set of components,
but to the object which has components {v;} when resolved in the
basis €;.

Now we return to consideration of equation which describes
the metric perturbations {h;;}, or the corresponding matrix equa-
tion . We’d like to describe this in an abstract way which
doesn’t rely on a particular set of basis vectors. We can do this by
considering the construction of the matrices e, and ey from the
components of unit vectors ¢ and 7 which form an orthonormal
triple with k. In the codrdinate system we're working in so far
those vectors have components

1 0
{ti}=€=10 and {mi}=m= |1 (1.11)
0 0

and we can write the plus and cross polarization matrices as

e, =" —mm” (1.12a)

e, =fmT + me*' (1.12b)
Or, in terms of components,

€rij = &Ej — mymy; (113&)
Exij = @imj —+ miﬁj (113b)

3T. Dray and C. A. Manogue, The Geometry of Vector Calculus,
http://www.math.oregonstate.edu/BridgeBook/book /revper/things

We know how to talk about a vector like £ (in arrow notation)
or £* (in abstract index notation). If we think about the matrix
{e+i;} as making up the components, in a particular basis, of a
tensor, we can describe that tensor in abstract index notation as
e1 4 and define it and its counterpart ey 4, by

€ragh = Ka&, — MMy (114&)
Exab = Eamb + ma&) (114b)

If we like to use arrow notation, we can define these two basis
tensors equivalently using the tensor (dyad) product as

e =l l—meom (1.15a)
e=lom+mel (1.15b)

That then allows us to write the general plane wave propagating
along k in covariant tensor notation as

>

=h, €.+ hy €, (1.16)

where ¢, and €, are defined according to ) from the or-
thonormal basis vectors . { and perpendlcular to k: and h, and
hy are functions of ¢ — k - T/c.

Examples of other tensors you may have seen are the inertia
tensor I from rigid body motion, the stress tensor T frorn statics
or electromagnetism, and the quadrupole moment tensor Q from a
multi gole expansion. These are all symmetric, second-rank tensors

like h.

1.2 Exercise: Normalization of Basis Tensors

Dot products involving tensors can be defined in straightforward
ways using the abstract index notation as a guide. For example,


http://www.math.oregonstate.edu/BridgeBook/book/revper/things

<>
T- v is the vector Wthh gan be written 1n abstract index notatlonl
as [T Ty = T, S T is the tensor [S T]ab = ST and the

double dot product S T is the scalar which is the “trace” of this:
S.T= ST

1. Use the abstract index notation to sho_yv that the _glouble dot
product of two dyads is (¢ ® v) : (A ®b) = (V- a)(b - W)

2. Calculate the four double dot products € 4 : €, where A and
B can each be + or x. (Le., calculate €, : €,, €, : €,, etc.)

1.3 Change of Basis

The propagation direction k does not uniquely specify the con-
struction of basis tensors €, and €; _we also need to choose a
vector £ in the plane perpendicular to k. (This then uniquely de-
termines 77 = k x é.) For different types of sources and analyses,
there may be a choice of polarization basis which is particularly
convenient. It may also be desirable to convert between a con-
venient polarization basis and some canonical reference basis con-
structed only from the propagation direction and some absolute
reference directions.

For example, suppose that we specify the source location in
equatorial coordinates in terms of its right ascension o and declina-
tion 0. This is equivalent to specifying E; we can assign a reference
basis to each sky position by producing a prescription for defining
additional unit vectors 7 and 7 which, together with E, form a an
orthonormal set. One prescription is to require 7 to be parallel
to the celestial equator, i.e., perpendicular to the direction of the
Earth’s axis. We choose 7" to point in the direction of decreasing

4In an expression like -7 = u%v, = u,v®, it doesn’t matter which abstract
index is written “upstairs” and which “downstairs”, as long as there is one in
each position

right ascension, so that the third vector j’= kEx7 points into the
Northern celestial hemisphere. This is illustrated in figure[l} From
these unit vectors 7 and 7 we can construct a reference polarization
basis for traceless symmetric tensors transverse to k:

L =TR7T-7®7 (1.17a)
=TT+ TT (1.17b)

The basis vectors ¢ and m, from which the source’s natural polar-
ization basis is constructed, lie in the same plane as 7" and j; since
they’re all perpendicular to the propagation direction k. The nat-
ural basis can be located relative to the reference basis by the angle
from 7’to £ measured counter-clockwise around k as shown in fig-
ure [2 . As in the usual rotation of basis vectors, we can resolve ¢
and m in terms of 7’ and }:

(= 7 v cos + 7 siny (1.18a)
m = —7'siny + 7 cos (1.18b)

We can substitute (1.18)) into (1.15) to get €, and €, in terms of
€. and €. The one tricky thing is the tensor product, which is

not commutative. One example term is

(@M = —7®7 cos Y sin Y+ 7 cos® ¢+ 7R7 sin® ¢+ 7®7 sin ¢ cos 1
(1.19)

1.4 Exercise: Change of Polarization Basis

Do the algebra and apply the double angle formulas to show that

€y = €. cos2y+Ey sin2y (1.20a)
€y = —¥F, sin2¢ + ¥, cos2 (1.20b)
This shows that the specification of the polarization basis asso-

ciated with a particular source requires three angles: the right as-
cension « and declination ¢ to specify the sky position and thus the
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Figure 1: Definition of the unit vectors z’and 7, orthogonal to the
propagation direction lg, used to define the reference polarization
basis tensors £, and € via . The unit vector 7'is orthogonal
both to k (which points from the source to the observer) and to
the axis of the equatorial codrdinate system. (I.e., it is parallel to
the celestial equator.) The unit vector J (= k X 7) points into the
Northern hemisphere.

Basis vectors on the plane of the sky

Declination
[«
|

Right Ascension

Figure 2: Rotation of basis. The natural polarization basis ten-
sors ¢, and € are created from the unit vectors ¢ and 1. The
reference polarization basis tensors . and €, are created from
the unit vectors 7and 7'via (1.15)). The polarization angle ¢ which
completes the specification of E and therefore of the natural polar-
ization basis, is measured from 7 to f counter-clockwise around £.
(For the example illustrated in this figure, ¢ lies between 0 and

7/2.)



propagation direction E, and an additional polarization angle ¥ to
define the orientation of the preferred polarization basis {€,, €.}
relative to some reference basis like {€,,%,}. Note that, since
contains only trig functions of 2¢, the polarization angle 1
can generally be taken to range over m rather than 2. (Changing
¥ to ¥ + m would flip both ¢ and m, and leave the polarization
basis tensors unchanged.)

2 Interaction with a Detector

2.1 The Detector Tensor

The simplest description of an interferometric gravitational-wave
detector (see figure [3)) is to say it measures the difference between
the lengths of its arms. That’s a bit too simplistic, though, and
it opens the trap of outsiders asking “how can a GW measure
anything if both the spacetime and the detector are stretching?”
So instead, let’s note that it measures the difference in phase of
light which has gone down and back one arm versus the other. This
is equivalent to measuring the difference in the roundtrip travel
time of photons down the two arms, a measurement which can
be made entirely locally, and without worrying about the effects
of the wave, since the time components of the spacetime metric
are not changed in the transverse-traceless-temporal gauge. We
also use the fact that points with constant cotrdinates in the TT
gauge are in free fall, i.e., experience no non-gravitational forces,
to note that if define coordinates so that the beam splitter is at the
origin and the end mirror of an arm is at position (z!, 22 23) =
(Lo, 0,0), those coordinates will not be changed by the passage
of a gravitational wave. We can now consider the trajectory of a
photon going down the arm from (0, 0,0) to (Lo, 0,0) and back. Its

test mass

light storage arm

light
s
test mass torage arm test mass

test mass

beam
splitter photodetector

power recycling mirror

Figure 3: Schematic of an interferometric gravitational wave de-
tector. Image by Ray Frey. We define the basis vectors u and v to
lie parallel to the two arms.



trajectory x'(t) will be given by solving the differential equation
ds* = —c?dt* + (14 hyy)(dz")* =0 (2.1)
or, working to first order in the perturbation hqq,

VIth dz!
dt = A\dl|~(1+ h11)|":|

(2.2)

Now, in general, we have to worry about the fact that hyy (¢ — k-

is a function of space and time, but if the travel time of the pho-
ton is short compared to the period of the gravitational wave, or
equivalently if the gravitational wavelength is large compared to
the length of the arm, we are in the so-called long-wavelength limit,
and we can approximate hi; as a constant during the trajectory of
the photon. Then the time the photon takes to go from (0,0, 0) to
(Lo,0,0) and back is

1 2L 2L
T1 = (1 + —]’LH) —0 = —1 (23)

2 c c
As usual, we would like to approach this problem in a coordinate-
free way, so we define a unit vector @ along the arm, which has

components
1

{Wy=u=1{0 (2.4)
0
in the specialized coordinate system we’ve used to describe the
detector arm. The metric perturbation component h;; appearing
in (2.3) can be written as

hn = uihijuj = uThu (25)

This quantity can be written in a basis independent way, using
either abstract index or arrow notation, as

g

uhgu’ =@ - h - i (2.6)

so that
1 a,b Lo
Li= Ly 1+§habuu =Ly 1+§u-h-u (2.7)

where we have written L; to emphasize that the interferometer
arm is parallel to the unit vector .

Now consider an interferometer with one arm along the unit
vector « and the other along the unit vector 17ﬂ The interferometer
measures the difference in roundtrip times down the two arms; this
divided by 2Lg/c is known as the gravitational wave strain h(t):

L;— Lz 1
h= = (ﬁ‘ﬁﬁ—ﬁ‘ﬁﬁ)
b i o . (28)
= hay———— = hapd™® =h: d
where we have defined the detector tensor
A% = M or q= M (2.9)

Subject to the approximations of this section (primarily the long-
wavelength limit), the detector response to a partlcular gravita-

tional wave tensor h is given by the detector tensor d (We also
need to know the location of the detector, in order to tell what
phase of the gravitational wave is hitting at what local time.)

2.2 Antenna response functions

And
If we recall the resolution ([1.16]) of A into a preferred polarization
basis, the strain measured by a detector is

“— <~
h=h:d=(h € +he€):d=h,F,+hF, (2.10)

5Note that in this approach we do not need to assume the arms are perpen-
dicular, as would be the case if we did everything in a Cartesian codrdinate
system where @ had components (1,0,0) and ¥ had components (0, 1,0).



where the antenna pattern factors are given by

+=d%, (2.11a)
= d%ey 4 (2.11Db)

For a given detector at a given time (i.e., for a fixed detector
e

tensor d), F and F will depend on the three angles defining the
sky position and polarization basis with respect to some reference
system. E.g., using equatorial coordinates, they will depend on
right ascension, declination and the polarization angle . Note
that we don’t need to define F, and F\ as explicit complicated
functions of detector latitude, longitude, etc. The fundamental
conceptual definition of the antenna pattern functions is (2.11)),
and all the rest is just working out the dot products. In particular,
we can separate out the dependence on the polarization angle ;
if we know the sky position of the source, we can construct the
reference polarization basis {€,, €, }, and for a given detector at
a given sidereal time, we can construct the combinations

a=d: 8, =d%, 4 (2.12a)
DN b
b=1d: 8 = d%, . (2.12D)
from which we get
Fi(a,8,9) = a(a,d) cos2tp +b(a, ) sin 24 (2.13a)

Fo(a,0,¢) = —a(a,0) sin2y 4 b(a, d) cos 21 (2.13b)

2.3 Exercise: Invariant Combination

Counsider the
F2 4+ F.=a"+V (2.14)

which is manifestly independent of the polarization angle 1 and
therefore the same in any polarization basis. Define a transverse

traceless projector
PTTgab o 1 ab o 1 ab 2.15
Cd—§Z€A €Acd—§Z€A €Acd (2.15)

and show that B
F2 + F2 = 2d, P qed (2.16)

The projector PTTEgg picks out the symmetric traceless tensor
components transverse to k. For the case of an interferometer
with perpendicular arms, whose detector tensor is given by ,
the detector tensor is already traceless and transverse to a vec-
tor normal to the plane of the detector. Use this to calculate the
maximum value of F} 4+ FZ, which occurs for waves coming from
directly overhead or underfoot.

2.4 FEarth-fixed basis vectors

A convenient basis for describing ground-based GW detectors is
one fixed to the Earth: the unit vector €3 points parallel to the
Earth’s axis, from the center of the Earth to the North Pole. The
unit vector €7 points from the center of the Earth to the point on
the equator with 0° latitude and longitude. This then makes the
remaining unit vector €5 = €3 x €] point from the center of the
Earth to the point on the equator with latitude 0° and longitude
90°E. The asterisk has nothing to do with a complex conjugate,
but rather stresses that the basis vectors are co-rotating with the
Earth.

2.5 Exercise: Detector Tensor

Consider a detector located at a latitude of 30°N and a longitude of
90°W, with one arm pointing due West and the other arm pointing
due South. (This is approximately the configuration of the LIGO



Livingston detector, except that the angles are not quite so nice.)
Write the components of the following along the co-rotating basis
vectors {e;}:

1. The unit vector & along the West arm

2. The unit vector ¢ along the South arm

<
Resolve the detector tensor d =

{7 @er).

URU—TRY
2

along the unit dyads

2.6 Equatorial basis vectors

There is a corresponding basis, inertial with respect to the fixed
stars: the unit vector €3 points to the Celestial North Pole (which
means that €5 = €5). The unit vector €; points to the point
with declination 6 = 0° and right ascension @ = Ohr, i.e., the
intersection of the ecliptic with the celestial equator known as the
Vernal (March) Equinox. The third unit vector € = &5 x €] thus
points to the point with § = 0° and right ascension a = 6 hr.

The relationship between these bases is shown in figure [d In
particular, if we define the angle v to correspond to the Sidereal
Time at the Greenwich Meridian (which increases by 24 hours,
i.e., 360° = 27, every sidereal day of approximately 23 hours and
56 minutes, so that v = Qg(t — tGmia) Where Qg is the Earth’s
rotation frequency and tgmiq corresponds to sidereal midnight at
0° longitude), then

€y = € cosy+essiny (2.17a)

—%

€y = — € sinvy + €, cosy (2.17b)

>k A nd
€y Cq

—x%
€1
/y
8
¥ L
> €1
®
b _ >k
3 = €3

Top View

Figure 4: Relationship between the Earth-fixed and inertial bases,
and illustration of right ascension. €5 = €5 points along the Earth’s
rotation axis towards the North Pole and the Celestial North Pole.
€7 points to 0° latitude and longitude while €] points to § = 0° and
right ascension @ = Ohr. As the Earth rotates, the starred unit
vectors rotate relative the unstarred ones. €} and €; coincide when
the sidereal time at Greenwich is midnight. We define the angle ~
to be the Greenwich Sidereal Time (GST), which is the angle from
€1 to €/, measured counterclockwise around é€3. The unit vector
€, is the projection into the equatorial plane of the vector k from
the observer to the source, as shown in figure 5]



2.7 Exercise: Basis associated with a sky posi-
tion

Consider a potential source of gravitational waves with right ascen-
sion a = 0 hr and declination 6 = +60°. Work out the components
in the equatorial basis {€;} of the propagation vector /2, as well as
the vectors 7 and 7' which point “West on the sky” and “North on
the sky” at that point. Take the dot products {7- &} and {7- €’}
to find the components of 7 and 7 in the Earth-fixed basis, as a
function of Greenwich sidereal time . These can be used to find
the amplitude modulation coéfficients a and b for this source and
e.g., the detector of exercise [2.5

2.8 Sketch of General Calculation
2.8.1 Polarization basis from «, J, and v

To get the antenna response functions for an arbitrary sky point,
we need to do the following: calculate the components of k in some
basis, given « and 9; do likewise for the perpendicular unit vectors
7 and 7 find ¢ and m for the given 1, if desired. We can then
construct €,  from 7and 7or €, , from 7 and m, as needed.

The first step is to resolve the propagation direction k for a
given right ascension « and declination 0. First, consider the plane
containing €3 and E, as shown in figure |5 Define €, to be the unit
vector pointing towards the point on the Celestial Equator with
right ascension «, which also lies in the same plane. Since ¢ is the
angle measured up from the Celestial equator to the sky position
of the source, we can resolve

k= —€, cosd — €3 sind (2.18)

To get the components of €, in the equatorial basis, we look at
the equatorial plane in figure 4l The right ascension is the angle

10

€3
A
k
= 5 > gq
Side View

Figure 5: Illustration of declination, in the plane containing the
propagation vector k and the unit vector €3 pointing along the
Earth’s rotation axis towards the Celestial North Pole. The unit
vector €, is the projection into the equatorial plane of the vector
k from the observer to the source.



around from the Vernal Equinox (€;) to the sky position of the
source, SO
€qg = €1 COSx + €3 sin (2.19)

and thus
k= —¢ cosdcosa — & cosdsina — €3 sin (2.20)

The components along €7, €5, and €3 will be constant for a given
source. To get the components along the starred unit vectors, we
just need to note that the angle from €} to €, is o — fy.ﬂ In terms
of the starred basis,

€y = €7 cos(a — ) + €5 sin(a — ) (2.21)

and thus
k= —¢&; cosdcos(a —7) — & cosdsin(a —7) — & sind (2.22)

The calculations of 7 and 7 in either basis proceed along similar
lines. o

Note that to calculate F, , = d : €, it may actually be easier
to work out

Sy

I

+

I

)
al al

F,
P,

al al

o of

4
—m-d-m (2.23a)
¥

e
- d (2.23b)

X

I
)
S

rather than constructing the matrix representations of ¢,  in a
particular basis.

SNote that in astronomy one defines a quantity called “hour angle” asso-
ciated with a point on an observer’s sky so that the hour angle increases with
increasing sidereal time. Since v is the Greenwich Sidereal Time, v — « is the
Greenwich Hour Angle of a source with right ascension . The combination
«a — 7y can thus be referred to as “Minus Greenwich Hour Angle”.
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2.8.2 Detector tensor from coordinates of detector

Given the coordinates of an Earth-bound detector (latitude, lon-
gitude and elevation) and some angles to identify the directions
of its arms (usually and azimuth measured clockwise from local
North and an altitude angle above or below the local horizontal
plane), we can work out the components in the Earth-fixed basis
{€’} of the unit vectors @ and ¢ along its arms. (Note that we
often neglect both the elevation in meters relative to some refer-
ence shape of the Earth—sphere or ellipsoid—as well as the altitude
angles of the arms relative to the horizontal, since these are both
small for practical detectors.) Since there are only a few detec-
tors on the Ear;gh, it’s actually usually easiest just to work out the
components of d in the Earth-fixed basis, once and for all.

The calculation can be done by working out the components of
vectors and tensors in the Earth-fixed (starred) or the non-rotating
(unstarred) inertial basis by going in two steps:

1. Express the unit vectors @ and ¢ in terms of a local basis
{E, N, U } of unit vectors pointing East (along a parallel of
latitude), North (along a meridian) and Up (normal to the
local reference tangent plane, using the azimuth and possibly
altitude angle of each arm.

2. Express the basis vectors {E, N , U }, which correspond to a
particular latitude and longitude, in terms of the starred or
unstarred reference basis.

3 Preferred polarization basis

3.1 The Quadrupole Formula

Gravitational waves from a particular direction can be resolved in
different polarization bases, but some make the calculations more



convenient than others. For a stochastic background, we’re looking
at a superposition of different sources, so the result is an unpolar-
ized signal which can be described equally well in any basis. For
unmodelled bursts, there’s nothing special about the source, but
the detector network can pick out a preferred basis for some search
methods. For modelled signals such as nearly periodic continuous
wave signals, or compact binary inspirals, the geometry of the sys-
tem provides us with a preferred polarization basis in which the
signal description is simple.

Most of the gravitational waves seen by a distant observer, from
a typical system, are in the form of quadrupole radiation. The
metric perturbation is given by the quadrupole formula a{]

2G

ab —
ctd

h PrTRAT (t —d/c) (3.1)
where k is the direction from the source to the observer and d is the
distance. We can accoglplish the projection onto transverse trace-
less states by writing h in terms of its plus and cross components
as usual:

where (3.1)) tells us that
2G (gA d2 A4
hg=——:—Ft—d A= 3.3
A= ag g gttt/ X (3:3)

The t — d/c indicates that the observer is seeing the source as it
was at a time in the past, when the gravitational waves now reach-

ing the observer were emitted. Here ? is the reduced quadrupole
moment defined in MTW equation (36.3):

i=({[» (F@ P — Tg) &V (3.4)

"See for example equation (36.20) of Misner, Thorne and Wheeler, Gravi-
tation (1973)
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g we recall the standard definition of the moment of inertia tensor
I from mechanics

T={[[» (Tr2 e F) & (3.5)
we see that the two are related by
fop = —P 41 (3.6)

(note the minus sign!), where P is the projection operator onto
traceless symmetric tensors:

1
P = = (0507 + 6205) — 3 a0 (3.7)

DN | —

3.2 Geometry of a non-precessing quasiperi-
odic source

Consider a mass distribution which is rigidly rotating with con-
stant angular velocity about one of its principal axes of inertia.
This could be the nearly-periodic signal given off by a rotating
neutron star, or the signal from a binary system where the inspiral
is occurring slowly. We can expand the inertia tensor about its
principal axes like this:

<>
I = Lt @ Uy + Lyt @ s + Ists @ Us (3.8)

In this approximation, Iy, I, and I3 are all constant; if it’s rotating
about w3 with angular speed €2, then the principal axes can be
written with respect to some non-rotating axes {u} as

iy = iy cosQt — to) + iy sin Qt — tg) (3.9a)
iy = — ) sin Q(t — tg) + iy cos Qt — to) (3.9b)
’273 = 63 (39C)



It’s not hard to work out the time derivatives of the basis vectors
along the principal axes due to the rotation:

diiy

E = Q'L_l:g X 1,_[1 = Q/L_[:Q (310&)
d—b

% = Qily X iy = — Qi (3.10D)
di L, =

d—;” = Qiiy X i3 =0 (3.10¢)

This means that

d
a? = QL (th @ Uy + Uy @ ty) — Qs (s ® Uy + Uy ® Us) (3.11)
= QL — L) (th ® U + Uy ® Uy)
and
d* < 9 Lo L
@I = 20 (Il - IQ)(Ul R UL — U ® UQ) (312)
Since this is already traceless, (3.6)) tells us that
d* < 5 oL
ﬁ{ =20 ([1 — 12)(/1,61 XU — Uy X UQ) (313)

To get the explicit time dependence of , we could substitute
the explicit time-dependent forms of #; and sy into , but it’s
easier to note that the combination u; ® U] — Uy ® s appearing
in (3.13)) is a traceless tensor transverse to 43 and so if we define
basis tensord

i) — iy @ iy (3.14a)

' ®
x = Uy ® iy + iy @ i) (3.14b)

8Note that these are traceless tensors transverse to i3 and not to the
propagation direction k.
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then, by analogy to the polarization rotation in section (1.3, we
have

U QU — Uy Uy = ??Jr cos 2Q(t — to) + ??X sin 2Q(t — to) (3.15)

and
d? = a
ﬁf = 20%(1, — I, <E+ cos[®(t) + ¢o] + Ex sin[P(t) + ¢0]>
(3.16)
where
O(t) = 29t — d/c) (3.17)
and
b0 = —20y (3.18)

This means that the polarization components of the gravitational
wave travelling in a particular direction are

AGO(I — L) [€4: E GuE
= T | P cos[(t) + o] + A sinf@(t) + )
(3.19)
So far, we haven’t specified the non-rotating basis vectors @ and
43, perpendicular to w3 = @y (which, incidentally, determine ¢y),

ha

nor the basis vectors ¢ and m, perpendicular to E, which define
the polarization basis. We can do this by picking (= iy along
the line of nodes, which is perpendicular to both the propagation
direction & and the system angular momentum direction us. If ¢
is the inclination angle between the angular momentum direction
u and the propagation vector l;,:, as shown in figure @,_}the dot
products between the basis vectors defining {€ 4} and {E£ 4} are

C-@'=1 m-ad=0 (-@%=0 m-ad=cost (3.20)



i
>

S

o
[=qf

(line of nodes)

Figure 6: Illustration of bases associated with a rotating
gravitational-wave source and its propagation. The unit vector
k points from the source to the observer, and @ points along the
axis of rotation; the angle between these is the inclination ¢. The
preferred polarization basis (see figure [2)) is constructed by choos-
ing ? to be along the line of nodes, perpendicular to both k and

70
Us .
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3.3 Exercise: Projection from source to prop-
agation basis

Use the inner products (3.20)) to show that

L =14cos®t and 4 EX:() (3.21a)
E=2

g
e
= 0 and €yt Ex=2costL (3.21b)

X

+
=t &t
|

o ol
+
|

3.4 Waveform in preferred basis

This then means that, in the preferred basis,

1+ cos?t

hy = hg cos[®(t) + o] (3.22a)
hy = hgcost sin[®(t) + ¢o] (3.22b)

where the GW amplitude is

4GOI — D)

ho Ad

(3.23)

Placing the basis vector v along the line of nodes means that this
preferred polarization basis has 1 as the angle from “West on the
sky” to the line of nodes, i.e., if we're talking about objects mov-
ing in circular orbits, this is the angle from “West on the sky” to
the long axis of the projected orbit. The nice feature of the pre-
ferred basis is that Ay and h, are a quarter-cycle out of phase, as
illustrated in http://ccrg.rit.edu/~whelan/gwmovie/

3.5 Exercise: slow inspiral

The waveform ([3.6)) also applies to the early stages of a binary
inspiral. Consider two objects of mass m; and ms, total mass M,


http://ccrg.rit.edu/~whelan/gwmovie/
http://ccrg.rit.edu/~whelan/gwmovie/

and reduced mass mymso /M. If the trajectories are

m(t) = Mf(t) (3.24a)
(1) = —%m) (3.24D)
where
7(t) = 7(t) cos p(t)d; + r(t) sin ¢(t)idy (3.25)
show that
LG 2 (1 @ iy — il ® ) (3.26)

dt?

What conditions are needed on 7, 7, and ng in order to make this
approximation valid?

3.6 “Effective distance” for inspiral signals

If we compare the form (3.26) to (3.13), we see that we've just
replaced 2Q%(I; — I) with —ur?¢? and therefore by comparison to
we can write down

A(t) 1+ cos?e

hi =~ ——y g <o (1) (3.27a)
A
hy =~ —% cos ¢ sin d(t) (3.27Db)

where we’ve collected together the part of the amplitude

AlH) = <4GM[7“(1? — /o)t - d/c)]?)

(3.28)

ct

which depends only on properties of the source like masses and
trajectoryﬂ If we think about the signal generated in a detector

9There is still some dependence on distance to the source, of course, but
only in terms of when the signal arrives, not in the overall magnitude.
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with antenna pattern factors F, and F\, we get

h(t) = A(gt) |:F+1 ki 2082 £ cos O(t) + Fy cosesin @(t)]
= %t) (\/FEW + F2 cos? L) cos|[®(t) — U]
(3.29)
where we have used the usual trick of rewriting
acos p + Bsing = ycos(p — 1) (3.30)
where
o =ycosy (3.31a)
f=ysing (3.31b)
SO

v =a?+ 32 (3.32)

So we see that the overall amplitude is determined by the dis-
tance to the source, but in this slow-inspiral approximation, that
distance appears together with the observing geometry in a com-
bination known as effective distance:

d
off = (14-cos2 )2
\/FfT + F2 cos?t

Note that the factor in the square root is a maximum (and there-
fore the effective distance corresponding to a given physical dis-
tance) when |cost| = 1, i.e., we are seeing the binary face on
(t=0or ¢ =m). Using the result of , that F} + F? <1, we have

d,

(3.33)

d\> 1+ cos?1)?
(d H) = Fﬁ% +F2cos® L < F7+F; <1 (3.34)
which means that deg > d. The effective distance equals the phys-
ical distance if the binary is seen face-on, and is at the detector’s
zenith or nadir.
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1 Continuous Fourier Transforms

You're probably familiar with the continuous Fourier transform

z(f) = /OO dt x(t) g2 f(t—to) (1.1)
and its inverse
x(t) = /OO df Z(f) e2/(t=to) (1.2)

Notes:

e Lots of conventions, but note using f instead of w gets rid of
annoying 27 normalizations.

o If x(t) is really a function of time, the origin/epoch ¢y is arbi-
trary and has no physical meaning. If it’s a function of time
difference, then ty = 0 makes sense.

The identity
/ df €271 — §5(t —t') (1.3)

o0

is useful for proving properties of continuous Fourier transforms.

2 Discrete Fourier Transforms

Real data is neither continuous nor infinite in duration. Consider
discretely-sampled time series data of duration T = Ndt:

x; = x(t;) = x(t + jot) j=0,1,...,N—1 (2.1)

Its discrete Fourier transform is
N-1 N-1
/x\k — Z T e*ZQWfk(tj*to) — Z T 67227r]k/N (22)
j=0 Jj=0

where f, = kdf, and

st 1

We can define 7y, for any integer k, but there are only N indepen-
dent values, thanks to the identifications

TNk = Tk always (2.4a)
T_p =T, if {x;} real (2.4Db)

This means, for a real time series {z;}, the N real numbers in the
Fourier domain are (assuming N even)



e 1 real value xg

N _

® 5

2 complex values {zy|k =1,...5 — 1}
e 1 real value x_n/2 = wn/2

The identity

N—1
€i27r(j7f)k‘/N — Néjj mod N (25)
k=0
shows us the inverse transform
| N 1 N/2-1
T = N Th ei27rjk/N _ Z Ty eiQﬂjk/N (26)
k=0 k=—N/2

If we consider (2.2)) to be an approximation of the integral in (1.1),
we’d identify
5T ~ T(fi) (2.7)

If we plug ([1.2)) into (2.2)) we can get the actual formula

td= [ dfbwalfe - DRQ) (2.8)
with a kernel
N-1
Ongt(x) = ot Z et (2.9)
=0

this is not quite a Dirac delta function for two reasons:

1

51> S0 it’s peaked at z = 0, z = 5

1. It is periodic with period

- _1
r = —j;, etc.

2. It has an oscillatory “ringing” behavior around its peaks.

The second point is related to an issue known as spectral leakage
which we won’t go into; the first is known as aliasing, and it means
that actually 0t %y, is a sum of not only h(f) but also h(fi + 5),

h(fe— =) = E*(é — fx), etc. This means that to avoid confusion of

different frequency components, the original time series h(t) should
have undergone some analog processing so that h(f) is negligible

unless
1 1

20t / 20t
which defines the Nyquist frequency fny, = ﬁ which is half the
sampling rate é.

(2.10)

3 Random Data

We'll often be interested in cases where the data {z;} are random
with some mean and variance defined by the expectation values

Elx;] = p; (3.1)

Bl = 03, (3.2)

If the data are Gaussian, these are enough to define a probability
density

P(x) = (det 2mo?) /% exp (—%(x — ) o (x — u)) (3.3)

where x and g are column vectors made up out of {z;} and {y;},
respectively, o2 is a matrix made of {o;,} and o2 is its inverse.
For simplicity we’ll assume the data have zero mean. We’ll also
start in the continuous picture; the random process associated with
x(t) is stationary if

Ela(t),2(t)] = Ku(t — t') (3.4)



which defines the autocorrelation function K, (t —¢') (in general it
would have to be written K,(¢,t')). The Fourier transform of the
autocorrelation function is the two-sided power spectral density

Sz—sided(f> _ /OO dr Kx(T) €—i27rf7— (35>
We can use to show that, formally,
EE(f') @(f)] = o(f = f) S4(f) (3.6)
Since SFsided () = §2sided(_ £ for real z(t), define one-sided PSD
B Sg—sided“)) f =0
Sm(f) - {SZ—sided<_f) + SQ—Sided(f) f >0 (37>

Unfortunately (?7) this is what most GW observers mean by PSD,
so formulas have an extra factor of two (S, (f) = 28%514°d(f)), e.g.,

E[z(f) 2()] = 6(f = 1) @

We can translate this into a discrete Fourier transform; just as
Ty ~ Z(fx), we can show

B3] ~ 25 5.(fi) (39

with the usual caveats about leakage and aliasing. Now consider
the case of zero-mean Gaussian data: let T, = &, + i and treat
o, {&ksmilk=1... % — 1}, £ny2 as independent and Gaussian with

B[] = B[] = of = 1,5.(f) (3.10)

so probability density is

Plgenli=1.. Y 1= I -2 C
=1...——1}) = exp | —=25% — =5
ko Tk 2 Pl 27r0,% P 20,% 20,%

(3.8)

with log-likelihood

NJ2— N/2—1 ~ ~
" o6t xk|2 Z(fi)|? > EP
= - 26 ~ —2 d
D > Wi~ Vs
(3.12)
This means
P(r) x ¢~ 2tl) (3.13)
where the inner product is
B = () =)
@m_4mé i (3.14)

The unfamiliar factor of 4 is one factor of 2 because the integral
is only over positive frequencies and one because of the use of the
one-sided power spectral density.

If the data vary slowly over the observation time, it may be
useful to divide it into pieces of length T" and Fourier transform
each of them

tro+71 ]
Tr(f) = / dt z(t) e~ 2S (= to) (3.15)
t

10

In principle, the statistical properties of different segments will be
related because of the autocorrelation function K (t—t'). But if the
correlation length—the time over which K(7) is non-negiligible—is
small compared to T', we can neglect this, and the log likelihood
function would become P(z) o< @) with

Iy fl 2
A= —2Rez]:/0 df% (3.16)
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1 Signal Model

1.1 GWs from rotating neutron star

We showed yesterday that the gravitational wave signal arriving
at a time 7 from an object a distance d away rotating with angular
frequency €2 is

h(r) = A cos[®(r) + po] €4 + Ay sin[®(r) + do] & (1.1)

where
1 2
A, = h0¥ (1.22)
Ay = hgcost (1.2b)

where the GW amplitude is
4GOI — L)

ho i (1.3)
and the phase evolution is
O(1) = 2Q(1 — 70) (1.4)

Some notes:

e [, I, and I3 are the moments of inertia about the principal
axes. Rotational oblateness means that I3 > [;,[,. For a
perfect spheroid, I; and I, would be equal and there would be
no gravitational radiation. To get a “triaxial” neutron star,
you need some sort of deformation.

e The signal was derived for an object rotating at a constant ve-
locity. Since real neutron stars generally spin down gradually,
we can modify this by Taylor expanding the phase.

(1) = fo(r —70) + %ﬁ(T —70)% + %fg(T —70)% +... (1.5)



The frequency fo and spindowns f;, fo, etc are parameters of
the signal.

The time 7 is the time that the waves arrive at some inertial
point, usually taken to be the solar system barycenter (SSB).
Since we're interested in the signal that arrives at time ¢ at
the location of the detector, we have to use the time delay

k - (Fdet - 7?ssb)
C

t=7+ + relativistic corrections  (1.6)

which translates into a Doppler shift which depends on the
sky position, as represented by the propagation direction k.

The signal may also be Doppler-shifted by the proper motion
of the neutron star. If this motion is inertial (constant veloc-
ity), this is just a constant Doppler shift which we fold into
the definition of fy. If the neutron star is in a binary sys-
tem, we need to include the binary orbital parameters in the
definition of the signal.

The signal is written in the preferred polarization basis
€, « constructed from unit vectors ¢ and m orthogonal to
each other and the propagation direction lg, with ¢ lying in
the neutron star’s equatorial plane. This means they depend
on the orientation of the neutron star’s rotation axis, which
is a parameter of the system. We can relate them to the
canonical basis £, , constructed out of the vectors 7 and J
pointing West and North on the sky:

€L = ¥, cos2y+E, sin2y (1.7a)
Ty = — %, sin2y + &, cos 2 (1.7b)

1.2 Exercise: JKS decomposition

By using (1.7) and the angle sum formulas, expand out (1.1]) so
that its ¢9 and v dependence is explicit. Show that it can be
written

n(r) = Ah, (1) (1.8)

(using the Einstein summation convention that repeated upper and
lower indices are summed over, now with Zizl) where

Al = A cos 21 cos ¢y — Ay sin 21 sin ¢y (1.9a)
A? = A, sin 21 cos ¢y + Ay cos 21 sin ¢y (1.9b)
A3 = — A, cos 2 sin ¢y — Ay sin 20 cos ¢y (1.9¢)
A' = — A, sin 2y sin ¢ + A, cos 21) cos ¢y . (1.9d)
and
g
hi(1) =€, cos®(7) (1.10a)
ha(r) = €, cos (r) (1.10b)
%3(7') =&, sin®(7 (1.10c)
g
ha(T) (1.10d)

2 Data Analysis Method

2.1 Likelihood function

The combinations , first discovered by Jaranowski, Krolak and
SchutZEI mean that the parameters hg, ¢, ¥ and ¢y can be treated
differently from the other signal parameters. They’re known as am-
plitude parameters, as compared with the phase parameters (sky

'P. Jaranowski, A. Krélak, and B. F. Schutz, Phys Rev D 58, 062001
(1998), hereafter JKS



position, frequency, spindowns, binary orbital parameters, etc),
also known as Doppler parameters, because most of them are as-
sociated with the Doppler modulation of the signal. We refer to
them collectively as A.

The signal in a detector at time ¢ is then

h(t) = h(r(t) : d = A"h,(t; ) (2.1)

where the four signal waveforms are

hi(t; A) = a(t; \) cos @(t; \) (2.2a)
ho(t; A) = b(t; \) cos ®(t; \) (2.2b)
hs(t; A) = a(t; \) sin®(t; \) (2.2¢)
hy(t; N) = b(t; \) sin ®(t; A) (2.2d)

T

where a = Z, : 2 and b = &, : d are the amplitude modulation
coéfficients for that detector and sky position. They also change
slowly with time, since the rotation of the Earth changes the ge-
ometry of the double-dot products &,  : (7 (The detector tensor

2 has constant components in a basis co-rotating with the Earth,
and the polarization basis tensors £, have constant components
in an inertial basis.)

If we divide time up into shorter intervals of duration 7', things
are a little easier to describe; within a short timeframe, the signals
are approximately monochromatic, and the AM coéfficients are
approximately constant. Notationally, we add a label X to refer
to the detector and I to refer to the time interval. If the data in
instrument X during time interval I is

a5 = 2™ (tro + jot) (2.3)

then we write its Fourier transform (also known as a “short Fourier
transform” or SFT) as

tro+T ]
Z St a7 e PHIRIN / dt z(t) e~ 2 rlt=to) = X (£) (2.4)

tro

where T' = N 6t, fr = kof, of =
to the Ith SFT in detector X is

ét’ etc. The signal contribution

RE(f) = AR, (£ M) (2.5)
where
By (f50) = ai (A) cos @7 (f5 ) (2.6a)
hs(f3 A) = b (M) cos @7 (f5 \) (2.6b)
hi¥y(f50) = a3 () sin @ (f52) (2.6¢)
R 4(f3 ) = bF (V) sin ®F (f; ) (2.6d)

If the data in each detector consist of Gaussian noise ny(t) with
a one-sided power spectral density S (f), plus the signal,

F) = () + AR 0) (2.7)
then the probability density of the data can be written as
P(z|A, ) o< eMEAN (2.8)

where the log-likelihood is

n
wan -3y [ B
and we’ve defined the inner product

fNy
(ylz) —4ReZZ/ —I) L (/) (2.10)

On the other hand, if the data consist only of noise, then the
probability density is

_ —%(x—h|x—h> (2.9)

P(z|Hy) o ezt (2.11)



That makes the log-likelihood ratio

P(z|A,\) 1

In P(a[Hy) = §[<x|h(«47 A)) + (A N)|z) — (R(A,N)[R(A,N)]

= A (V) = A0 (1) A

= AT, (N) — S A M () A
(2.12)

in terms of a “metric”

My (V) = (hu(N)] (A —4ReZZ/ fA;(%[(f 1A

(2.13)
on amplitude parameter space and a data-vector

Ny TX (r.y\* x;{
1,(A) = (hu(N)|z) = 4Rez Z/O df hﬂl(f[;';()(f) (f)
o (2.14)

2.2 Detection Statistic

To search for gravitational waves, we need to have a way to decide
between a signal hypothesis Hg and the noise hypothesis Hy. The
Neyman-Pearson lemma says that the best detection statistic we
can use is a monotonic function of the likelihood ratio
PlalHs)
P (x|7-[ N)
In general, the signal hypothesis Hg represents a family of signals

with different values for the signal parameters \ and A, and the
likelihood ratio involves marginalizing over those parameters:

P(z] A, )
P(z|Hy)

(2.15)

/ dAdN P(A, M) (2.16)

This has been considered recentlyﬂ but choosing a physical prior
on the signal parameters leads to a more mathematically involved
integration problem. So we’ll focus for now on a method devel-
oped by JKS, where the likelihood ratio is analytically maximized
over the amplitude parameters to produce a maximum-likelihood
statistic

P(J?|.A, )‘) _ 1 n T
Py = 2 M (2.17)

where, if we define M*” as the matrix inverse of M, , the
maximum-likelihood values for the amplitude parameters are

F(A) = maxIn
A

AP = Mz, (2.18)
and the F statistic is
1 v
FON = 5 NM* () () (2.19)

Note that even constructing this statistic means choosing values
for the phase parameters \: sky position, frequency, spindowns,
etc. In the case of a targeted search for gravitational waves from
a neutron star seen as a radio or X-ray pulsar, this is no big deal;
we know the sky position and the spin, including its evolution.
When looking for unknown objects, we have to try a bunch of
different points in parameter space. How far off you can be in
parameter space before the detection statistic becomes ineffective
depends on the coherent observing time: how far apart the ear-
liest and latest observations are. For a fully coherent search, the
number of points needed to cover parameter space grows rapidly
with observing time, until the coherent search becomes impossible.
Instead so-called semi-coherent methods, which are the topic of a
different lecture, must be used.

2R. Prix and B. Krishnan, CQG 26, 204013 (2009)



2.3 Statistical properties of the F-statistic

Focus now on the case where the phase parameters are known. If
the unknown amplitude parameters are { A"}, we can show that
the data vector has expectation value

Elzy] = MuwA” = (2.20)
and variance

B, — )@, — )] = My (2.21)

Since it’s a linear combination of Gaussian data, it is itself Gaus-
sian, i.e., its pdf is

mumm:wmwaﬁﬁmﬁgu—wmwuww»

(2.92)
or equivalently, the pdf of the maximum likelihood estimates {.A*}
is

Hmmw:mwmwn“m(?@ﬂMMM@—ﬂo
R R (2.23)
2F =z, MWx, = APM,, A" (2.24)

obeys what’s known as a non-central chi-squared distribution with
four degrees of freedom and non-centrality parameter A*M,,.A".

This means
ERF] =4+ AM, AY (2.25)
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1 Stochastic GW Backgrounds

Consider a superposition of many weak gravitational-wave sources.
This may be of cosmological origin, associated with events in the
early universe (inflation, phase transition, primordial gravitons,
...), or some unresolved astrophysical source, such as millions of
white-dwarf binaries in our galaxy. The individual signals may not
be detectable, but their combined effect would produce a random

signal in gravitational wave detectors, analogous to the cosmic mi-
crowave background first observed by Penzias and Wilsonﬂ Unlike
Penzias and Wilson, we can’t “point our detectors away from the
sky”, but we can distinguish a random GW signal from random
instrumental noise, because of the correlations it would produce
between the outputs of different detectors.

We can describe any superposition of gravitational waves by
expanding it as a superposition of plane waves along each propa-
gation vector k:

W7 t) = /ood PO (f, F) Ea(k) ex (m [t—UD
0= 3 [ [ Ehatr Ry e (2nf -
(1.1)
The statistical properties of h4(f, E) describe the nature of the
stochastic background. Since it’s a superposition of many individ-

ual signals, it’s reasonable to assume it’s Gaussian, stationary, and
unpolarized, so that it’s defined by its mean

E [hA(f, E)] ~0 (1.2)
and variance

B R R) ha ()| = 0%k, K S 8(F = Y H(SR) - (1.3)

LA. A. Penzias and R. W. Wilson, ApJ 142, 419 (1965)



Specifically,

P(h) o< exp (—— Z / dfjfd2 [ha( f7/€)]2> 1.9
A=+,x I

<> <~
If we consider the stochastic signal hX(t) = h(t) : d* appearing
in a detector X, it will also be Gaussian with zero mean; the
covariance between data in detectors X and Y will be

E [ ] ZJdQQka;FA() Y (F)

X exp (i%f [_E' (Ff - ) o(f =1
(1.5)

We can gain some insight into this if we write

D FEXRFY (k)= Y dyeit(k) e (k) dy
A=+,%x A=+,x (1.6)
— 2dX PTTkab dY cd

where

a 1 ab/ 7 -
PR = 2 3 et (R) eacalR) (L7)
A=+,%

is an operator which projects onto the subspace of traceless, sym-
metric tensors transverse to the unit vector k.

1.1 Exercise

Show that this is a projection operator, i.e. PTT’““bPTTkigZ =

PTTkgg, by using the normalization e%’(/;) eBab(k) = 2045 of the

standard polarization basis tensors (see yesterday’s lecture). What
is the trace PTTkab?

1.2 Spatial Distributions

The simplest signal geometry for a stochastic background is
isotropic, so that H(f, l;) = H(f). A slightly less specific assump-
tion (although not fully general) is that we’re interested in a back-
ground distributed in some way across the sky, whose spectrum is
the same in each direction, i.c., H(f, k) = H(f)P(K). There are
several different strategies that are taken to address the direction
dependence of a stochastic background:

e Search only for an isotropic background.

e Search for a background with a specified sky distribution, e.g.,
spread across a nearby galaxy cluster, or concentrated at a
point.

e Attempt to reconstruct a sky map, e.g., by measuring the
power in different spherical harmonics.

In this lecture we’ll focus on the isotropic case, although the notes
will include some formulas involving P (k).

If the spectrum factors, the correlation between different detec-
tors is

Sew(f
2

BRI (D] =Y (D760~ 1) ()

where

5 - e . P(=X_=2Y
XY _ X jYed Y 20). TTkab ,—i2n fk-(F* —7")/c
P = D[] o P
(1.9)
is known as the overlap reduction function, and

—H(f) (1.10)



This normalization is chosen because, in the isotropic case where
/YX (f) d chd jj d2 PTTkab —i2nfk-(FX —7Y) /c (111)
the overlap reduction function for a detector with itself is
)
XXy X gXed 2 20) TTkab _ X ab
(f) = dif d* ! {[ a2 PR = 2435 d (1.12)

For a standard interferometer with perpendicular arms, this is just
1, and so Sgyw(f) is the contribution to the power spectrum in the
detector due to the stochastic gravitational wave background.

1.3 Exercise

Show that
j A2 PR — o pTe (1.13)

where PTZfl is a prOJector onto transverse symmetric tensors, in
the following way

1. Argue by symmetry that it must be a constant times P,

2. Show that that constant has to be 2 by taking the trace of
both sides of the equation

e H 20 P TRab o pTab (1.14)

1.4 Aside: Qgyw(f)

The spectrum of a gravitational wave background is often de-
scribed in terms of the contribution to the cosmological parameter
Q = p/periv Where

3H?

crit — 1.15
Perit e ( )

using the fact that the energy density in gravitational waves is

2

piw = om0 700,00 = T [ [ (1 Fy
7T262 oo
-T5 [ rawna

(1.16)
The usual definition is the logarithmic energy density

dppy 327 -
pcj;t ZJ% :?éipfs (f) = 1221"3 Sew(f)  (1.17)

This is of interest because some cosmological models (e.g., slow-
roll inflation) predict a spectrum which corresponds to a constant
Quyw(f), but we will work in terms of S,y (f) in this lecture because

Qg (f) =

1. The equations are simpler in terms of Sgy(f)

2. Qg (f) depends on the (experimentally uncertain) value of
the Hubble constant H

1.5 Overlap Reduction Function

Restricting attention now to an isotropic background, consider the
overlap reduction function This normalization is chosen because,
in the isotropic case where

5)
IYXY<f) d chd j dQQ PTTkgse—z%rfk(r Y_7Xy/c (118)

We’ve seen that it is equal to unity when X and Y refer to the
same interferometric detector (as long as the arms are perpendicu-
lar). For any pair of detectors, it’s a specific function of frequency,
and in particular won’t depend on when the observation is done.
(Isotropy means that the rotation of the Earth doesn’t change the



observing geometry.) There are thus only Ngies(Nsites — 1)/2 dif-
ferent functions to be worked out, where N is the number of
detector sites (e.g., in the initial detector era, Nges = 4: LIGO
Hanford, LIGO Livingston, GEO and Virgoﬂ; for the advanced de-
tector era, we can add KAGRA and LIGO India.) It might seem
like each of these just requires a numerical integration over the
sky (propagation direction /;), but its even easier than that, since
it’s possible to work out explicit formulas for v*¥(f) in terms of
the detector tensors and the separation vectors of the detectors[]
Some examples are plotted in figure [T}

2 Data Analysis Method

2.1 Likelihood Ratio

We've described a signal model in which the signal contribution
hX(f) in the Fourier domain to detector X’s output is Gaussian,

with F VL(f)] =0 and

7 %71 S \\ f

[y ] = 2= sy )
If we want to talk about breaking the data up into intervals of
duration 7" labelled by I before Fourier transforming, this becomes

TX [ pnN+1Y _ XY SgW(f) /
By (0] =5 (D2 s - 1) 22)
Note that for an isotropic background, the overlap reduction func-
tion does not change with time and therefore no additional I sub-

script is needed on yXY (f).

2Also TAMA, depending on when you define the era. Resonant bar detec-
tors can also be added to the picture, and were.

3See e.g., B. Allen and J. D. Romano PRD 59, 102001 (1999) or J. T. Whe-
lan CQG 23, 1181 (2006).
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Figure 1: Plots of the isotropic overlap reduction function 4~ ( f)
for pairs of detectors among LIGO Hanford (H1), LIGO Livingston
(L1) and Virgo. The overlap reduction function tends to oscillate
and decrease in amplitude with increasing frequency, as correla-
tions and anti-correlations of waves from different directions can-

cel. See Cella et al, CQG, 24, S639 (2007) for more discussion.



If we assume that the data Z¥ (f) consist of this signal plus
instrumental noise n7 (f) which is assumed to be zero-mean, inde-
pendent between detectors and Gaussian with a one-sided power

spectrum S (f), the detector output will also be Gaussian, with
E[Z7(f)] =0, and

_ B SXY
e E @) o s @)
with
SEV(f) =6 ST+ () Sew(S) (2.4)
We’d like to construct a likelihood ratio ExI”H ) between a model

consisting of a stochastic signal plus noise to one with just Gaus-
sian noise. For a given spectrum Sy (f), our assumptions tell us

Fy
P(z|Hs, Sew(f))) o< exp (—2/0 df ZZZ £ Srxy(f) x?(f))
(2.5)

where S; xy (f) is the matrix inverse of SXY (f). If the spectrum
in each detector is dominated by the noise, i.e., Sgy(f) < S7(f),
we can use

)) SI(f) (26)

to approximate

1 1 xy V() Sewlf) 1
Stxv(N) ™ = |07 —
(= e ( VIS (f)) D o
oxXY Y (f)Sew(f)

G EEENGET

In this approximation the logarithm of the likelihood ratio is

P(x|[Hs, Sgw(f fNy Sew(f) ~x/ pys =
i S ~2ZZZ/ e a3 (0
(2.8)
We might want to consider a whole bunch of signal hypotheses
with different spectra Sgw(f), but for simplicity we know the shape
of the spectrum so that Sgw(f) = SrS(f) where S(f) is some
known function over the frequencies of interest (e.g., constant or

proportional to 73, the latter corresponding to constant Qg (f)).
Then

Plaft.. 52 M TN ey
In P(eH,) NQSRZZZ/ ST(/) 1 () zp(f)
(2.9)

2.2 Cross-Correlation Statistic

The standard stochastic background search doesn’t quite use this
as a detection statistic, though. That’s because the log likelihood
ratio includes terms with X = Y. These autocorrelation terms
represent the contribution of the stochastic GW background to
the power in each detector. While including them would make
the search more sensitive if all of the assumptions that went into
constructing were true, it relies on the assumption that the
instrumental noise in each detector is Gaussian. Rather than try to
construct a more sophisticated statistic involving a more realistic
noise hypothesis, in practice we just leave out those autocorrelation
terms and construct a cross-correlation statistic

Y= Z ZZyIXY (2.10)

X>Y Y
with

o [P S ey
Vixy = 2/0 df SYHST() T (f) 27 (f) (2.11)



The analysis method then constructs the posterior pdf for the
stochastic background strength Sk according to Bayes’s theorem

(Y|Sr)P(Sr)
P(Y)

P(SpIY) = & (2.12)

where the prior P(Sg) is taken to be uniform for 0 < Sg < Sphax,
with Spax large enough not to influence the constrélction, and the
rllormalization ﬁ calculated by requiring that [ P(Sg|Y) =

Rather than worry about the actual distribution P(Y|Sg), we
use the fact that ) is a sum of contributions from many times and
frequencies to invoke the central limit theorem, and approximate it
as Gaussian, so we just need its mean and variance. We calculate
the mean using

o [ DS ey
EDral=2 [ i e S EE O (0] 219

This seems like a bit of a problem, because taking ([2.3) literally

(and recalling X # Y would seem to indicate

0 F ) =0 = ) (21

which is infinite. But a careful treatment notes that since 7 (f)
is not literally a continuous Fourier transform, only a finite-time
approximation of one, we really should have put in the finite-time
approximation of the dirac delta, and we should replace §(0) with
the time baseline for the Fourier transform, % =T. Thus
YY(HS)

St (f)ST(f)

The calculation of the variance is simpler if we assume as usual

EVixv] = T Sn / ™ ! (2.15)

that Sgw(f) < ST (f), leaving us with only

Iy XY 2
B0~ [ (Teghed) sEst o)

Cr [ IS
0 SFE(F)ST (1)
where we have used the fact that
e [ # e ) # )] = s - 5 s - )
(2.17)
The mean and variance of the statistic ) are thus
E[Y]= Sk ED*]=1I (2.18)
e Mo S
B Ny ,YXY 2
SPDHRFELE

I X>Y Y
This integral encapsulates the sensitivity of the search, since

POISK) = o e (-gw) (2.20)

and the posterior becomes

e—I(SR—)i/I)2/2

P(SelY) = [ dSy e H(Sh=Y/D?/2

(2.21)

2.3 Exercise: Relation to standard formulas

This is not actually the way things are usually written; instead one
normalizes a statistic SIXY = ./\nyijy so that F [(c:[Xy] = SR
and E [;xy]* = 025y and then constructs an optimal estimator

£ = D1 ZX>Y >y U]_)?YgIXY
D1 2xsy 2y Trxy

Show that & = Y/Z, so that the two prescriptions are equivalent.

(2.22)



