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Abstract. Current searches for gravitational waves employ laser interferometers
with arm lengths of several kilometers such as LIGO and VIRGO. Calculations
of the response of these detectors to gravitational waves is usually done by direct
integration of the metric perturbations along the unperturbed photon trajectory.
Although such a simplified approach is widely accepted, it is not clear if it leads to
the correct answer. In a rigorous approach, one would derive the detector response
by solving the equation for null geodesics with appropriate boundary conditions.
Such a derivation is given in this paper. We show that the symmetries of a plane
gravitational wave allow exact solution of the equation for a null geodesic. Based
on this solution we then calculate the round-trip time for a photon propagating
in the field of a plane gravitational wave, and show that the result agrees with
that of the simplified approach.

PACS numbers: 04.80.Nn, 07.05.Kf, 95.55.Ym

1. Introduction

Searches for gravitational waves with km-scale laser interferometric detectors such as
LIGO [1] and VIRGO [2] require accurate knowledge of the detector response also
known as antenna patterns [3]. Frequency dependence of the antenna patterns have
been known for a while [4, 5, 6] and recently acquired a renewed interest in connection
with two efforts. On the one hand, the frequency dependence noticeably affects the
parameter estimation of the gravitational wave in the low-frequency range (1-2 kHz)
[7, 8]. On the other hand, the dynamic response of the Fabry-Perot arm cavities
allows searches for gravitational waves at the free spectral range (37.5 kHz) [9]. The
interest in the high-frequency antenna patterns [9], [10], led to the development of
several efforts to analyze the data at the free-spectral-range of the LIGO arm cavities
(37.5 kHz) [11, 12, 13]. Analysis of the frequency dependence of the antenna patterns
in these efforts was based on analytical models previously described in [14, 15, 16].
In all these calculations one tacitly assumes that the photon trajectory is a straight
line and ignores possible corrections due to the deviations from the straight line which
may contribute to the final result [16]. However, such an overly simplified treatment
is unnecessary. In this paper we show that one can solve exactly the equation for
null geodesic and thus obtain the full information about the photon trajectory in the
field of the plane gravitational wave. One can then derive the frequency dependent
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antenna patterns directly from the equation for null geodesic. Curiously, the result
agrees with that of the simplified approach.

Consider a spacetime with a plane-fronted gravitational wave propagating in a
flat background. Denote the spacetime coordinates by xµ where µ = 0, 1, 2, 3 and
x0 = ct ≡ τ . The linearized gravitational waves are described in general relativity by
a symmetric second rank tensor: hµν(x), which depends on the coordinate system, or
gauge choice. In the transverse traceless gauge, it takes a particularly simple form:

hµν =









0
h+ h×

h× −h+

0









, (1)

where h+ and h× are functions of τ + z only. The metric of spacetime with the
gravitational wave is therefore

gµν = ηµν + hµν , (2)

where ηµν = diag{−1, 1, 1, 1} is the background Minkowskii metric. Here we assumed
that the gravitational wave is propagating in the negative z direction and its principle
axes of polarization match the x and y directions.

2. Doppler tracking formula

Simplified calculations of the photon propagation time in the transverse traceless gauge
are now well-known. Originally developed for Doppler tracking of remote spacecraft
[17], such calculations have routinely been used for LISA gravitational wave detector.
The standard approach is to find the photon propagation time directly from the null
condition [18, 19, 20] and more recently in [7]. Here we briefly remind the reader of
the how the simplified calculations proceed, following the recent derivation in [8].

The interval for a photon propagating in spacetime with a gravitational wave is

ds2 = −c2dt2 + (δij + hij)dxidxj = 0, (3)

where hij = hij(t, ~x). Consider a photon launched in the direction â to be bounced
back by a mirror some distance L away. On the way forward, the unperturbed photon
trajectory is xi = aiξ, where ξ ∈ [0, L]. Substituting this trajectory in (3) and solving
for t, we obtain

c(t − t0) =

∫ ξ

0

(

1 + hij aiaj
)1/2

dξ′. (4)

Let T be the nominal (unperturbed) photon transit time: T ≡ L/c. In the
presence of a gravitational wave, the transit time will slightly deviate from its nominal
value giving rise to a small perturbation:

δT (t) =
1

2c
aiaj

∫ L

0

hij

(

t0 +
ξ

c
+

n̂ · â

c
ξ

)

dξ, (5)

where t0 is the starting time for the photon propagation which can be approximated
by t0 = t − T . Similarly, on the way back,

δT ′(t) =
1

2c
aiaj

∫ L

0

hij

(

t0 +
L − ξ

c
+

n̂ · â

c
ξ

)

dξ, (6)
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where t0 can also be approximated by t0 = t−T . By combining (5) and (6), we obtain
the perturbation of the round-trip time:

δTr.t.(t) = δT (t − T ) + δT ′(t). (7)

It is convenient to write this result in terms of transfer functions:

δT̃r.t.(f)

T
= aiaj D(â, f) h̃ij(f), (8)

where we introduced the transfer function

D(â, f) =
e−i2πfT

2

[

eiπfT+sinc (πfT−) + e−iπfT
−sinc (πfT+)

]

, (9)

with short-hand notation: T± ≡ T (1 ± â · n̂).
The main problem with the above approach is that the linear corrections from

the deviations of the photon trajectory from the straight line are neglected [16].
Consequently, it is not clear if the answer for D(â, f) is correct. Note that such
corrections cannot be added within the above approach. Instead, one has to obtain full
information about the photon trajectory which can only be done within the framework
of the null geodesics.

3. Equation for null geodesics

It will be convenient to introduce two auxiliary variables:

u = τ + z, (10)

v = τ − z. (11)

In these coordinates the fundamental form is

ds2 = −du dv + dx2 + dy2 + h+(u)(dx2 − dy2) + 2h×(u) dx dy. (12)

Propagation of light in this spacetime is described by a null geodesic xµ(σ), where
σ is affine parameter along the curve. The tangent vector to this curve is

pµ =
dxµ

dσ
and pµ = gµν pν . (13)

For null geodesics,

pµpµ = 0. (14)

In the explicit form, the covariant components are given by

pv = −
1

2

du

dσ
. (15)

px = [1 + h+(u)]
dx

dσ
+ h×(u)

dy

dσ
, (16)

py = [1 − h+(u)]
dy

dσ
+ h×(u)

dx

dσ
, (17)

pu = −
1

2

dv

dσ
. (18)

Consider the equation for null geodesic. Written in terms of the covariant components
of the tangent vector, it takes the form:

dpα

dσ
=

1

2
gµν,α pµpν . (19)
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Since the metric does not depend on x, y, and v coordinates, we immediately find
three first integrals:

pv = pv0, (20)

px = px0, (21)

py = py0. (22)

The fourth equation is

dpu

dσ
=

1

2
h′

+(u)
(

p2
x − p2

y

)

+ h′

×(u) pxpy. (23)

Its solution can be obtained directly from the normalization condition (14), and yields
pu as a function of u:

pu(u) =
1

4pv0

[

p2
x0 + p2

y0 − h+(u)(p2
x0 − p2

y0) − 2h×(u) px0py0

]

. (24)

Note that pv0 cannot be zero, which guarantees that pu is well defined. Thus we
obtained all four first integrals for the equation of null geodesic.

Second integration can be done as follows. Equation (20) together with the
definition for pv in (15) can be integrated and yields

u(σ) = u0 − 2pv0σ, (25)

where u0 is the initial value for this coordinate. This fully defines hi along the geodesic,
which can then be used for integration of other equations.

Consider x and y coordinates, (21) and (22). Together with the definitions (16)
and (17), these equations lead to the solution for x:

x(σ) = x0 + px0σ[1 − g+(σ)] − py0σ g×(σ), (26)

y(σ) = y0 + py0σ[1 + g+(σ)] − px0σ g×(σ), (27)

where x0 and y0 are the initial values for these coordinates. Here we introduced
compact notations for integrals along the null geodesic:

gi(σ) =
1

σ

∫ σ

0

hi[u(σ′)]dσ′. (28)

Finally, the solution for v is

v(σ) = v0 − 2

∫ σ

0

pu[u(σ′)] dσ′. (29)

where v0 is the initial value for this coordinate.
We have thus derived a general solution for the equation for null geodesic in

spacetime with plane gravitational wave. The constants of integration: px0, py0, pv0

and u0, x0, y0, v0 are completely arbitrary at this point.

4. Solution of the boundary value problem

Propagation of a photon between two known locations can be viewed as a boundary-
value problem. Consider a null geodesic which has fixed boundaries: points P and Q
in space but not time. The goal is to calculate the time of travel between these two
points. In time-dependent geometry the answer will be a function of time, it can be
either the time of the beginning of the trip or the time of its end. If the measurement
is continuous, the preference is given to the end time as this corresponds to the time
of the detection.
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Figure 1. Null geodesic PQ.

The boundary-value problem can be solved as follows. Assume that the null
geodesic originates at P = (0, 0, 0) and ends at Q = (x, y, z). The end time t will
viewed as arbirtrary, whereas the beginning time t0 will be a function of t. Then the
equation for null geodesic can be written as

u = u0 − 2pv0σ, (30)

x = px0 σ (1 − g+) − py0 σ g×, (31)

y = py0 σ (1 + g+) − px0 σ g×, (32)

v = v0 −
σ

2pv0

[

p2
x0(1 − g+) + p2

y0(1 + g+) − 2 px0py0 g×
]

. (33)

In these equations

u0 = v0 = τ0. (34)

The solution of the boundary-value problem goes as follows. First we find the
momentum components as functions of the end point on the geodesic:

pv0 =
u − τ0

2σ
, (35)

px0 = (1 + g+)
x

σ
+ g×

y

σ
, (36)

py0 = (1 − g+)
y

σ
+ g×

x

σ
. (37)

Substituting Eqs.(36)(37) to Eq.(33), we obtain:

v = τ0 −
1

2pv0σ

[

x2(1 + g+) + y2(1 − g+) + 2xyg×
]

. (38)

Next replacing pv0 from Eq.(35), we obtain:

(τ − τ0)
2 = r2 + (x2 − y2)g+ + 2xyg×, (39)

where r is the Euclidean distance

r =
√

x2 + y2 + z2. (40)

To first order in h the solution is

τ − τ0 = r +
1

2r

[

(x2 − y2)g+ + 2xyg×
]

. (41)

The left hand side of this equation is the propagation time for a photon traveling along
the null geodesic connecting the two points P and Q.
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For dimensional reasons it is convenient to rewrite the previous result in the form:

τ − τ0 = r +
r

2

[

(n2
x − n2

y)g+ + 2nxnyg×
]

, (42)

where we introduced ni, the unit vector pointing to the end point from the origin.
This can only be done in Euclidean sense. To avoid geometrical difficulties with such
definitions we simply set

n ≡ (x/r, y/r, z/r). (43)

5. The round-trip propagation time

5.1. Forward trip

We can now apply these formulas to calculate the round-trip time. First consider the
forward propagation of the photon. As we have seen, the propagation time in this
case is

T1(t) = T +
1

2
T

[

(n2
x − n2

y)A+(t) + 2nxnyA×(t)
]

, (44)

where we introduced a special notation: Ai for g-factors in the forward trip, and
explicitly indicated that they are functions of time. Next we will explicitly show what
this functional dependence is. First, we change the variables from σ to u and write

Ai =
1

u − u0

∫ u

u0

hi(u
′) du′. (45)

Since Ai is of order h, we can replace u with its unperturbed value,

u = τ + z ≈ τ0 + r + z. (46)

Therefore,

Ai =
1

z + r

∫ τ0+r+z

τ0

hi(u
′) du′. (47)

It is important that we change u in both upper limit of integration and the
multiplicative factor to maintain the expression finite in the limit: u → u0. We
have thus obtained Ai as a function of the starting time τ0. We then switch from the
beginning time τ0 to the end time τ :

Ai(τ) =
1

z + r

∫ z+r

0

hi(τ − r + β) dβ. (48)

5.2. Return trip

Similar calculations can be done for the return trip. In this case we start at the point
with coordinates x, y, z and end at the origin. The answer is

T2(t) = T +
1

2
T

[

(n2
x − n2

y)B+(t) + 2nxnyB×(t)
]

, (49)

where

Bi(τ) =
1

r − z

∫ r−z

0

hi(τ − r + z + β) dβ. (50)
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5.3. Round trip

The round-trip time is

Tr.t.(t) = T2(t) + T1[t − T2(t)]. (51)

Within the first order approximation we can replace the argument of the second term
in the right hand side with t − T . The result is

Tr.t.(t) ≈ T2(t) + T1(t − T ). (52)

It is convenient to separate the (unperturbed) dominant part of the round-trip time
and the small variation due to the gravitational wave:

Tr.t.(t) ≡ 2T + δTr.t.(t). (53)

Then the change in the round-trip time is given by

δTr.t.(t) =
1

2
T

[

(n2
x − n2

y)C+(t) + 2nxnyC×(t)
]

. (54)

where

Ci(t) = Ai(t − T ) + Bi(t). (55)

Or explicitly

Ci(t) =
1

r + z

∫ r+z

0

hi(τ − T − r + α) dα +

1

r − z

∫ r−z

0

hi(τ − r + z + α) dα. (56)

It is customary to represent the result as a transfer function in the Laplace
domain. Laplace transform of hi(t) is given by

h̃i(s) =

∞
∫

0

e−st hi(t) dt. (57)

Then the formula for the round-trip propagation time is

δT̃r.t.(s) =
1

2
TG(s)

[

(n2
x − n2

y)h̃+(s) + 2nxnyh̃×(s)
]

, (58)

where

G̃(s) =
1

sT

[

1 − e−(1−nz)sT

1 − nz
− e−2sT 1 − e(1+nz)sT

1 + nz

]

. (59)

The equivalence with the Fouirier domain is estabished by substitution: s = 2πif .
With this substitution, G(s) is equivalent to D(f) in Eq.(9).

6. Conclusion

We derived the round-trip time for a photon propagating in a gravitational-wave
background from the equation for null geodesics. For fixed point boundary-value
problem the solution for the photon round trip coinsides with the well-known Doppler-
tracking formula. This calculations confirm that the recent estimate of the frequency
corrections to the antenna patterns in [8] are valid even in the strict general-relativistic
sense.
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