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GEO 600 . rationale

I 600m baseline, low cost, high
performance system

a planned sensitivity close to that@f
first stage LIGO or VIRGO abore a
few hundred Hertz

a construction on a timescale
equivalent to that of the longer
detectors

I can participate in coincidenre
experiments with LIGO and VIRGO

a can undertake meaningful stand-
alone pulsar searches

a will allow development of advanced
i nterferometric tech n iq ues



GEO 600 collaboration

I Garching (30m prototype)
o power recycling

r signal recycling

o auto-alignment

a Glasgow (10m prototype)
o seismic isolation

o monolithic pendulum suspensions

o computer control

O Hannover (600m detector)
o buildings

o vacuum system

o laser system

a Cardaff lPotsdam
o data acquisition
o data analysis



I nterferometer outline
It

t The main detector is a recycbdr
Michelson interferometer wfitlhr :

o 600m arm length

o power recycling with a factor of

1 500

o signal recycling tunable in

bandwidth and centre frequerrcy

o external modulation for signal

recovery
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GEO 600 specifications - 1

t Arms
o 2 x 600m, bearing NNW and Eh,lE, ne€il?

Ruthe, close to Hannover

a Laser system

o Nd:YAG, diode-pumped, 1064nm,

master/slave system with injection lock

o frequency and intensity stabilised

o twin mode-cleaner cavities

t Optics

o 25cm diameter, 1Scm thick OH--free fused'

silica, absorption < lPPn/cm

a Mirrors
o ionsputtered, absorption loss < lppr'r+/cm



GEO 600 $pecifications , 2

i Seismic isolation / suspension

o Z-layer stacks plus 2 vertical sprirgs

o double pendulums with reaction fiIasses

where required

o lower stage monolithic fused silica

l Vacuum
o 60cm diameter pipes

o 5 x 10-B mbar for Hydrogen, 5 x tO-e r,rabar

for other gases

o hydrocarbon-free
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GEO 600 specifications , 3

O Power recycling

o up to 10kW of circulating po\A,er

f Signal recycling

o up to 1000-fold signal power enhancement

o tunability from 50Hz to 1500H2, with

bandwidth from 5Hz to 500H2

I Sensitivity

o depending on chosen bandwidth

h - 2 x10 -22 I Hz-1t2 to

h - 3 x 10 -23 | Hz-1t2
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Timetable

.1966
o vacuum sYstem

r 1997

o mode-cleaners, laser bench

o 1998

oinvestigationswithal200mlong
cavitY formed from single arm

o 1999

o 600m Michelson interferoneter

.2000
o fi1al oPtics

DATA TAKING





Construction
Update

TIIIII

LIGO
IIIIII

Barry Barish
GWDAW Workshop

MIT
- Dec 5-7, 1996
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hr*, Noise Envelopes for Initial LIGO
and Advanced Subsystems/Detectors
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LIGO Pfans

o Main Activity
1996 Construction Underway

-mostly civil

1997 Facility Construction
-vacuum system

1998 lntederometer Construction
-cornplete facilities

1999 Constructlon Complete
-interferometers in vacuum

2000 Commission Detectors

-first light; testing

2001 Engineering Tests
-sensitivity; engineering run

2002 Initial LIGO Detector Run

h - 1s21

LrG-O-@60108-0G'M



Civil Construction

.r WA site
completed rinish grade and slip form of slab
completed service road and distributed electric power

, along arms

completed precast approx 1500 BT enclosure
segments

demo' d installation technique

completed final design and initiated construction of
WA bldgs

awarded BT enclosure installation contract

(

G960222-00-t7
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LA Civil Construction Status
Otto Matherny, Fred Asiri

. Bids opened for slabs, enclosures, roads, buildings
apparent low bidders within budget.

, . Rough grading:
It rains a lot in LA
approximately 150 days lost to weather delay
arms at full height, since July

installation

c960222-00-F
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LIGO Facilities
Beam Tube Enctosure

Figure 2.1-1 - Cross Section of Design Baseline at
Hanford
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R&DSubs$stems
i

Advanced

Noise: Sapphire
for Higher Power

ouble Pendulum Suspension l

educed Thermal Noise L

educed Internal Test Mass Thermal
igher Laser Power and Core Oftics
creased Mass (Sapphire) 
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What We P opose

subsystems
LIGO interferom-

eters

A program of research to define i."* advanced detectors

A five year program in each thrupt

I > Some areas of research will enable implementation proposals

>> Sometresearch areas will not be compfeted and will become part of a

following R&D proposal 
r

A program based upbn the bencfrmark gravitational wave
sources, but intended to be flexible if the course of physics
research dictates a different evofution of LIGO capabilities

i

i

I

LIGO-G060200-00-M
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LIGO
Future Expansion

\

NEW LARGE ITEM
ACCESS AIRLOCK

NEW MECHANCIAL

NEW LVEA

NEW VACUUM
EOU I PMENT

EXISTING

EXISTiNG
EOU I PMENT

LVEA

VACUUM

EXISTING LARGE
ITEM ACCESS AIRLOCK

EXISTING MECHANIqAL

LIGO€960108-00-M
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l) ?-{anfcrd-Livlngst*n link perrnits rea!-titx* cr*ss-
correlations anlonE insiruments

)) Caltech-MlTlink provides high .spe"ed li*k to ciata

archives; *ata tap*s tc be aichived at universiiy'

)) $ite-Universi?y iinks pr*vides sii* sci*ntlfic sta'ff access ts
archived data

) > University gateways prcvlde broader accsss tc databas*

; ) tata tap*s transporied to lj*iversity repasitory
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Data Analysis for Initial LIGO
o n-t i ne P rocest'59,?Billil1;,ins Resou rces &

Redundant systems at LA & WA Observatories

Support for 1x, 2x,3x operations independently
) > Diagnostics -- especially during commissioning

)) 2xl3x operations between sites feasible with reduced
datastreams

- TransienUburst signals (AT . 1s) -- GW + superveto/QA

- Inspiral & coalescence waveforms (10s<AT < 1000s)
-- events

System configuration (target: MNS>0.3 Mrr*)
) ) Volatile data storage for 3 hours of data + 3 hours of

is (FIFO) tor 2lFOs (WA) @ 100% data stream;

) ) Template storage for:300 GB

)) 2-50 GFLOP CPU system -- intrinsically parallef
computational requirements:

- Parallel processor(s) -- monolithic/efficient/more expensive

- Workstation cluster -- versatile/less efficient/less expensive

- Specialized (DSP) system -- /ess versatile/effidient/least
exp e ns ive/u p g rad e d ifficu ft

trFl
tlumilarz/Pte*rnabrgltsF

7

_R€vi€wgtlsF-96-'t 0/NSFR6rler96l @9 1 4.ffi
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DataiAnalysis for Initial LIGO
On-line'Processing Computing Resources &

Distribution

. System configuration (cont.)

) > Site-to-site communication link to provide 2x and 3x real-
time cross-correlation

- Selected (pre-processed) data subsets (GW + super-veto;
event lists)

r y" way: WA->LA & LA->WA

Gan support independent algorithrns i

- T1: 0.2 MB/s is barely sufficient for GW WA->LA

- T3 (6 MB/s) or ATM (20 MB/s) will be available by time
needed

L|GO€96021l-OrEtlnFl
itorenaz/P'€*r*aOomlWsF
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*lstr$ba-ati*n
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fiATA
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TEMPL,4TES
3SS GB
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ilS& WAN {T3 @ 6 S*8Js cr ATM}
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Data Analysls for lnltial LIGO
off-tine Procest,$9,?Blig,ins Resources &

o Single system at a LIGO Laboratory University*
. Supports analyses either not feasible or not

required on-line.
) > Stochastic background

) ) Pulsar searches (directed/partial sky)

)) Inspiral with combined lFOs (vector data for max. SNR)

) ) Research on algorithm development & signal processing

) ) Refined analyses
) ) Novel searches

,-- . Provides/manlpuJales dataarchi\te.
. Data access via WAN to other LIGO sites and

usgrs.
o Utilizes and is designed around existinE

University resou rces for maintenance,
availability, communications & support.

FFI
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Data Analysis for lnitial LIGO
off-t i ne P rocest'$p.r?Sllilt;,i ns Resou rces &

. System configuration (target: max. capability for
multiple users)

) ) Large data archive
( - 500 TB_/y1 =>. 10k tapes/yr @ 50 GB/tape =>
$o.svtlyr @' $SO/tape) ' 3

) > Robotic tape access -- size TBD

) ) Disc cache system capable of storing a50GB of data

: '-TT::lJ::f#iil *"oir',,*"'.d to not require
ancillary channels)

) > Processors for computationally intense analyses
f 100+ GFLOPS)

Support multiple, independent analyses (4 - 6)

: ;ilfl:",:ffi n::':? 
" : ::i|Jxr:;:;:#:::::;:**

- Distinctions will fade with time

) > High bandwidth communication to other LIGO sites &
toiiabo rating institutions

T3 (6 MB/s) or ATM (20 MB/s)
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LIGO tbta Streum 
"nFrame Design

E

d Data

0.1S ttB/s
for 3 tFOs

GW Signal

Channet 1

Channel 2

Channet 3

GpS Time
- Cafibration,

_tJf
-lol
q= ls'-

F/F

J
mt

oS-
dct3=E=
oo3
.D

' Frame is (structured) seff-contained snapshotof data for a period 6r tim" '
- GW channel & ancillary f FO channels- Environmentaf rnonitoring (veto) channels- FacilitiesA/acuum nealth & status

@
,?D'|ailazz,l+€s€ntauorrs 

.JSF
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LIGO PhYsics Analysis

First PhYsics Run (-2002)

Enhancements
>) Advanced R&D to reach h - 10-22

)> implemented trom 2OO2 over 5-10 years

Physics runs interleaved

o Advanced Detectors

o develop analYsis tools, etc

o access to data thru collaboration only

o somedaY??
[-GO-G9601€-O@tl



Project Director

Yoshihide KOZAI

National Astronornical 
Observatory (NAO)
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I

Otr" 
"*" on.line system of TAlrtA

-____
signals frorn the interferornet"fu

High sarnpling-rare signals 
I. rnain interf"o^**-

; ;";i .'1lffilffi;fr;' #k:{T: cav itverror signa,, erco 20 w: "r5rr4ru ror GW detecdion

o .* urrllrflffirare sampring

tate the amounl l-

Low sampling-rate 
signars 

--- !"v q'r'ull[ of total data)

' environments 
as vacuum st 

, I

. lli::r eremenrs, suspenr,"lT.,l"ll*rr:,
' distributed atong.;#:jlstem *i+h srow feedback
o rnany channels 'tometer attnl



r-\^ l- = =-l ^,:r; oi T'A*1{A 3 0 0
!)C-C L ;JYr

i:'g:: raie dala
-2Q r"f^z sanp*:ng
{-500 kSv-cei sec;

.:i.ai:1 3:Fa: :ron
inf,e:f er':netar
;;;i;. setl,.o con"*:c:s

i ^.-! ra:5
- . tr 'Ja
_-,tJv t-4

a:4LeC Cata

i::cn q1g

t:v*ry'a :etr e?enL3 as

nuc-: as 3?'J a:lowed)

t
1

l

x

-3,

.A

6)

16

f-

I

1.'Mq

:ara base

Sgquglce!
i.gi:bal cent:ol

{tJ
!

e
I}

..1

D
-l

,tr! -+ 
v _ ^r.ncn 1 3

1

*

tii-L:,-e 3nai?si5

r-l' I -*^^llrYTIlt>l/e--

LgliX :rlorksLl:3"1

daia base
.:eu &alz c€
e!:"ji':ct:sen:event buiSder
G:..L a::aJ-Ys:s

€venc.packe:s
-everY'3sec'

^ - ^n. U?-- _tr-7v r v-

0 : 30: ;!:!3
1st leve]
L! 3yVv_

.tE -

' *rr'"atotto*1r 5 :nc::1 : ar
.matcheC i:Lterr::g

raw caca
*-!'-i :;a



.> "J c. \-
 ,. )

(*
!. 

i

vi ft
\!

1 ,$

I 
/+

.E
i-:

\.

i-F & )

le
' 4 d

rT
l-



Y,rfi signais *f T..{S&& on}?ne syeer*

signa!::sna
ch# hind

r'
l
i PItdt

,7i

Net*

i.6**$r'*.-.ii,, 
. : _ ,:,'?...

:.-^.

"/,1-,-3

to emorcs yf ,3**a -s& ksy{{Ts- 
g&gyw_I$.**n



r1/t2/1996

Airns of the on-line slste4l
ot TAMA

on-/ine reeoO-ai
eedback durir - -,"o

' local *;:ioerarion

. r..O'r.i'a-pendulurn

^ , 
. oo..ur" ,.1'etween 

rocar devices 
,' global c;;;;*tendenuy on orhers

a

: example:con^^. i \__r
' reedback r.,r*::: *or,T- o:. 

"lrherrnar ,
o operation 

6."r#l1t^:"r.es (cenrer 
"^:Sunrion

,. (. 
--'.tu'ck 

betwe.," *_ 
-' qrrr tr^: 

"itherrnal exnr

P,s, "r,,""ru;;.$,l;'*' 
/'#i::T:H. 

roorn!

i, 
,, , 

nprej rniria;ffi;Ii* 
o)Dtioot ̂ , $

: exeftple: x-no^.,- I " lo 
"41 "

optical dtl.rnrnr,
[.,^

fthtu2;

A.y R search, I



=ji,t"

','l;





Top support

Bottom plate

Upper X-wires

Upper X-plates

Upper intermediate wires

Intermediateplate

Lower X-wires

-Lower X-plates

Lower intermediate wires

Naive 2D X-Pendulum

Disadvantages

r Inconveniently tall

Many low frequency elastic modes

\r'
$

)I
T
2
a

\
{{
sa
g

U

t
,

t-
t k,.-



TAFIA 3o o

tr caA n+
xo#otJ,v



Va celrurr', desijn

AeH f-.[
Y- ZOm'
A- 2oo rrz

TAN|<

QA'E VALVE

Pu^'rP uE-I. (e+/5)iniJR-APH
|GATE UALLE D/v/5O
tSAr7'tP, To^/ ?UHP 4o4s

as
V- 4m3
1-/O>,+

@
M-n-

rlA*?A
-tI-r
@

UAcuol4 gYsTEtl

&r."7'?+ 4/-<{-n- --a'-s

D4/ 4oo

(q)

(/2)

POHP

leerc
lrue
LRP

U^rrt (/>
VALVES DN ?OO </8>

raol/s < g >
. 2ooo A/*k < g,



:

l*
lErl

lE
-l

1,.
lEl

lE
I

zr:o I rcsosl aso

z

@iEEEI



ri€Haufffig[xeH

r.rotf l[El

Mwff|
ffift
tiltrl* |

Ilrlml

l

irOi \\//: v-/
IN

nRr,/100

I

P- y-yoffiffiB

l-
-,/

\





'f.
 

,a
4.

r

K
m

tr
y?

ffi
#g

sf
fi*

-.
z!

-*
*: |r
y;

-.
lb

i



-I
Y

- 
i

-#
i

l, u
'. 

I

l!i
€t

A ,f, :Q

-{ G
,i

t5
-

-5 ,r n .-
s



1 995 1 996 1997 1998 1 999

inf rastructure

vacuum sYSt

interferomete
install
obs ervatio n

R&D

Time schedule
- thedetector-

of the construction of



project leader
KOZAI

advisory committee

executive committee
chair: TSUBbNO

managing board
project manager: FUJIMOTO

coordinator
KURODA

infrastructure, vacuum & data
OHASHI

zbratlon
isolation

TAKAHASHI

recycling

MORIWAKI

theory
NAKAMURA

infra-
ttructure
TAMAZAKI

organrzer

subgroup
leader

TAMA300 organi ation



Ideas for on-Iine trigger of gravitational r{ave

N.Kand+ ICRR / Univ.tokyo

l.Requirernent for ON-LINE trigger merhod

Fast processing

Clear signature of real signal

-> On-liree .tiigger is not selection of event. It is veto for
feke signal.

. High efficiency

2.for CHIRP wave from binary coalescence of binary stars

^ 
2l.Resampling

n , ,il, "DJ$g(Jimq1g*g$:*WfEgvg9v, thenchirp wave
/ "'. i lii ;'- reformed as sinusoidal.

{l- - d; i ' - .-> Get line spectra when resamplint rate is matdedrl
Ref: Snith S., Pbys.R eV.D,36,290l( 1 9t7)

R.Flaninio etal. LAPP-EXP-93. I 3

.Resampling parameters are:

o mass paranErdr= 1ffi-
o anivd tine qo

. fi*lfregueocyvo

. Power speclra density is not sensitive for a final phase of the cirirp

wave.

.The resampling rate is given as:

a

o
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b = 0 :anival time assumption

:'.-.- ts = {.01 sac
----- ts = 0.01
---ts=0.05

- 
raw chirp wave fonn
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reduce parameteis (Qq-ly k is
pipeline process for time domain signal

r The process is lighter than Matched filtering.

.- The r_ag1p_!ng_.qgqpl_q. O_4y variation of k is l9glltu{ _; 53t- --aonJ rartgr;indn@.

a

o

t{hy?
nreason(l) ;. =0-l248kvm

->i is decide ygfuNrra*#'irortf ! It is not

pararncters of chirp form..

(notc)

dcpend otlrcr

371(1990)

i.= 0.5 x (1+coszp) tr(0 cos 0(r)
l, = cosF fr(r) sin 8{r)

where
hft\ = l.l9 x t0-2tv1r)2'3

d

0(r) = fi - g 2w 6 (l-t lr)t 
t'

v(r) =vo(!-t k\-t''
Ref: S.Bourrcix c al., Phys.I-en.n.t5i,

v#f?
Vo=2

//,

6.{Fr
:

reason(2)
In case of dtfferent vs , howa,er, if k is matcltcd, resonpling
rate will match after t=0. (->SHOW analysis sample!)

Therefore, process time domain signat as pipeline with resampling
variations according to k. No need to prepare for other parameters !

Benefit
o The signanrrc is quite simple.
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Z.2.Matched filtering

r ( no need to expiain...) '

. N th paranrters

o tsvr€q&qg
o Require higlr perfornrance of computing...

o ( require much EtoneY also... )
. Need appropriarc noisc spectmm of interferolneter

difficulty o kecp optirnal condition during long expcrinrcnt P€dod (=

robustness requirc stable operation of interfemnetcr)

3.for BURST from supqrnova explosions

S.l.Wide band stnin mean

o Use h(<o) sPectra in short time

(t,

Take co as wide range

-&*Narrowian & str ain- -
. Use h(ro) spectra in short time

o Choose several narrow freqtrency

b(9)

Lo

{.r
3o

r

.19!'.-
sum of O(coJ) > Threshold

one of h(coJ >firreshold

h(coJ >Threshold, and h(@J >ThresholQ and h(cor)

>Threshold, and.;... | ..^\

resions escaDe from noise'-

I
Cu3 Oft.'.



3.3.Phas sensitive pracess in narrow band

.Requiienent !

. St_co, thermal noise of pendulum or of test'#-

density.

-> ret urve electrical noise d @o

r If therrnal noise is dorrrinanL the noise has a cotrerencc due to
high Q of pendulum or of mass.

<- cB a resofarnt mlss dztector

.Eow to do?

r Extract time-domain signal on w0 with narrow band pass

o Process signal into complex form with reference signal. (as

lock-in amplifier)

o Calculate "phase/amplinrde jump" in complex

Chose optimd At

L/1t) > Threshold

mass internd is

o

a
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VIRGO : resonateurs Fabry-Perot
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I
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- f..^v -1'./
=50

Fabry-Ferot #1

F=50#1 (144 m)

F=1500

#? / ? rm',
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reierence cavity

(30 cm)
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^-AA^f- = Jz,ULlU

Detector
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The 98' Interferorrleter

Fbcycled
lv,lichelson

F= 1 000 (?)

Fts .9 99

L= 6 m

Mode
#7(
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I
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-cleaner
144 m)
tl

1500

A.Briller

U.LE.
reference cavity

(30 cm)

F= 30 000

M-C
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F= 50-



(@)) vl
Construction started , '

Site available,

Central buildings available,

Test intederometer,

End of construction

Remarks planning is

April 1996

Aug'ust 1996

June 1,'997

End 1.998

Mid 20,01
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rgna

Many PD , L6 bit ADC sampted at 100
KHz for high dynamical range ( 10+7)
ADC resampled at 20 KHz, the FB loop
bandwidth. These signals are sent to the
suspension control CPU by means of
DOL.

#ofc
l.ongitudinal photo. s ignals(f, signalsx3)
longitudinal feedback (5 mirrors+laser)
Alignment signai (2x4 quadrant diodes)
Alignment data (Smirrors x 2corrections)

,ltS

l6
l6
r6
r6
16
r6
r6
16
8
8
8

!5
6

l6
l0
2
2
8

6x9
4
4
4

rate
2OWIz
ZOKHz

IKFIz
I KIIz

zOl<LIz
2OI<Ilz

IKFIz
l00Hz

20KFIz
ZOKHz
2OKHz

tascr pqwer&,freq uenqy
Mode cleaner locking (signal + correction)
Mode cleaner alignment
Seismic noise (6 per tower)
Acoustic nois€ (one per building)
elec. nrag. noise (one per building)
Line voltage (one per building)

DATA STORAGE

Raw Data

^" 2 Mbyte/s

Triggered Data

.^-r LO Kbyte/s

1) Rarv data ( 6.10+4 Gbyte/year)possible
storage on DAT (4 Gbyte):
-300 Kbyte/s, 15000 cassettesivear
-cost/cassette lZ ECU,
-Total cost/year 180 KECU
-Total volume/year 1rn3
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Conclusion

@tsirefringence : between,0, and I mrad

@Optical Thickness : better than ?,,150 p.v. on 64 cm2

OWedge : 960+ l-llprad

@'Bubbles : objective, to deteot point dofects
down to 0.1 pm diameter

sqpt 1996
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. Input cavity FP

Olrtput cavity FP

Bearn splitter

Recycling

Substrate. absorption

.MIRRORS

Diam.(forn) Thick.(nm)

350 100

350 100

350 100

350 100

< 2 ppmlcm

. COATINGS

Results obtained by the group of Lyon on, mirrors with 50 mm
in diameter:

Absorption

Scattering

*'"'
. f.-

5lppm
<lppm

The centre of the bandwidth is defined within 10 nm

These values are well within the specification of VIRGO

At LYON the VtrRGO collaboration started the construction of
a 'facility to produce mirrors with a coating of 300 mm in
mirrors of 350 mm in diameter'



LaSer lO W diode pumped i.064 pm Nd:yAG-Laser

Injection locking
master laser (stable) hansfers stability to
slave laser (high power)

nnnffi pump diodes

Frequency stabilisation
Prestabilisation to reference cavity
Main stabilisation to interferometer

Material: ULE
expansion 5.10efc
a = 100 000
Re.sonance > 9 kHz.
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The VIRGO vacuum system

The vacuum tube:

SPECIFICATIONS:
diameter: 1200 mm
length: 2'3000 m
material Stanley steel304
The tube will be entirely welded on the site.

Outgassing rate :3 10-12 [ton lU(cm2 s) ]

RESULTS OBTAINED ON A PROTOTYPE
diameter: 1200 mm
length: 60 m
thickness 5 mm- tube firing in air at 450 C
baking at 150 C
Outgassing rate :5 10-15 ltorr lV(cm2 s) l

ThG pumpingsy$em

SPECIFICATIONS
Final pressure in the tube 1 1(rB mbar
and in the lower part of the towers
Finat pressure in the upper part of the towers 1 1tr6 mbar

REFERETICE SOLUTION:

Vacuum pumping system forthe tube:
1 pumping station each 300 m of 1000 l/s
Oil free system which includes
rotary pump, turbomolecular pump with magnetic bearings and Ti
sublimation pump

Vacuum pumping system for the towers:
For the /ower part of the towers
1 pumping station of 1000 Us

Oilfree system which includes
Turbomolecular pumping group with magnetic bearings

For the upper part of ihe towers
1 pumping station of 2000 /s

Turbomolecular pumping group with magnetic bearings
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Power wires
Coi I wi res
Sense & feedbock wires
Ground wi res

- €lJ -Flo r i=on Lo I Co i l-

CV Verticol Coi I

LH Hor i zonto I LVDT

LV Verticol LVDT

AH Horizontol Accelerometer

AV Verticol Accelerometer

AA Angulor Accelerometer

PV Verticol Piezoelectric

MH Horizontol Motor

MV Verticol Motor

MA Angulor Motor
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His.tory

1982-1989 Feasibility studies in Orsay and Pisa

1989 --> May : Virgo propoqalr--r:-- 
..

I 9 9 0 Validation by CNRS and INFN conrmitte.es

, 
t992 -->March:FinalconceptualDesign

-Costs and planning -estimates validated by
INFN-CNRS joint commiuee

;

--> June : prdect approved by CNRS
--> October : p'roject aPProved by INFN

19 9 4 --> July : CNRS-INFN agreement

Site acquisition by INFN, in Cascina :

Prototype tower in Annecy (vacuum and cleanlineis
tests) 

l

;

NSFoanel-June 1996 A.Brillet
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VIRGO

A laser interlerometer lor the detection ol Gravitational
u@ves

Loation: @x*a (frdl - filattt

Centre National de Recherche Scientifique (CNRS)
France

lN2P3- LAPP, Annecy
EPSCI, Paris

lPN, Lyon

lstituto Nazionale di Fisica Nucleare (INFN)
Italia
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The Data Stream

. Properties of the interferometric detector data

) ) Large dynamic range > 160 db

- servo control and fiitering

- need for "whitening"

tr

-) > Lar-ge frequercyialrge -p> rooo
- mrn

o Characteristics of the noise

- strongly colored

components with different correlation times t"o,

E steady state component - the typical noise curves presented

slowly varying part : time of day, temperature.......

- time domain: rare,large amplitude (non-Gaussian) component

- freq. domain: few, large amplitude (non Rayleigh) components

1 of 4 uoo'cesoooo-oo-M



The Data Stream

o The data recorded
) ) Gravitational wave strain at antisymmetric port

- 16 bit words sampled at 16.4 kHz

- absolute timing accuracy 10 ;rs€c, resolution 1p sec

- calibration accuracy better than 10%

: :::ffi -ff*];:;: :ffi" singre in,.,t",.ometer > so.,.

averaged double coincidence availability > 85 "/"

averaged triple coincidence availability > 75 "/"

) > Ancillary instrument information

laser frequency, amplitude, beam jitter..

- suspension motions, orientation, transverse translations ......

- common and differential mode longitudinal and angular control

2of4 LIGO-Ggs0000-00-M



The Data Stream

) ) Environmental and facility information

- 3 axis seismic motion

- 2 axis tilt

- 3 axis acceleration of chambers

E 3 axis magnetic fields

- radio frequency interference

- power line fluctuations

residual gas fluctuations

3of4 LlGo-G950000-00-M



The Data Stream

o Goals:
) ) Development of reduced data sets

calibrated in standaiO units h(t) or h(f)

instrument signatures removed :

- correlations with environmental parameters removed or vetoed

- size of set to permit meaningful real time analysis \

1of 4 LrGO-G950000-00-M
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Quantization noise

o Dynamic range

' h(f)

ttrJnt) llz

'int

sec

&.^o,

tides
I - 2x10-5

mrcroseismic and seismic 0.1 - 10

pendulum I IU

servo
damped

lxlo-15

wire venical ixto-3 cross couole 16
1x l0' 6xi0-20

wire horizontai 450 lxl0a 1xl0-20

mirror mode i6k 1
I xl0- TxlO-20

inaimum iniual det noise
I xio-23 i50

i xl07 JX IU
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Table 1: Estimated IFO Data Channels and Rates

S.vsren

Number of Channels/SamPle Rate

)Fr- l rr^r+-lt I I

| --- --- | -048 H. | 16381H. I TonI

Sensitive Component SusPension t20 90 60 300

Prestabilized Laser 20 10 ) 8 43

lvlode Cleaner 30 20 l0 20 80

lnjection Optics 20 t5 l0 50

lnterferometer Readout ?0 l5 0 JU 65

Auto Aiignrnent IU 15 0 0 Jf

Total Acquisition Channels[FO ztv 165 fU 128

Total Data Rates (KBYtes/sec/[FO 0.9 84.5 204.8 4194.3 4+8.!.5

Table2-. Estiroated LIGO P-E-\V€sntrsl & Nlonitoring Data Channels and Rate"r

Number of Channels / SamPle Rate

| ,r^ u- | ,no, ,- | ,',o', u- |

| ------ I --.- --- | toto*:1S-vsrem

Au.rillary

Housekeeping

Tocal Channel Counts

Data Rates (KBytesisec)

S-r'srert

Total ChannelCounts

Tonl

2001 l0 | 30 ?lo

300

1.2

50 20 o l37o
300 250 30 l30 loto

128

Nwnher of Cluuutels

e83.0 
|

| --, -.
I Do n:. 2018 H:.1 ro-tst a. I Torul

995 ,tt 2939

Table 3: Estimated Site Data Channels and Rates

Hanford | ;oo
I

Livingston 530 | +rs I so I tss I tts:

Data Rates (I(Bytes/sec) I ;oqr| --'" 860.2 | t+:+l.o
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Kent Blackburn
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LIGO Data Stream and Data
Frame Design {

-a

e3.€9
=out6

o S.)
(Jl

=-E
(t)

Veto - 1

Veto,- 2

Channel 1

Channel 2

Channel 3

:afibratidn

Channel n

GPS Time

o

E
q,

fll -r=l.ff3 |d= |6e 
I-= tI€

- 
t.O -l 0l=-IEd tDoll I(E'3 I

aE I(p9 
|CJ

(p

o Frame is (structured) self-contained snapshot
--ot data for a period of time

, - GW channel & ancillary IFO channels

- Idf*#ftTi*ln':ff:ill],"
subsystems for more efficient veto utilization

fc
/tDnE lazPresqilaf,or|gTalksicilvDdaAnalysi*llTtvng-lrDs

LIGO-G960240-00-E



LIGO-VIRGO DATA FORMAT
Status

. Initial meeting with vlRco in April hosted by
LIGO

)) vlRco format presented,'compared with LlGo needs
)) Attractive (to.LlGo) because of maturity & availability of

existing l/O libraries
) > Tuned for time-series data stream (vs. events or images)

. Alternatives expfored by LIGO
)) Public domain standards : CDF/HDF
)) used for image frame data distribution (NASA)

)) Well suited for eventual data distribution
. Continued interaction with VIRGO

> ) Format evolving under collaborative effort
)) Software availability: cornmited to public domain access

of libraries

-

ilro'tEi]azzlPres*aFon6/falhycltDaf aAnatt:jsil tr Mtg.tms

LIGO-G960240-00-E



LIGO.VIRGO DATA FORMAT

o Frarne nas ffee structllre:. Individual blocks are G structures
_.Extensib|etoarbitrary|engrthwithdesignevo|ution
IgFCFI' Utilized for both on-line & off-line anagEes Lrco€e6o24o-oo-E

/hotrplazzPres€nEtbGffaG/G\+'D6aaAfi a*l^idifl TMgJms

Sfructures filled by
Frame Builder

FRdetector
Detector
orientation

Frame time&duration
. Frame history. Detector geometry

. Trigger data

. Reconstructed data

. Monitor data. Simulation data

*(lstADC)
*(gwADC)
*QaserADC)

Structures filled
by On-line or Off-

line
(post)processing

buffer size
h[ .-

Eigger dara I
*(next algorithm)

trigger data I
*(next algoritnm)

by simulation

Frame has tree structtlre:



o PROPOSED.FORMAT (Adopteil from vf RGo)
)) FRAMF9 (unit of information containing all information

q1 eed-e.d to .u nderstand the .inte rfe rometd r behavio r over afinite time interval)
)) c srRUcruRES (frames are organized as a set of c

structures)
)) FRAME HEADER (holds pointers to additional structures

that contain all information)
)) LINK LISTS (used to collect generic data types, pEM,

ADC, etc.)

LIGO.VI RGO DATA FORMATS

)) HEADER HooKS (pointing to frame elements usenE^L'trrf HL/rJlu (pgtnilng.to trame elements used by
on-Jine processing or byoff-lincrcprocessing) - -

))

))

eN oAtR PolN?s (allowing faster FFT analysis on
individual frames)
DlcrloNARY.(acts as a catalog of c structures and
pointer offsets) -s

l- 
-_- 

t\\\l

f-- I

H
/Mtazz/P eserilal6nsTa*s/Gtirka^naty#i,f tT Mg.trns

LIGO€960240.0GE



LfGO Data Analysis Flow rr
Baseline

Interferomete
Outputs

Physical
Environment

Monitor

CDS Health/
Status

Frarne Builder MASTER DATA
TAPE

. Filter -
Process A

Filter -
Process B

Inspiral
Data

Periodic
Data

Other
Detector

Event Lis

e l'""*i;'-ll
- 

-

2Iri-cY
U

i

Fl *Ijly:^ l l ^Ig_--I @*33t?!t.,

Data Archive
(@Unirrersity)

I Off-line
t t- - tt tt r t t t - - - t - t t t - t t t r.t--t l lzz z z e r \st - -- - t - t t t t.-t tt-- - t t - - - -r r -r- - r r-

r- \!9YNF, Y r-Arll.!
V)
cn

O I processA | | processB | | processG | ...
FV
-A,
-tl'-'!
-tVFIA.
Fl

3FI

A\
-t

F{
V)
xFi

z
Science
Products

Filter -
Process C

Diagnostics
Data

AlonPlatZP rss€r'rf aFor6/falb/GlriHaAr:alSrsisif tTMtg-lrns

LIGO€960240-0CE



Data Analysis for f nitial LIGO
Processlng Computing Resources &

Distribution

PRE.

DETECTOR

CORHELATOR
2.50 GFLOP

DATA
250 GB

TEMPLATES
3OO GB

SITE LAN (ATM @ 20 MB/s

LfGO WAN gtde MB/s or ATM)

/r|o E lazzlPrss€frGations/TaFgcl't'HaAf€ly9s*frrMlg.lm5

LIGO-Ge6024G00-E



Ongoing Activities
Prototyping

o Detector construction phase is developing a
prototype D& system for the 40m facility t

)) Utilize 40m to acquire datasets of substantial length (1/2
day) on a regular basis

) ) Experimental use of ancillary channels for data
qualification

o LIGC co-authored joint proposal for IBM
Sponsored University Research (SUR) Grant
funding - $800k of processor hardware will be
awarded

)) LIGO will partiiipate in hardware configuration definiiion;. to be shared with other campus groups
) ) Hardware to be installed at Center for Advanced

Computing Flesearch (CACR) 1

)) CACR already has similar NSF-funded hardware for
astrophysics data analysis

._Use ongoing work to provide realistic scafing of_ \l

parallel analysis alggrithms for large data sets
i'JI o Establish data link from 40m to CACR

frffi
llpJtaJlaalP t?Ff,.trtFf ttonsTailcs,€ft%aAna$f tdtf tTt ig.tms

LIGO€960240-00-E



Planned Activities
Timeline for Development

.1

Milestone or
Event Date Commuhications Hardware Software

Begrn
Coincidence Operations

7t00 Common

On-Line System
Available

LIIA' Common

=l
3t99-t2t99 €rEI

ET
t ,_

Procurement &
Integration

Et ilrl/9t Specifications

Systern FDR 11t9E
- D€.i* e

Prototyping
F+*"*."

Sy$em PDR tu97 Der*gn &
hotofyFing

System DRR Slyt

tiffi
/lrcrtrE lezzlP@tTlrlg.hs

LIGO€960240-OO-E - -



LIGO Standards

;,

DATA FORMATS

COTS
UNIX

ANSI

LIGO STYLE
(rBD)

MPI

VENDOR
STANDARDS

DATA FORMATSDATA
(e,9., TAPE ARCHIVE, LIGO DAO)

+;-*-=*?.E+?*efT;il

--'{i3$ffi;siri:ul
;;;:..*.ry.,Eis9,1$

;, Software libraries are ptodular,addressing various
analys is f u ncti o ns : arfalysis/visual izati on ; cornputation ;
l/O; 6tc,

) ) Limit the sources of potential platform-dependent
occurrences of softniare routines to low-level
(standardized) drivers

-tffi
norncnazlP@fnngLtrns
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ALLEGRO
A Louisiana Low-temperature Experiment

and Gravitational Radiation Observatory

7

Pickup Coil
(persistent current

4.2Kelvin

DC SQUID
(A:nplifier.
Ib output is
proportional to
the motion of the
mushroom)

Test Force Generator

Secondary Resonator
("Mushroom") and
Transducer

- 10A)
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PADE APPROXIMATION

Let G1r(r) be a Taylor series in r to order 13 :
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BINARY SIGNAL MODELLING

f . no*o'ur, B.R. Iger and, B.S. Sath,yaprakash

GWDAW 6-9 December 1996, MIT, Boston



AMBIGUITY FUNCTION

Let h(t; )6) be a signal with .\p iis parameters and g(t; pn) a template
witlr pp its parameters. (Shapes of. h and g and their parameters,
including their number, il€ assuemed to be in general different.)
Their scalar product (also statistic of wiener filtering)

(h, g)(\, pr) : 4 If i,U; Ar,)0. U i tt*)e-z"ifto
df

s"(f)
c fs is the lag parameter (shift of filter relative to signal)

. f, d.notes the Fourier transform

o ^S"(/) ir.detector noise power speciral density.

AmbiguitE Funct'ion: Absolute value of the scalar product of nor-
malized (i.e.(h,h):1) wave forms ma.ximized over the lag parameter
ro : 

A0r, pk)- *1f |ft, s)l

A(Ar,Lrk) SNR obtained using a template that is not necessarily
matched on to the signal. lVhen template wave forms are not iden-
tical to signal shapes

ry?A{1, Fn#\n.



SIGNAL FAITHFULNESS AND RELIABILITY

o Choos e ,intrins'ic parameters of the signal and the template to

the same.

If 1 - A(\u,.\r) < 3% we have a f ai'thful s'i,gnal model.

r Keeping the signal parameters maximize the ambiguity function

over aII 'intri,nsic template parameters.

If 1 - ma.xpr A < 3% we have a reliable signal model.

As a generaJ-rule

o Every faithful signal model is also a reliable signal model.

o A faithful signal model produces large SNR and low bias.

o A reliable signal model produces large SNR but may not produce

low bias.



BREAKDOWN OF STATIONARY PHASE

APPROXIMATION

Table t, Overlap integrals of a test mass wave form whose Fourier

-transform is elmputed using stationary phase approximation with -
the same wave-form but whose Fourier transform is computed nu-

merical FFT. N-Newionian, Tn-Taylor to order u', X:Exact'

Flux-Energ-y OverlaP

overlap-- (Ht'Hz)

@
(Hr,Hz):4f nrtfln;U)#

N-N 0.987

T4-N 0.986

T5-N 0.982

T6-N 0.980

T7-N 0.980

T8-N 0.977

x-N 0.981

N-T4 0.970

N-T6 0.955

1\{-T8 0.958

N-X 0.932

x-x 0.922



DISCRETE AND STATIONARY PHASE FOURIER
TRANSFORMS

EXACT WAVE FORM-TEST MASS CASE

YO
ts

-1 rt
F

2F
F

r.t 
E

'F
o.s F

F
OE
40

6l

Comparison of SPFT and FFT (Mr:M":10 Mo)

Overlap = 4.922



DISCRETE AND STATIONARY PHASE FOURIER
TRANSFORMS

NEWTOAIIAAI WAVE FORM-TEST MASS CASE

1

3o
q)

E

-1

1rrtHF
\./ LiEL
E oh.W

t,
-1 

F
z.s F

F

zF
F(\rF

o'o HlC ,H'I
o'u 

F
oE
Q

Comparison of SPFT and FFT (Mr=Me=10 Mo)

Overlap:0.987



PHASING FORMULA

Energy balance dE*rf dt - -F, grves phasing of the orbit

a el o c'itE -tim e relationship
+ -tvC v rn/ \: tn\u )

T

Tr(r) : q-3 t s 
Io*" ^ l--'#)

-- uelociiy-tirne i*atio-nship .

O.-0(t) -O,r(u)

@o(r) - l*d,uu3[ ffi]

o urso is a fiducial velocity (e.g. velocity at last stable circular

orb,it, V rrc for a test mass orbiting a black hole.)

I r is the ch,i,rp tr,me and f., @" are arbitrary constants (time a3d

phase at u6o.

o Given a f solve for t, iteratively using Tr(r).

o t;se this u in On(u) to )compute the phasing of the wave.



PADE APPROXIMANTS TO FLUX AND ENERGY
FU NCTIONS

e@):t3t,*,0, R(r) - -E'@)
\ - '/ 5F (u) rta

v̂
@

I\
\1
r\

\r

1

0.8

0.6

0.4

0.2



LOCATION OF LAST STABLE ORBIT

TEST MASS CASE

Table z: In the test mass case Pad6 approximant to the energy function

is exact at order ua and higher.

6rho - 6uiro

Order Taylor CFA

4 1.4475 1

6 1.1705 1

8 1.0783

FINITE MASS CASE

taute g, Values of 6rho for 4 - 0.25 for various orders of Taylor and

Continued Fraction Approximants. The Exact values corresponding

to rc6 - -1, 0, 1 are 1.0695, 1.0126 and 0.9518, respectively' Note

that the Pad6 approximants capture the Lso better than Taylor

approximants in all cases.

Order Ks Taylor CEA

4 1.5348 1.1916

6 1.2040 0.9575

8 -1 f .i206 1.0341

8 0 1.0997 0.9995

8 1 1.0811 0.9511



OVERLAP INTEGRALS OF APPROXIMATE WAVE
FORMS WITH EXACT WAVE FORM

TEST MASS CASE

Table a' N:Ne'vrtonian; T" Taylor approximation of order n and Pn

Pade approximation of order n.

Mt: Mz: tAMo
FLUX ENERGY Overlap

0.446

0.997

4.747

0.983

1.000

a.977

P4

P5

P6

P7

P8

0.966

0.995

0.993

0.996

1.000

'tt

X
X
X
X

t-f1 A11

T5
T6
T7
T8

X
X
X
X
X



OVERLAP INTEGRALS OF APPROXIMATE WAVE

FORMS WITH EXACT WAVE FORM

TEST MASS CASE

Table s, N:Newtonian; T, Taylor approximation of order n and P'
Pade approximation of order n.

Mt - Mz: LjMo ,

FLUX EI{ERGY Overlap

X
--__-v---

-/\

X

0.442

X
X
X

T4
T6
T8
P4

P6

0.773

0.934

0.984

1.000

1.000

T4
T5
T6

T4
T4
T6

0.820

0.555

0.982

0.934

0.955

T6
T8

T7
T8





Threshold Levels for
Stochastic Background

Searches

(i) data analysis strategy

(ii) threshold criterion

., (iii) implications for observation times



Data Analysis Strategy

(i) correlate the outputs of two detectors

I

(ii) assume noise statistically independent

n :=.d,1d2 - (h * n)(hz * ,z)

p :: (") - (hthzl

o2 ,: (*') - (*)2 = fu?)fu3)

(iii) make repeated correlation measurements

frL, fi2, , en (n 2106)



- 
t-a

Th reshold Criterion

t-p
E/'fr

Ratio

a/2

z

(-1 - e)-*1 Aga/o eonfidence-

i - zo/Z 
G1 tt, <E * zo/z

p . LOOo/o relative error

Maximurn Error: z sa/2G<Pr

r
s

S/N ,fr'



Observation Times

^ft,Y>1+slJ

(i) Signal Detection: (0 :1)

alp
Initial LIGO, (2e : 3 x 10-6 ,

gOoA confidence + 2 months ,

(ii) Parameter Estimation: (0 < B < 1)

(L-p)n<rt1(1 +B) r
Initial LIGO, Qo : 3 x 10-6,

9oo/o confidence, LCo/o relative error

+ 300 months
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Example tilings: 64 pts, Sine + Impulse
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ABSTRACT

We introduce a general framework for computing the continuous wavelet transform (CWD. Included in this framework is

an FFT implementation as well as fast algorithms which achieve O(l)complexify per wavelet coefficient. The general

approach that we present allows a straight forward comparison among a large variety of implementations. In our

frarnework, computation of the CWT is viewed as convolving the input signal with wavelet templates that are the oblique

projection of the ideal wavelets into one subspace ofthogonal to a second subspace. We present this idea and discuss and

compare particular implementations.

Keywords: wavelet, continuous wavelet transform, fast algorithms, oblique projection.

1. INTRODUCTION

The continuous wavelet Eansform (CWT) is an often used tool in the analysis of non-stationary and fractal signals

(e.g. EEG)I8, 16l. The typically long lengh of these sigaals and the large number of scales computed in their analysis

provides a motivation for considering fast algorithms to compute the CWT. In this paper, we present a geueral framework

for computing the CWT. This framework encompasses fast algorithms with comple,xity O(l) Pcr wavelc coefficient as

well as an FFT implemadon Here we define the real CWT of the sigrral s(t) as the inner product .

l

oC= ir t= K z-{

where c and t are respectively the continuously varying scaling and shifting parameters, and the rcal firnction y(t) is the

motherwavelet*.

fn practice,fullg a md t are sampled over the'plaue of valrrs. Fast algorithms exist for computing the

wavelettransformuthedyadicscalesq=2rwhenthewaveletisassociatedwithamulti-resolutionll,3,7,1ll. Inthis

paper, we are interested in a finer sampling of the scale a,ris.

Previous methods for calculating the CWT include an approach which obtained the coefficients at the integer sample

values a = i, t = r, with O(N) number of operations per scale [6]. Another approach which computes the CWT along

arbitrary scales, again with qD complexity per scale, is discussed in [3]. This last method is restricted to Gabor-like

wavelets (i.e., modulared Gaussians). A method which achieved O(N) operations per scale, with no restrictions on the

shape of the wavelet, and with arbitrarily fine exponential sampling along the scale a:ds was introduced in tl7l. This last

method approximated wavele8 at several scales by their orthogonal projetion cnto a sPace defined by acompact scaling

' : To simplifi the notation throughout the paper, we use a definition of the wavelet transform that !s a tinoe-reversed version of the conventional

one.
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Minus mode output filtered with ZOP filter at 1 second
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o Single direction search
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Sirnulatinn

me Kty Tool for Data Aq4!rs!s

Algorithm results are easy to predict when:
- simple algorithm
- stationnary noise

This is not our case!

We need a detailled Simulation program to
exercice, qualify and measure t4e perfoimances

of sofisticate algorithms

The VIRGOTooL SIESTA
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Simulation of Suspended Mirrors
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sersfiuc noNe Numerical resolution of
1D motion equation of

chain of pendula
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Optics Simulatron'rootKlr

* fast quasistatic simulations

* dynamic simulations in the linear domain

* dynamic simulations in the non-linear domain

covity length length
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Fbll interferometer simulation

Sensitivity in b' V^lHfz.)
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Gravitational wave event generator

binary coalescences: up to first post-Newtonian term

pulsars: doppler effect simulation

use routine from Paris "Bureau des Longitudes"

know Earth Position within * 2 km

znn

ltx,rxl

0

-lflm

-zxno

-gxxlo

-{xno

o include amplitude and phase modulation due to Earth

rotation

o typical application: produce long duration formatted

data with pulsar signal and typical VIRGO noise to

develop blind pulsar search algorithms



AmPlitude modulation

Due to the earth rotation h(t) can be written as :

h(t) - A1(t) cos(CIt - dt(t)) + Az\)cos(2C)t - dr(t))

-e0'16eL0.14
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0 5 101520
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coefficients of the a,mplitude modulation and their FFT for

the crab pulsar (c. f. Eric Gourgoulhon [astro-ph1960210fl)
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Phhse modulation

Due to the earth rotation h(t) can be written as :

h(t) - At(t) cos(ot - h$D * Az(t) cos(20t - dz(t))

Ft^EJ
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Phase coefficients for the Crab pulsar



Single direction search

Single search algorithm

Procedure :

o Read data @ 20kHz

. o Frequency shift and mean Doppler correction

o low pass filter

o Sample data 
.gt 

low frequency (- LH z)

:Advantages :

o Can perform long FFT (f.* months to one year) since small

frequency band

25 September 1996 X. Grave



Single direction search

Numerical check

Data Simulation with SIESTA

t
s or5
g, :0.2
€s

" 'f o.rs\.q)
>g o.i

.rSs
0.05

0

Search at various locations (brd direction :) frequency shift)

0.1N2 0.1ffi4 0.1005,
xlo't

shifudfreqw:rcy k Hz

o Pulsar's frequency : 30.01 Hz

r Initial sampling rate : 64 Hz

o Integration time : t2 days

c ho: 0.25

o Doppler effect

o No amplitude- modulation

25 September 1996 X. Grave



Single direction search

Check of losses level

Analytic curve .ll (NTS 95-40) .1J. SIESTA Simulation
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Figure 0.1: Analytical computation : NTS 9S40

Good agreement between analytical and numerical results
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AU SW Search

Investigations:

. Search density

. Number of search directions Vs time

. Hierarchical searches
:

Future: .-

+ Quantitative study with Monte Carlo Data



( z.s I srssor)

(foil auu uogottaul
z"',-01

OI

OI

OI

OI

OT

OI

0t

OT

OT

ruoI

ztol

roI

zs' ls
sGrt
,s
U)
G
srt
(.)
F
*1
G
o
a:
u,

OT



atf)Eo,
7(_ttt
-g

acr}

at
E

53€A
J

=-o

B
llap

strj

(\II

tftco-moE
T

I
.rEtr,

E(]16

E
I

otctfgT
1II
cf

36

E
€ES

JI

rrJI

q-)
E

 
E

 
tf 

a 
O

 
E

l
E

C
]O

E
E

LfjE
tntS

lnl
-N

J 
t\l -------

rs/cr u! ftlsuap llas

,)





Stochastic Background Searches: computational cost

,s- | | a'a'' ht(t)hz(t')Q(t - t') :, lr;, nr(f)/,;VlQffl

Optimal filter: QU) -
r(/)CIr*(/)

f3Ptff)PzU)'

The effective bandwidth is < 300 Hz.

Strategy 1: Sample data at 16,384 samples/sec x 8 sec

137,072 points. FFT & correlate (*2 windowing x2
d.etectors): one workstation, easily, in real time.

Strategy 2: Decimate rCata tu LA2|samples/gec x 8 sec

8Lg2 points. FET & correlate (x2 wind.owing x2
detectors): one PC, easily, in real time.

Optimal Filter

1



Elimination of Correlated Noise

@; Onjff')) : * 16o, 
po(l/l) * Ltict(l/l)l dff - f')- tL I

with lti (6 ?) and Lti (? 6)
If c (f) - 0 (no correlated noise) then for initial LIGO:

ogy'-165 1#rrt;f &] 
-1 

28x10-6 h,&' 
Lsonn* J o*' fG PtU) Pz(/) l

This applies tor C (f) + 0 Itr

r& lHR f* - a^ ,a;-
Jr* c(f)Qrrl u# 

Jrof 10.f-'r)**08ff)

In band.pass determi"ua bv Q this means that

c(r)..#f0** - 3 x to-37 h?ooos*/ -3H"2

Initial LIGO + ,ffi < 3 x 10-25 strainf tffi, at f - 150

Hz, or about t% of total motion. Christensen has estimated

the contributions of different effects:

1. Seisrnic noise: small at these frequencies, with planned

isolation.

2. Gas bursts: also small.

3. Magnetic field fluctuations: could be d.ominant correlated

noise source * need to correlate magnetometers with

output of detectors & veto or subtract

2



Detectiou of Anisotropies in tbe Gravitatioaal-Wave Stochastic Background

Bnrce Allen :

DeVottment of Phgsics
Unfuersity of Wiaunsin - Miluodaee

PO Box 113
Milworlee, WI 5glll, USA

emcil: b ol [en@ dboc. p hg s. rnmr. du

Adrian C. Ottewill
Department of Mathematical phydcs, Unitersdiy CoIIqe Dublin,

Belfeld,, Dublin l, IftIond
enlo;l: ot'tewiltr@retatiaity.ucd.ie

@ecember 6, 1996)

By corelating the siglals from a pair of gravitational-wave detectors, one carr uaderta.ke eeusi-
t'ive searches for as0ochastic background ofgravitational radiatiou. Ifthe stochastic backgrouad is
a,aisotropic' then this correlaied sigla,l t/adeE ha.raouically wii,h the earth's rotation. We calqulate
how the harmoaics of this varyins siCoai are rdated to the multipole rromeats which characterize
fls :.ni5ettrspy' aad givg a formula for. the aignal-to-aoise ratio of a givea hanaonic- The specific
case of the tso LIGO (Lase Iderferouetric Gravitatioual Obserrr.atory) defectors, which will be-
gin operatioo aror:ad the year 2000, is analyzed ia detail. Itr/e considetr tvo possible exanples of
anisotropy. If the gravitational-wave stochastic background coutains a dipole intensity a.u,isotropy
whose origia Qike that of the Cosic Backgrormd Radr'ritioo)'is Eotiou of our local qrstenr, tl,en
that a'isotroPy will be obsermble by the advaaced LIGO detector (with g0% coaf,deoce ia one year
of obser./ation) if Oo" ) 5.3 x 10-t/r1]?. We also study i,he sipal produced by stochastic souces
distributed in the sa.me way as ![s ]uninqug Eatt€r in the galactic disk, a,ad ia the sa-e way as the
galactic halo.

I. INTRODUCTION

{he desrqr and construction of a number of new a,ad more eensitive detectors of gravitatioaal radiation is cr:rrotly
r:nderway. These indude the LIGO detector being built in the United States ly J5oint Caliech/MiT.cqlabpratiqa
fll,-the VIRGO detector being built nea.r Pisa by an ltalian/Fleuch collaboratlon iz], tn" CpO-ooo detector being
built in Hannover by an Anglolc"q* collaboration [3], and the ?AMA-300 detecior being built near Tolryo [4i
There a,re a,lso severa,l resonant bar detectors cr:rrently in operation, and several more refined bar and interferometiii
detectors presently in the planning and proposal stages.

When two or more of these detectors are operating, it wil becorse possible to correlate their signals, and in this
waR to search for a stgcla1tic b_ackgror:nd of gravitational radiatioa. The technique for zuch a sea"*r was originally
{esgnbed in work by Michelson p], Cristensen [6].-d Flarnaqan [Z]. A review of t]rese technigues may be for:ad-in [Si.
Such radiation might be the result of processes that took place-dr:ring the very early r:niverse. It might also result
from the incoherent zuperposition of -any fainl r:nresolvable present-day sources zucL .s coaleseing bi"rry syste*s.
.- The stochastic gravitatioaal-wave ba.ckgror:nd might be isotropic on the slry, or it might be anisotrfiic. For exa,mple,
if th9 bacerground resr:Its from early-r:niverse processes, then it might be iiotropic to a,bout the sa.me degree as the
2'7" K electroma,gnetic background radiation. On the other hand, if the background is due to white-dwarf-binaries in
our o\rn gala,>ry, then they might be distributed in a pancale or bar which mimics the shape of the observed luninous
matler in our gataxy' In this paper, we shov how the correlated signal from a pair-of gravitational wave detectors
is related to multipoie momeats which chara.cierize the arrisotroprv. This should pennii a sigual to be analyzed to
sea,r& for (orplace upper limits on) the multipole moments which clara,cterize the anisotropy. Ir,'r,.this papet,-*e *i11
asflme that the reader is already fa,miliar with the work previously cited (references tE-8D ;i siochastic 6aci<$o*'d
detection.

These paper is organized as follows' I:n Section II we show how a background of stochastic graviiational radiation
ncal 

-b9 
decomposed in a plane'wave o<pansion, with the coeficients of the expansion treated as sioctrastic random'

va.ria,bles. In Section III the properties of these random rariabies a.re related to ihe (frequency) specirr:m and spatial
distribution of the radiation, and a set of multipole moments a.re introduced which characterize the anisotropies of



the stochastic bac-kgror:ad. These anisohopies may be eear&ed for by studying the rariations of the Cetector ourputg
as the ea,rth rotates reiative to the fixed cosmic franae. In Section fV we show-how the correlation between a pair of
detectors 6xed on the earth rraries with time as the ea.ri.h lotates, and dei;ail how that correlation is related to the
arrisotropies of the stochastic gravitational barkground. The variaiion of i;he correlation with the ea,rth'g rotation may
be decomoosed into ba,r:nonics of the earth's peiod. In gectioa Section V we introduce a set of firnctioas ,rc*U) which
are geueralizations of ihe well-known overlap reduction fr:nction 7(/) of references [$€]. These fi:nctioneci;;derize
t'he efect of, the 4m anisotropy multipole on the zz't]r harmonic of tne detector cbrrelation. The principal result of
this paper is to conopute these fi:nctions for the LIGO pair of detectors. This is done by introduing io. 

"puciA 
franqes

of reference, f:xed witb respect to tfie earttr, in Section VI, aad then performiog a set of integrations igsection VII.
?he Fn'al integrations are perfomed and erplicit formula for the U*6) are obtained in SeCion VIII. 13 Section IX
we analyze 

-the 
signai-to-noise ratioe associated with the rn'th hannonic, and grve a formula wirich maf 

-be 
usad d -

_determine if a grvo, "lisotrgpy i8 deteetable or not. Following trhis, we consider two specific oca,rnples of *isoaopy.
In Section X we consider a dipole anisotropy in the stochasiic barlcground resulting from or:r local proper motion. In
order to predict the ha,rmonics vfiich result, i!_it l@gsary to adopt conventions foi the 166nrlio36!6n of the optimal
filters; these choices are detailed ia Sestion XI. In Section Xtr we then consider the anisotgopies in the gtoihastic
gravitatioual wave background that would arise from sources distributed in the sa.rne way as or:rgala;ry, and itrs halo.
This is followed by a short cooclusion.

Throughout this paper, c denotes the speed of light and G denotes Newtoa,s gravitational consta,nt.

II. TIIE STOCIIASTIC BACKGROUND

The gravitational wave background may be described in't'erd'bftieiturbdtion id tne Minkowski metric of space-
time:

d^s2 = -3 dt2 + d* + ho6(t, flds"dab.

In tranwerse traceless gauge, t'his can be written in the form of a plane wave eipa.nsion as

hoilt, 4 =, I:ol Ir, 
& hA(i, fr)e2oir $-a' E / c) e*(a). (2.2)

(2.1)

and then choose

Eere lr.a(/,0) is an arbitrary gmplex function satisfying the relation n.q|.-f,k) = tti(f ,0;. tne polarization states
are labeled by A = *, x and 0 is a r:nit vector on the two-sphere. The wavevector of the correspouding component
of the pertr:rbation is E =-*r|fi1c, The poiarization tensors eS appearing in these relations may be given eplicitty.
In standard angiar coordinates (|rQ) on the two-sphere one tay write

(2.3)

(2.4)

!r.ul

(2.6)

(2.7)

t li-plitY matters l,ater ftu! without any loss of generaiity) we assr:me that the 2 vertot points along the direction
of the eartJr's rotation q*. Ol"_*l verify by irspectiou thak h a,nd fi, are a pair of orthJgonal unit-'iength vectors
in the plane perpendicular to O. It is sirnple to show that any rotation of the vectors riz and'A withi! thJplane that
they define sinply corresponds to a trivial re-definition of the complex wave an'plitudes lz.u and lr*. ' - ' -'

Tb describe a stochastic soutce, we treat the complex a,raplitude ne(l,A) as a random variable with zero mean
ralue. Irr this paper, we consider stochastic sorrces which are not isotripic. In principle, suchti'ro*o ha.c spgctml
properties whidr depends upon a,:nplitude and frequency in an arbitraryway. For simplicity, in this paper ue mnsider
on'Ig stochastic sources uhose directional dependence is frequency-independent. ml aeimaenc"-of the stoelastic
background on frequency and direction may be stated in terms of the expectation wlue o*he product of two random
variables haff,A):

0 = cosdsin66 + sin/sin 0fi + coali
tu=dndi-coagfi
fi = cosCcosd6 + sin/cos?Q - sinli

' 
"i(o) = rrtretrtrb - ttrarrb

";(O =rTtrarlb*nom6

(hiU, Q n e,(.f ', o') ) = 6 *, 6 (l - I ) 6' (k,fr')r (t) r (0). (2.8)



nere d2(0,0') is a colzria;rt i;wo-dimensioaa.i delta'iunclion on the r:nit two.sphere. For a general stoctrastic source,
thequantii,y E(flP(iDwhichappearsontherighrha.ndsidewouidbea,narbitraryfrrnctionoffrequencya,ndciirestion.
Ecrwever or:r assu:aption ihat the directional dependence is frequeacy-independent implies that the r.h.s. facLors as
ghown. (Note t'bat the expressions which we later derive for Signal-to-Noise ratiog and elryected signal etrengthe may
be iriviaiiy ecriended to indude the mosb general case.)

III. SPEC?RUM OF TIIE STOCIIASTIC BACKGR'OTjND

The fr:nctiou lf(fl deter:nines the spectnrn of the gravitational radiation. The energi density in gravitational
waves is given by

Ps,, = #rr*r"r, (3.1)

62me space-time poiat (t,d).where the overdot denotes a time derivative, and both tensors a,re eyaluated at the
Substituting the plane reave eriearurion (2.2) into thia formula and using (2.8) yields

(h,o5(t, flh"b(r, d)) = D [* U [ - aO uz yz n 1ge1rtle*(O1et'(0).
7 J-* Jgz

(3.2)

Since f,a 44 -- d ssg ha.

(h*h"oI =16.n2 [afipfirl [* of l2HU)=82,o2 [anpr;D [* ol f2HU).' J "J-o-- J 'Jo

In describing gravitational wave stochastic backgrounds, it is conventional to eompare the ener5r density to the citicat
energy density pcsitical required (today) to close the universe. This critical energy density is determined by the rate
at which the universe is ecpanding todal+ Let us denote the Eubble e4pansion rate today by

Ilo - 100lrr* # = 3.2 x 10-18/r,roo sec-1 = 1.1 x 10-28ch166 on-1. (3.4)

The ralue of .Ho is determined by the dimasionless factor of ftroo whiclr probably lies within the range l/2 < fu6 < I.
The critical energy-density required to just dose the uni'rerse ie

pcliticar =#nv 1-6 x 10-st{00 ergs/sma. -_'- (3.5)

The spectrum of an isotropic stochastic gravitational wave bacl<gror:nd is defmed by a dirnensionless fiinction of
frequency /

ou.(/)=#^ffi
Here d,p* is the energr-deosity in gravitational waves contained within the frequency interval (1, f + d/). Using the
definition O- me obtaias the relationship between the spectrum O- and.F(/). For / ) 0 one has

os,,(/) -- #W = ,ffi#shlt2nu) | anept = ffiru(fl I afie61. (3.7)

This formula sbows the precise interpretation of P(0). The stochastic background'endrg density is made of con-
tributions arriving from a.ll directions 0 on the sky. The actual value of Os,"(/) is deternined by the average value
of P(0); the direction dependence of this fi:nction is the salre as the direction dependence of ihei'a.rriving radiation
intensity.

F^or this leason, we define the multigole moments ptm of the stochastic background radiation by the *rpansion of
P(O) in terms of spherical harmonic functions:

(3.3)

(3.6)

r(0) = \nmy*(a)
t-

(3.8)



'where the stlm is def;aed bv

colacoD=It=t I (s.s)
tm d:'0nr:_l zr:_a/:lml

In addition, without loss of generality we adopt the convention that the monopole moment is normalized by ihe
condition

f^pso={4;r+ ld{lP(Q)=4a,
J

(3.10)

where we assume that the spherical harmonic funstions arc nornalized in ttre conventional way, so that the integrals
o! their squa.res over tb,e unit ephere grves unity. Eence ihe spectnrm of ra.diation is deterrnneed entirely tV E(/)eincefor/>0onehas

(3.11)

A? << r (1Ts, (4.1)

for oca.rnple r = 30 sec. ]t is then possibie ts sssemins correlations between the two detectors as a fi:action of time,
averaged orrer periods of length r. Because r is much shorter than ?l, the correlation between the hllo detectors wili
vary as the earth rotates relative to the fixed cosnofogical frame, because of the anisotropy in f101. O" tne other
hand, because r is much longgr than the light travel time between the hro detectors, and because the detectors a,re
eensitive to- frequencies f = LIAT, there is a significant correlaied signal on time scales shorter than r.

Denote the output of the first detector by

sl(t) = fu(t) +n1(t), (4.2)

where hr is the strain due to the stochastic backgror:nd and n1 is the intrinsic noise of the first decector. In similar
fashion, the output of the second detector is

s2(t) = lzz(t) +nz1). (4.3)

Let r1s us-e _the subscript i = 1,2 to label the detectors, so for exa,rmple i = 1 deaotes the Henford, WA LIGO dei;ector
and i = 2 denotes the Livingston, LA LIGO detector. The ropo.rre h; of detecior i to the gravitational ra.diation is
grven by

oe.(/) =ffirrrtr.
The direc0ionality of the a.rriving radiation is determined entirely by ihe function P(O). Our f.radanrental assu:apiion
he9 is that ihe pattern 

9f_the intensity of ihe *gdT!." backg:'.ound is fud in a furni of reference at rest witlz respect
to the cosmologiul fluid. In other words, formula (3.8) for P(O) iE erpressed ia a set oi'coordinat es s.g,z which arefiled r/ithjespect to the distaat stars. In those cooq$natgs, ihi muttipote momeats p&n ate constants, independ.ent
9f tif". The problem we-address in this paper is ihis: how do *" deter*ine, from-tire data strea; oir-p.i, orinterferometric deteetors whiCr are rotating with the ea*'th, tb.e ''n^iues of (or bounds on) the *r1triFole moment's pg,"r?

ry. DEIECTION STRATEGY

To determine the multipole moments it* the basic idea is to correlate the outputs of two gravitational wave
detec-torsr and to look for rrariations of this correlated sipal ihat are harmonics of tle earthrs roiationJ A"q"*.V.
Fo1-this prrrpose, we need to consider the relationship betmeen two difierent time (or frequeacy) scates tiraioicur.

The first time scale is ihai def:ned by the light travel time A? between the two sit"s. 
-i'o, 

the remainder of
this section, we will astsume that the two sites a.re the Eanford and Livingston LIGO detectors, so that A? =10.00 msec. The gecond- 

-time 
sc-ale is the period of the earth's rotatioq a.Uoui its axis relative to the cosmic fra.rne,

?e = 8.6 x 104 sec = 1 sidereal day. Becauseof the enormous disparity between these hro time scales, we carl deffne
a third time scale, which we will refer to as the averaging time scale, ,. We choose r in the ranse

I

f,

lu?) = dib G)heb(t,tr(r)), lA 1\
\?.=,,



where the position of derecior i's corner station is desoted by E;(t). In this expression, the syranetric traceless tensors

d,ib(t) are givea by

4u(t) =te$rnlulrrl - ?rtrl?,,rr))

where the directions of detector d'e a,rms are def,'ed by the unit spatiat vectorg *r"p; 
"lra 

t:Ay Note that Dotlr

dib(t) ond d;(t) ore funetioru oi time, bwtxe the urth mtotes uith resp*t to the cosmologiu'l rcst frome.-Defure 
quarrtities whicb are the Fourier transforms of the signals, araluated over an interval of one avera,ging time

r centered 6t tjrns f;

(4.6)

These Fourier traneforms are easily evaluated. Substituting the plane wave errpansion (2.2) into the formula for the
strain ( .a) and ta,king t"he Fburier transforn (4.6) we obtaia

e.( t +\- S /aO [@ 6t"*r;ff''ilt6,(f - f,)he7,,rt)qb4)eh(fr)e-l,,ri!'fr'nrc)/c + noise tern. (4.?)!i\J,e.,_?l--J____

h tbis expression, we have made use of the fa.ci that the avera6ing time r is much iess than the rotation period of
the earih A?", so that the vectorg Xi(t),Yr"(t), and tr(t) may be heated as constants and talen outside of the time
integration in the Fbr:rier tra.nsform (4.6). We have also defined the "finite time' approximation to the Dirac delta

fi:nciion

6,(f) = l" "*' 
.'2ttit{ =try, (4.8)

which reduces to the Dirac delta fr:nction d(/) in the limit t -> co, but has the property that d,(0) = z. The final

te,rm on the right ha.nd side of (4.fl is linearly proportional to the uoise in detector i.
We now de6ne the "signal"

s(r) = l* ornU,OF2U,t)QU) (4.e)

E;(l,t)= I::r'6r "-zr;ttr.(t') 
for i,=L,2.

wUere dff) is an optimat filter function, to be determined. Let us now determine the expec0ation value of S(t)
a,nd show hovr it incorporates iaformation about the multipole moments of the stocha"tic backgror:nd. To find the

expected ralue 5(t) we begin by assuming that the noise in earh detector he-q zero mean nalue, and is uncorrelated
with noise and gravitational strain in the other detector. Under these assr:mptions, we fiad

(s(r)) = I* otQUrTF I* or' I* or' l* l^'"-2t;(r'-r)t"2ri(tt'-t)t 
x

6, (f - f' ) 6, (f' l " ) df (t) tf (t) 
"h GI) 9:J (it' ) e27 

i( t' cl^' E {t)' t " a" z' (t)) / c x

&i(f ,o;na,1;",011.

We now zubstitute in the expectation value for the product of the a,rnplitudes (2.8). The integration over /" is now

trivial. In the resulting expression, because 1/r is much snaller than the 'bandwidthn t/AT ot. the signals, one of
the finit+width delta functions 6, may be replaced by a Dirac delta function. The integration over /' is then trivial.
The other finite-width deita function is then emluaied at zero argument, gtving rise to a fastor of r. One thus obtains

(s(r)) = a{g16d1t1 l* UQUI*Vl I afiep)e'-ta'^e!)/"lef;1n1efo(0). . (4.10)

where Ac-(t) = c-r (t) - dz?) is the time-dependent sepa.ration vector between the two interferometer sites.

Not surprisingly, this previous expression can be easiiy simplified for the isotropic case P(O) : 1.. Lt this.instance,
- 'the gum oveo pota.rirations a.lrd integral over directions can be performed explicitly, yrelding (82'/5 times) a time

independent function of frequency known as irhe overlap reduction function 7(fl. This overlap reduction fr:nction is

given by



^tU) =- * q'e l** eznitk'ae/c ('lfOlr;fo) + {(o1e}1o1) (4.i1)

Notice that in (a.11) the dependence of the positions and orientations of the detectors upon "uinae tis not shown; this is

L*.*" iiii dlpe=ls 
""ry 

ip"" tbe nldtiae-positions a1d orient-a,tions, which is tine (or ea.rth-positioa) independent'

fhus, in ti" c"i" of a,n isotropic stochastic backgror:nd, one finds

P(0) = 1'+ (s(t)) (4.12)

This is eguation (80) of reference [8]. In the present pape, we are most interested in the anisotropic case where P-(0)

va,ries with direction. In this case','th" tine variation of th" teosots d3t(t) and Ad(t) will provide a time'dependent

m,riation of the signai 5(i).

V. ROTA.TION }IAA.MONICS

Because the rotation of the earth is periodic with period ?" and angula.rleqtreDcy oe =2tr/7" the expected sigul
(4.10i .tard *tn tU" sa.rne period. It can therefore be represented by the Foruier series

(5.1)(,s(r)) =A,r*,"'-'.'. ,,

Because the signal is real, the a,rnplitudes of the different ha^rmonics satisfy 5* = 51-. The a'mplitudes are quantities

whi& would be deterrnined by For:rier transforming the actual data:

(5.2)

Eere ? represents the total observation time, which later enJers inio (9.a) and which.is assu:oed to be is a multiple of

the ea.rth,s rotation poioJ z:. m" ha,rmonic a.mplitudes .5* Te tl.e_({ ieast in ryldfi") observab^le 'tl'antities on

whicb any data analysis *1r.i b" based; it is their expected values (S,,.) yhich a.rise in the formula for the ocpected

signal. Note that in an actual observation or Eeasurement, instnrmental noise in the gravitational-wave detectors

would prevent 56 from taki:ag on lts ewectedvalue. In Section D( we analyze the typical deviaiions of 'S* from ('S*)

-a i"'tlir way determine how aco:rateiy 5* may in fact be mea$[ed.

Because we have assuned that the z-a.:cis oiour (cosnic) coordinate sysem points along the directiol of the eart'h's

axis, the nz,th rotation harmorric can only result from anisotropies *Los" ph""" naries witb angle { as ery(dm''d)'

These are the anisotropies associated with t'he Y1-' Eence

(s,") = T, l:drilu)Hu) T
':lml

=+, I:q7u)H(n'tiir'

In tbis orpression, the angle of rotation of the earth about its axis (measr:1ed from some arbitrary fiduciat point)

is denoted ot; a [g,zzr)-so " =-;;;iconstant (mod2zr). The i'time'dependent" s"*t1o dto ^d Ad mav

equivalently 
-be 

exprissed as functions of a'
The problem at hand is now a mathematical one - to calculate the firnctioas T^(l) which are€eneralizations of

the overlap reduction flnction fff). f'or the monopole momeut (l = m = 0) it is easy to see that the integrand

above is ioaepe"jeot of earth-posiiion o because the-overlap reduction function (4.1i) only depends upon the relative

- orientations of the detectors' which is a-independent, giving

Prm^lzm(f) (5.3)

The functions T^(f) are generalizatioas of the overlap reduction function 7(fl, which €JPress the (fegencv-
dependent) contribution ol ihe I'th multipole moment to 

-the 
rn'th harmonic of the signal, with respect to the Earth's

rotation. These are given bY

n*U) : * * | o'" ^ "-;me 
qb (a) aA^ @) | n vr^tit) e2'ito'a'-(a) / 

" L.h@) 4o€r). (5.4)

rooff) = (4r)-U27111' (5.5)



Io tbe next parts of ihis paps, we will show how to ernluate the other 7-'
Or.:r flrst task is to 

"*t-.---urt. 
the incegrals that appear ira (5.4). The proJua d?u(q)dtd(") is a quariic polynonial in

sin e arid, cog c!. One approach would be to atiempt to pe.rform the integral- over 0, to obtain the rezuiting firnction

;; ;J theu to e'ualCte the integrai oJer 9. However this approach is rath€r cr:mbersome'

A more promising;;t"e is to Jonsider rhe plojector onto ihe pi*" pop*dicuiar to 0, whic'h may be calcrdated

in terms oi tb" vecto"s defined by (2' ) and (2'5):

Q eb =doa - O'Oa = ft'nfnt * froh'a'

A couple minutes of algebra starting wiih (2.6) and (2.?) eui&ly esta,blishes the identiiy

D#@,)":r(a) = Q*Qoa* QoaQv - QobQca'
A

lVe tben defne the set ofintegrals

f^-r-r.rA^rr^\t^la2^
c a"n(a) = J 

dn Y2,n(rt1e2"rn'ar(c)/cfioflo ft"flr. (5.8)

?he desired integrals can then be erpressed in telns of this quantiiy. For convenience' we introduce a q'mbol to

ha'rdts tbe contrictiong that occtr.' This is a constant tensor defined by

@H?o= 26*6,;rPq6" - 46o"Fq66'6a' * 6o?5;5"r5oc - (5'9)

Makiag use of the h,ct that earh of the dfb is ryaometric in ite t€nsor indices, and traceless' we IDa'y then write

.tz*U) = ** Io'" 
* {'*,4b(d)qd@)g;Xcpq,,(a).

Ftom this definition it is ea,sy to show && "tt,-* = (-L)r+^.fi,-. This foilows from the pariiy tranformation property

of the spherical hamonics yar(-O) = (-L)rY2^(0). rtr order to now evaluateca;cit it is conv@ient to introduce

eome additioual coordinate systems'

\/I. COOR^DINASE FNAMES

The vectors being used in this calculation are three-rlimensional spatiat veciors in flat cartesia.n R3' Up to this

point, we have beesusing a .oo"aioul-tyrt"- *rti.L t: t.d with respect to the cosmological fluid, and in whic'b the

spatial pattern of the pertr:rbations of the stochastic backgror:nd is assumed to be time-independeni' This fra'me of

reference ie ihe fudriil"d" fru-"; ;;; erpressed with rlpect to these cosmic coordinaies have rnprimed indices'

we bave aro ,"n --"J-1*trrout any rotr or senemiify) that the z-axis of this cosmic fra.me pointe along tbe direction

of the earth's rotation axis'
At this poirri-i* *rJ"uonal purposes, it is convenient to consider two additional coordinate sys[ems' Thus, a

Si.,r@ "ecdt 
V-'661y be expressed il to-r of its components in tlree different fra.mes:

Cosmic Fla,rme : Vu
Earth Fla,rne : Vd

Computational Fla,me i Vo'

The ,,earth fra,me' is a coord,inate system fixed to the ea,rth, in which the third (z-coordinate) points along the a:ris

of the earth', 
"oirtioo, 

in the direcilon of the North pole. Components of vecfors in this fral3e are denoi;ed with
,tarred, indices. The secoad of these new coordinatJsystems will be referred to as the ocalculacional" coordinate

system. In this fra,me, tbe componeots of vectors are t'prinedo. Thi6 fra,me is fixed with respect to the earth, and

L, it, third (z--coordiate) pointing along the line between the two gravitational-wave detectors.

The relationship between components of-vectors in these thee coordinateframes may be wriiten as rrlatrix equations'

Each of the matrices which appears is a special case of a rotation matrix which may be para,metrizedty.Euler angles'

--- ---.-Throughout tJris paper, we use the.Euler Lgle conveutigq gllen by equations ({.4-+01 
"f 4fkT isl w}rior are also the

convsrtions ,rrli'irr-"q.,r"tions (a.r) *J Ct*l of Rose [ro].-rt is convenient to define a pair of rotations about the z

and Y a.xes resPectivelY, bY

(5.6)

(5.7)

(5.10)



(6.1)

Ih9 T,*t-g..leral.possiblerotation ma;r be pararnetrized !f Euler angles and is defined by the matrix &(a,F,t) -R,'h)8,v(fl4'(c). Note that the boldface eyobols here denote 3 x Siqua,re nairices.
The matrix which relates components of vectors in the cosmic and earth fra,aes ie simply rotation through angle e

about the z-afrs:

xd = RanXn Ron= R(a,oro) = nr(a) (6.2)

where the first indo< on R labels rowe and the gecoud index labeis columas, go that the operation appearing in the
p:evious equation is ordiaary multiplicatiou of a colurn vector on the righi by a square matrix on theleft. N6te that
the angle a = u)et varies with time.

Withoutloea of geuerality, asgume that the freedon to &oose the E- and y--a.:ris in the Earth franre has been used
to enzure that in this frame the separation vestor Aca betwe€n the two deiector gites bas no t-component. Using
tfie two LIGO aiteg a8 a.n e!€nple, the Ear$-fra,ne d-a"tis would point out from tbe c€nt€t of the ea*h at an an$E
38.6881" East of the 0o lirae of iongitude (Greenwich, England). Ia thie fra.ne, tJre coordinates of the two detecior
eites and tbe detector arms dilections are

/ 707.4L \d /-0.684?29\ o /-0.?20X1\ a

rT:,rford, Washington : cf = ( -€?g.it ) nn, *i = { O.476tZz }, tf = I _O.EET622 |\4614.74l \ 0.55167 / \_0.412703/
/33?1.80\z /-0.653?7\a /0.540953\a

Livingsron, Louisiana : a! - { -+szs,rr ) ur, *t = | -0.20$66 l, tt = [ -0.191642 I\ 3240.36 / \-0.266085/ \ _O.Sregs /
It ie obvious th,at, as claimed, the sepa^ration vector between the two sites cf - afi, bas vanishing g-cornponeut. The
matrix which relates the components of the vedcors in the computational a,nd earth fra,mes is a ioiatiorabout the !
axis:

S1a' - F/d*7a' I,do, =R(0, -p,0) = Rv(-p) (6.3)

rphere F ts a ti'"e-independent (or a^independent) angle, determined by ihe relative orientation of the line between
the two detector sites and the earth's axis. For the two LIGO deiectori, the angle relating the Earth fra,,',e and th.e
conputational frarae ie

f = -62.71383'.

Within the mmputational fra.rne, the sepa^ration vegtor bebercen ttre two siies is

(6.4)

(6.5)

lcoap 0 -sinp1
&,(B)=l o 1 0 |\siap 0 cos? /

and the nnit-length vectors defining the arm directions are

!-, /0.176358\ 
@' 

/ -0.69696 \ 
a' 

/-0.536188\ 8'

xf'= lo.+zanrl ?r, = (-o.sszozr ) *;'- f -o.zossoo )
\0.861486/ \ 0.450893 / \ 0.4 9042 /

/ ccscr sina 0\
R,(a) = l-'il" .o6" i)

,oi -"t' = 299?.98* (j)

/ -0.4798!4\e'tl= { -o.rsroaz ) (o.o)
\ -0.88618s 1

These quantities will become useful later.

\/U. COIvIPUTATION Of,C

__ 
Our.goal now is to calculate Ce*d ?s deff"ed in (5.S). To do this, we will erpress the spherical ha^rmonic functions

Yn(Q 7ln(0,il in terms of the "primed" coordinates in the computaiional ira.me, Combining the transformations-- ----(6.2) and (6.3) we obtain the relationship between vectors in the coimic and computaiional fra,rses:

Vo' = n"C0)R,(o)V" =R(s,F,O)V". (7.1)



This transforr:nation tlnough Euier angtes crp,0 induces a simple e.bange in the spherical ha,rmonics. For a given

ralue of I the spherical harmonic functions in one frame a.re simpiy a sun of all the spherical hancBonics wii;h the
ealne nalue of I in the other &a,ne. Tbe relatioa betrreea these two sets of fuactions is grvea by the rotaiion matrices
Dfu, which are closely reliated to Clebsch-Gordou coefrcients:

t
Yh(|t,d) = E DL^@,p,0)Y*(0,c).

hF-t

(See eqrration (4.260) of Arfl<in [9].) The inverse transfomation is obtained by reversing the lower two indices on the
rotation matrix aud complecr-conjugating:

I
y*(0,6) = t (nLr@, p,o))' Y2e(o',5).

b-l

The rotation matrices are conveniently expresseri by equation $.12) of. Rose [10J:

(7.3)

D!,1,@,f ,1) = e'tu&^*(F)e-;n. (7.4)

E Alicit formulae for the dfu may be given either in the forro of a nrm, or in "surn:ned" form. The latter expression,
given by equation (a.la) of nose [10] is the most usefr:l one for us. For nz ) &

., le-H\e+rz)lltn(cosg)u*r-*(-*f)*-r o,- o L 0.- ,".. , "F,&* = lffij W zti(m - t,-k - t;m-'t + 1; -t*' L2)' (7'5)

Notice that because the rn < I the first a,rgument of the Gauss hypergeometric fr::rction zFr is a non-positive integer

the hypergeometric series zFr terminaigs-a.ftgr a finiie nunber of terms. h fact it is possibie to rewriie equation Eq.

(?.5) h terms of Jacobi polynor:oials pf?lnol ,for ra ) ,t

&,nr =(-r)r-- (!=- flilll f,lt1"' (*"4) -'" (- * 4)*-' p@+k,^-*1 r- coe F). (2.6)'t Lv-DtQ+k)t r \ ./ r --'2) -z',tt

In the event that m 1k lhe dc^r may be obi;ained from the unitadty property, equation (a.15) of Rose i10]

a*"fn = dtk*Ffl =, (-L)*-kdtkn(B). (7.7)

Note atso that the &*p arc real, so that we can drop the complo< conjugation that would otherwise have appeared.

The integral over'{iie two'sphere which appears in (5.8) can {so be ecpressed as an integral over all direciions in

the computational furimed) fra,me. In other words, ! & = JaO'. So our integral may be ocpressed as

I f* r21t

cona(a)= I &*1p1e*tt! l- ln0'a0'e2tritarw0'ph(cosd') I dti'"o,'fr,o0a0"0a, (7.8)

E4 Jo .- .-...^--,- .--" ' Jo

where we hane expressed the spherical ha,rnonic funcLions in terms of associated Legendre functions Pf , and-A? =
lat-azllcdenotei the lighl trivel time between the two detector siies (10.00 msec for the two LIGO detectors). The
aormalization constants.Jvf which relate the spherical irarmoaics a.nd the Legendre pollmomials are

(7.e)

We will eventually be contracting the forl indices of C with each other and with the indices of other tensors. Of course

such mntractiooi yi"ta the sa,me result in any coordinate fr.io", a.nd it ig easier to calculate C in the calculational
(prined) frane. H'ence we may write Co6"a(ei = Ro"'htb'4c'lod 9o,6,",4, whsr€ Roe' - nr(-a)n"(-P), a;1d

'tfr12*

=sime D &*r@)Nt l^ sinl'dfl'e2zri!LT*,al'p!(cosfi l^ ilri,'eik|'fr,o,h6,fi,",ir4,.
k=-l 'u 'v

(7.2)

2r +L (t - k)l
4" Im'

Co,5, 
",4

(7.10)



The vector 0o' is

(7.1i)

It ig clea,r that the integral over t'' in (7.10) mnisheg r:aless,t - -4,-3,...,3,4. Thus even for large I the range
of sunnation over & only includes these values. There is a gense in which this reflecis the fact th.at our sigaal is a
product of the outputs of a pair of detectors, earh of which has a quadrupole antelura pattern. It is also noteworthy
that the 1s6:.ining integral, over the rariable 0', ean also be done erplicitly for any distinct nalues oi t, and k.

1/III. ?IIE R"EMNMNG II{IEGR.trTIONS

'We are now in a position to eva,luate tr5" rcmaining integrals. 'We begin with the integral over e. We can rewrite
126from. (5.10) as

do 
"-itr'o"inaa{.u' 

(p)q'l (p) ,

/ aradril.;n.?t\"
0"'= ( sin4,sina, 

)\ cost' /

'th*U) = *-* f
I

g;t;! !, f_ rat*rg 
x t Ir" stn 0t drt 

"hrit 
ar coe 0' p | (e,la 0' ) I o'" 

*' 
"ur,' 

fr,o, 0, o, fi n fi 
", 

.

In thie integral, we have explicitly indicated all of the dependence on a. Notice that while dtb is a function of o,
in cornputational coor.lina*es &'b'(F) is independent of o and depends only upon p. L&ewise, the tensor @{{!!,
defined by (5.9) has constarrt components in the computational frarne. Hence the i:otegral over a grve a hstot2i: -

.tn(fl = ln 4'h'tilq'd (p), '-
'l

ei:,{!"; D_rot*a/irnt lo" 
sLD.|'dg'"2trirLrwa'ph(cosd,) l'" o6,"or'0p,ds,0,,0",.

The form of tb.is integral is interesting. The integral over {' will \ralrish unless ,t - -4,.. . 14, h which case it yields a
product of at most four factors of sin 9' and cos d'. Inkoducing a new va,riable u = cos 0' the two integrals appearing
in (8.1) may be expressed as linea.r combinations of the integrals

11

J-r^"ztr;tlruph6lt 
x(1- u\lhl/2 (8.2)

where iV is a nou-negative inieger bor:nded by ff* l,tl < 4. Such integrals car be errpressed in dosed-form as we ghow
in the Appendix.

Ffom tb,is point on, we consider only the case of the two LIGO detectors. In this case the simplest way to proceed
N to @mpurc

To evaluate this, we use definition (4.5) of the dt', the'contra.ction operator (5.9) and the arm directions (6.6).
Substiiuting in the vector 0o' given by (7.11) gives elementary integrals over /'. The results are easily written in
terms of the mria,ble u = errs9t:

s6 (u) = -3.01308 + L.7842722 + 0.945109 ua

sr(u) - (0.;ast +0.543353t- (1.69s4 +t.z1284i) uz) u(L-u2)1/2
tr(u) - (-o.oazazos + L.4Lt25 i + (0.0119604 - 0.670612 i) u2) (t - u2)
s3 (u) - (-0.24574 + 0.227515i) u (t - uzf/z
sa(u) = (0.0492?09 + 0.00345510t) (t- u2)2

t-r(r) = s[(u)

(8.1)

1n



We then have

s,s(u) =0 for !kl>4

^tuff) = * t_rU@Nt I' r^ "z*oLrtsfp)se(u).

zo,o(s) = -o.os52L74io(o) - o.atattsi9) *o.Bnnan i#L

A graph of this function ig shown in Figure 1.

Forl=lonehas

FIG. 2. The fr:actions r,*U) a,re show! for the LIGO pair of detectors.
ihe imaginary parts as the dotted surves.

--------:-- -:: -:-- -'-'--

(8.4)

Freq f, Fz

'::.
The rea.l parts are ghow! as the solid ornres, aad

We now evaluate these functions for the first few mr:ltipoles. Fbr thig purpose we introduce a dinensionless frequency
rariable x = 2trf AT. Because ,yhl = ?l)t+*ti.-- we give these functions only for tn = 0,.. .,L They may be
conveniently wriiten in terms of spherical Bessel functions jo. For l= 0 oae has

To, o Freg f, Ez

200 300

-0.05

-0.15

-0.25

EIG. 1. The (real) firaction fo,o(fl is showa for tbe LIGO pair of detectors.

r,o(o) = -0.02?968 TiiT@) - 0.2521$ii2y) - 1.66es5;r'9).

rr,r(c) = 0.038332e ii{s) -(0.32?033 - !.03547i)@-+ (1.90568 - L.77847i)!:P.

A graph of these functions is shown in Figure 2.
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Forl=2onehas

^tz,o(x)= 0.01454e4i0(c) + r.oooo try - l.;issali# *28.a34i#L

^tz,t(s)= 0.0392947j0(g) + (03e5ors + o.gesx8i)J.]@- - (2.38288 * r.n UZn 14
-(6.01443 - 16.11eD4'

oioz + 0.64e8ee4@- + (e.05483 + 6.80403i)i#

-(18.5056 + 20.4$849

A graph of these functions is showu in Figure 3.

Freq f, Ez

Izro
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FIG. 3. The firnction s v,^(f) are sbowa for the LIGO pair of detec0ors. The reat parts are shorrn as the eolid annes, aod

the imaginary pa.r'"s as f,he dotted curt/es.

For4=Sonehas

rg,o (c) = 0.041630 1 ii {s) +0.s0520ed 
i2!3) - tt.rr7s;$a 13.39u $g .r

?s,r (c) : 0.0018218 siit*,)- (0.015542i* r.orror, )+- (1.3833s -it.t'sns'l$
- (7 .72558+ 45.6531t &9'

_,r.n/-\ ,.r1js(c)
n,z(d = -0.0461979ij1(c) + (0.788263 - 0.534988t)': - (7.13839 - 8.506=-'t ,,

+(42.s458 - 1.805214 49)-
93 ./\

te,s (s) = 0.0365627 ij, (c) - 10. SSiZSZ - L.08t42il 1&+ 
(1 1.3339 - L3.8257 i) ry

ite,)
- (13.624J- - 32 -433ei) ";t -

A graph of these functions is shown in Figure 4'
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FIG. 4. The frractions ls,*(il a,re shocn for the LIGO pair of detectors. The real parts are shown aa the solid or'res, a.ud

f[s ineginary parts as the dotted cutrtes.

Fot t= 4 one has

7n,0(') = 0.02u22eeio(s) - 0.8ee008i1g) + s.78424it) - $.6ee $ a a35.555iS
aF:

-t+,t(s)= -0.03678e1j0(s) - (1.10s32 I o.rrrrurr; t+ - Q7.3542 + 5.s8r72i)ry

-(204.205+ 4s.367ei)&9- + (4e6.286 + 14e.558i)ry'
* 

. ,ir(c) ,.,-n-n A a6ee1r^.,, jz(g)

^t+,2(s) = -0.0155407 jo{g) * (1.0.5:3.9 - 0.265167t)'t - $4.276 - 0-6355L4i)"+

+(127.588 - 28.e73si) 
i# - (551.64? - 310.656i) i9'
- .;,(r\ .- .-:r.)

^tn,s(s) = 0.0502848j0(c) + (0.521081 +t.287i)rs!- - (20.3464+20.2033i)'+

+(135.553 + 777.464ili&- (156.42s + ?1e.0e14n-
g3 84

,i. /-\ - ,i" /*)
^tn,+(s) = -0.0344655j0(c) - (0.977416+ l.lm$t'Fl\:l +Q4.s22+22n813qJ-+'- '-

- (183. 738 + 163.23si) 4P' + (45s.028 + 438.4et) r4I
a ,r4

Note that the 12* wiih I odd vanish as .f -+ 0, in contrast vith the'functions wiih I ere.a; which approarh constant -- -
values at zero frequencY.

IX. OBSERVABILITY AND SIGNALTO-NOISE R-ATIOS

Up to this point, we have ghown how anisotropies in the gravitationa.L-rpave stochast'ic barkground grve rise to

_ _ periiaic variationg i11 th" ,.rignrl" obtained by correlating a paii of detect_ors. These periodic 'rariatious ."":4gg1Fg---- -

fy the fo*io e;ri; (S.t), iitn coefrcients ,9-. In this slciioo, we addrese the question: how pr-egsely cao tlte

rm,lues of these coefrcii"tr U" determined,, in the presmce of noise in the tn'o detectors? 'We answer this question by

10q
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caiorlating tbe sigtal-to-noise (S/lV) ratioe that woul<i arise in measurements of the 5n, wbich also permits us to

determine tbe best choice of the optimal filter fi:nciions QU).
In carrying out tbis anatysis, we follow the technique used in Section 3.2 cf rcferenee i8l. The following preseatation

will be go-"il"t crypic as we will ansurre that the reader is farniliar with that material.
The noise in the detectors is chalacterized by a croes-correlation ir:nctioo

$iu)ni6\1 =f,d,,017 - ilp{ltD. (s.1)

Eere i = 1,2la,bels trhe two detector sites and PrO i8 the (onesided, real) aoiae qow€r- sp_ectrr:m of the i't'h detector.

For the initial aad adranced LIGO detectors, these power apectra are ehown i:e Fig. 5. Fbr or:r calculations of S /N
we will need to know tbe noise propertiee of the desectora averaged over our 'lrindoldng tine' r. To obtain these,

we first cbaract€ri",e the detecioi aoise in the time domain, by Foruier tra-nnfonning (9.1). This gives

(n;(t)ni$)I = I:df s-z'?ilt f or' 
"z*;t'{ lai(f)ai1)l

= 
L2;, q I-_f e-2rit(t-t')4(/l). (e.2)

Ia words, this says that the Fourier transforn of the noise auto.conelaJion firnction is the noise power spectrum.

Initial L]GO

Advanced I.IGO

N

h
Fi

t.r{
(t
ti
+J('l

tt
o
H

-18
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-22

-ZJ

-24

-Za 0.5 1.5 2 2.5
Log Freq, Ez

3.5

FIG. E. The predicied aoise power specira of the iaitial aad adva,aced IJGO detectors. The horizoniai axis i8 logro of

freq'eucy t, irl-Ez. The vertical axis shows logro(P(fIp*Itor- 6tiafi-per-iodrEz.--Thise-noise-iroweilpEirdEe t'he"'

publiehi iesigo goa,ls. Tbe br:mps appeariag ia the low-fregueucy part of the advanced LIGO noise cuffe irjre obtaiaed by

iolding -"as,Il:-ed iar-i" noise datl *itl tu" predicced transfer fuaction of the seisEic isolation (sta.k) syste8.

'We can now fiad the owindowed" version of these formulae, using the definition (4.6) of the windowed transform.

Taking the windowed transforme of (9.2) yields -----

6gtt ;hrif t,, (ni(t,)ni (t,,)J

dp s'2dn$-{) e,U - d6,6' - p)Pr(lpl). (e.3)

Note that in the long averaging time limit 7 -) oo thie reproduces equatioa (9.1). - - --'- -- - - '-' -l:-:- '

h virtually a"ry rilirti. J."trr"io, the intrinsic inetrunenta,l detector noise is expected to be mude larger than the

gtrain arisini t'"i" the stochasiic background of gravity reaves. For this teason, if we define the 'boise" in a given

(ftii,t)nig',r')) = I:,:"' 41rt 
"zT 

itt" 
lo

! 5..."nr11r-1'r\ f*= rorr" . 
l_*

dt, ezrirt' [{+t/2Jt-r/2

L4



qreasu$nent of 5* by N* = 5- - (.5,*) thes to good appro:cimation a formuia for .N- may be obtaine<i by.replaciag

the total detecior outpui's;(t)'*liiir rpp"ars in 1n.z; by ni(t). Using the defi.:riiion of the "signal" (a.9) a":d tbe

de€nitiesl of the m'th harmonic (5.2) one obtai''s

N*= + Io' 
*e-i' ).t f* ani;,t)iuff,t)Q$). (e.4)

(Note that in this formula., rpe asfllme that the total obserrration time ? is large compared with the earth's rotation

iine f" atrd that dudng th; obseffation time the earth has made an integral nr:mber of rotations, so that T /-7.i8 a.la,rge

;o1.g*. w" *iU typicaifv iale f to be 1 sidereal year) The approxiraJtion that we make here is obviously consietent

*rU"tru-l = 0 d:r; the noise in the two detectors is assumed-to be uncorrelated, so that. Fi.l{,t)y\fi',f)): O'

The hoise" arising in the measurement of 5* may be cha.racterized by (liv*!21.=.(1.9*12) - l(S*)l'' We nov

calculate (tritr-,). Substituting equation (9.3) into equation (9.4) aad "geradnd yields

t fT ''r' r@ z . -. f* --,(triil-,) = # Ir- * J, 6t 
"b.(ztt-n''', J-*dl8'$) J_*of'Qff)@i(f,t)tllT',t')Xn;U,t)iLzU',t'),

= * [' * [' e' [* df [* df' [* ,o [* dp'8'U)A(7)s;.)'b*.,m't')+.-.(t'P'i)(t-t)
' qJ'' JO JO J-e J-e J-a. J-:'co -- --

x-d,(t ) p1a,(y;1 016,(f- p,)6,G, - p,liltWDpz0p,l). (e.5)

We can simplify this expression to the point where it is useful, howevq this ig somewhat triclry - there is only one

order in which the int.irfr above can be simply emluated to yield usefui approximations.'We first do the integrals

with respect to t and f' exactly. This gives

(ffitr,,) = h l-_r I* r' f ,, Il-r, Q'U)Q7)p,(lpl)Pztu'l)e-b'r(m-n')/z

itfp Jir*n.,lrd6r@-p' +ndu"lhr)6,(l - d6,(l' - p)6"(f -p')6,(f' - p')' (9'6)

Now we note that the efiective support olf Atff) extends over a very nalrov rgnge of freguencies (rfpicalty, lJl < 10-?

gr) co-pr"ed witn tne egeJive subpo* 
"f 

O,6l (whose support ii t5'pically l/l-<_10-2 Ez). h $$tion, none of the

rernaining iategraad varies over such a "r"t# t.qu*q tqti". so we a"e juiiified in replacing 6r(p'p' + m!.127t)

by the ot-ai"*y Dirac delta firnciion 6(p - d * nw:"12r)' This gives

(ilitr*,) = # I--r l* r'T'u)Qu) l* or'6,(f -il6,(f'-p)e-b'r(m-m')/2
(e.7)

If we now additionaly assume that the obsenation time ? is much greater tban the period of a singte rotation f" = *
then to good approximation 6r (#) nv ?d**'' Tbus

(triN*,) = fid^* I-_* I* r'a'u)av) f* o16,(l -p)6,(l' -p)s 
'6:(f-rf*)6.(r'-ri*)a ft -#ppzcpt). (e.s)

Nexi we note that the width of the d"(J) in frequency space is quite la,rge compared to.mr.r" provided that.we- restrict

- t" u" fairly smal1 lil i r"lr. _wd'itso r"**c tL.i the.troise pooet spectn:m P^r(J) does not vary significantly

o'er frequency scales Li'r" = io-s Hz. In this case we c€ul o"gt."t the strifting of the argr:ments by m*t. above,

obtaining

(tritr*,) =!1a**, l-_r l* r'8'6)AU)4U - f')ptlfl)pr(/l)

-- 6**,# l-_r t61v7f etHl)P,(l/l)' /o o\

Setting tn = nrtwe finaly obtain an expression for the expected "squa,red noise' in a measurement of 5*:
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We can ma,ke use of this epression io find the optimal fitter Qff).
The (squared) Signal-to,Noise ratio S/.iV for the nz'th harmonic is nsw defined via the ratio of eryecied aignal

(mae?idude seu;ed) divided by expected (squarcd) noise. Making use of (5.3) for the former quantity, and (9.10) for
trhe latter yields

(e.10)

(e.11)

(e.12)

This inner product is positive definite because (A,A) is real and non-negative, vanishing bUy if .'{ is zero. In terms

of tbis inner product, the Signal-to-Noiee ratio may be witten as

(iv-t') = # l:at @$)t2 p,fl /t)p,0/t).

(#):=*(?)'

/s\' = l(s-)l' _
\ivl _ - (tr-lr)

Notice that tbe averaging time r (which was earlier chosen in a ra,ther arbitrary manner) drope out of this expression.
provided that the ass,r-pUoos about r (4.1) used in deriving this eguation are satia6ed, the actual rnlue is irrelevant.

In order to find the optimal filter fi:nstior, it is useful to introduce an inner product. For any complex functions of
frequency.d.(/) and B(/), this defines a complex nr:mber which is denoted by (,4'B). The definition is

(A,B) = l:*6 a'(J)B(J)aflflP,fl/l).

(e.13)

The optimal choice of filter firnction Q(fl for determining the rn'th ha.rmonic is the one which maximizes t'his ratio.

The la,rgest rralue is obtained by chooeing

8*u)= anffi L,ri*ti*$)' (e.14)

Usirg the definition (3.11) of li(t) in terme of the spectral fr:nction Os*(/), and zubstihrting the optimal fiLter Q*
into the expression for 9/iV yields

(e.15)

For any girren source of stochastic gravitational waves, one car use this formula for (S/N)* to determine the-obser-
yation-tiie ? required to obsenre the nz'th ha,rmonic of the sigrral as the ea.rth rotates relative to the coamological

frane.
In precise analogr wiih i,he analysis given in [8], the nz'th harmonic is obeenrable with 90% confidence if (SIJV)-

orceeds 1.65.

)(. EXAMPLE: DIPOLE INDUCED BY PROPER, MOTION -.---,

It is weli known that the electromagnetic barkgror:nd radiation, generally referred to as the Cosmic Microwave

Background Ra.diation (CMBR), is higfuy isobopic. The largest deviation from isotropy results from_ t-he motion of

-- __.-.orrr.lolcal system (the soiar system ba,rycenter) with respect to the cosmological rest fra-e. Analysis of data ft'om the-- 
"'Co"-ic Backgo;d Explorer (COBEi sateliie shows that our local system is moving_with a velocity Fpilpoy = 1: /c.=.

0.001236 in the direction (l :'264o ,b = 48o) in gatactic coordinates, or equivalentty (a = 168o, d - -7") in celestial

-'--. i

4f (+)' li*afi(flu6 t P'-.^rkL(f)

'zPt(llDPz(Vl)

Q,w#irrn L pi*ti^$)



coordinates. To lowest order in o11r proper velocity, this gives rise to an anisotropy in the CMBR described by the

tewrperatute distribution

T(i = 
"o(1 

+ gprope" cos ?), (10.1)

where 7 is the angle between a point on tbe slry and the velocity vegtor of otu local aysto, ed ?o = 2.73K is the

mean ternperature of the CMBR-
Is ihi6 secbion, we addreee tbe qgestion: "Would a corresponding dipole moneat in the etoclastic gravity wave

backgror:nd, arieing from the prop€s motion of the solar aystem barycenter, be observa,ble with either the initial or

adrm,iced l,iCO aJt"ctors?" In tbe prwious section, we calcr:lat€d the Sigpal-to-Noige ratio for obsenrations of the

az'th hamonic ,5* (with respect to the earth's rotation) of the signal (obtained by correlating two gravitational-wave

deteciora). Thig ig determined entirely by ihe quantities

.Eo = Eubbl€ €Xprnni6a rate, 8ec-1.

? = Total obsen'ation time, sec.

U*U) = Overlap reduction firnctions, dime;nnionless.

i:=-$"Tsl.x?,'ff T;Tffi ;tffi ;f ffi ff l*,
P; = Noise porner spectral density of detectpr d, sec.

As an eca,mple, we use this formula to answer the question poeed above. 
',

Let us make the following reasona,ble assumptions:
(t) Os"(f) is constant in the LIGO band, and
(Zi tti" iidO""tic gravitational-wave baekground is isotropic ia the sr-e rest frame as the CMBR.

ihe anisotropies ii the stochastic backgror.rnd resuiting from or:r proper motion are then described by

I n nY**Q d1= t * fp-po (co e 0 aa 9?" * sin d sin 9?' cos d) (10.2)

2m

where tihe angles above are standa,rd spherical coordinates in the (bared) eafih fra.rse. One thus obtains the followiag

multipole moments

Poo=G
Ita

PL'-L = fre'oeo1l ? dn g?.

t=
Pl'o = Fn*'*ltcoe97o

t;
Pr'! = -F'*o*l ?sin97o
Prm= 0 for I > 1'

To detect this signal, the optimal fiiter functions are

(10.3)

-(1o4)Q^$)=c^ffi 
or*,oi^ri*,

where C- is an (igelevant) normalization constant. Malcing use of the optimal filter functions Qo and 8r for trb'e

-ooopol" -d diiole terr:os, we cam make predictions a,bout how la,rge O- needs to be in order that 5o and 5r are

obserra,ble with a given level of confidence in a given obseryation time.
We ca.n express lhe sensitivity of a search for tbe rz'th harmonic in terms of the minimum Vafug of O-.necessar5t

to observe it with g0% confidenl". Fot 90% confidence we need a Sipal-to-Noise of 1.65. The minimurn value of O-
is then given for the rn'th harmonic by

r

osp"=c6')1ffig'[f ffiln *-"-u,l']-*

t7

(ro.;)



These 'ralues are shown in Ta,ble I for the initial and a^dmnced LIGO detectors. 'We note that there are potential

sources of suficieni intensity tb,at a dipole might be observa,ble wiih the advanced LIGO detector. These indude
gtod'n"tic backgrounds due to cosroic strings or to a populariou of unreolved cosmological-distance supernovae.

TABLE i. Segsitivity of Iaii.ia.l aad Adrnuced LIGO dei;egtors to a riipole tslo iD the gravitaiioual atochastig 6:'1'gound,
arisiag from aotioa of onrr local syst€u. This ta,ble shovs the itd€osity of gio&astic backgrouad requircd to detect either the

moBopole (5o) or dipole (5r) t4!m h the sigrrd, with 90% coaidencg i:r oae yea,r of oEenratFD-

Moaopole (o=0)
Dipole (m=1)

Ogo%=t.ox10-6h;20
Ogo%=2.5x10-3rrio?

Oeo%=1.6xlO-urri#
f,le6e6=5.3x10-8h;o1

XI. FII,TER NORJVIAIIZATIONS AND SIGNAI, STRSNGTHS

dpecific Bodels for an anisotropic backgrouad predict aigDal hamonics ,9- of definite amplitudes and phases. The
phase of a given 5* depeuds upon tlre &ogen origin of time; ahiftiag the origin of time .hanges the phase o,f ^9n but
uot its anplitgde. In order to faisify or confir:a a pa.rtiorla.r anisotropic model, one aee& to predict the set_of complex

aumbers ,5*. Eo*"*r trhese numbers depeud upon the normalization C* of the optimal filter function Q*(/) so in
order to make predictions, we need to adopt a convention for tbese. : '

\Me have 
"I"e"dy 

c.hosen optirnal filters for wbich the expected value of S,," is real. At least upon first inspectiou,

tlrere do not appear to be any very conveaient choices for the overait scale of ss16elizafi6n. Eere, for illustrative
puq)oses we adopt (what appears t_o us as) the least_ disagreeable of these. We choose the normalization Cm so thot

the-uputel, e ph*tde o! the nois/ is unitg: (Itr-l') = 1. We also aszume that C* is positive and real. Note that
with this cboice, the "signal" is dimensionless. From equaiion (9.10) this gives

c* --+[e 
"m. l1**'^u{'] 

-

(11.1)

Eaving cboser a nornalization, we can liet the expected sigpals for a given detector. r! the actuat signai value e:<ceeds

1.65 theu it has been detect€d witb 90% confidence. For exa,mple, in the case of the dipole source just disanssed, the
eccpecied signals are given by (5.3) as

(,s-) = fir,fts*f r- , l, ,, ,, I srDm,r : ffi",.,- 
l/__ 

ffimt l&_

Eialuating tbis for our previous exanple gives:

(t-l.o. I ? O8-t{oo

I 
t'ooV 1Y*"i o-

(so) =1 'tt o_h?oo
lr.esllt V 1year1.6x10-rl

o,-r,-(al'] 
i

(11.2)

( tT[,uu/ftm(&)=1- ^-'ft o*h?oo

[1.65v

(5-)=0form)2

for initial LIGO

for advanced LIGO

for initial LIGO

for ad'ranced LIGO

18
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XII. GAIACTIS SOI'n'CES

In this gection we consider the poasibility of deteccing anisohopies in the E'tochasiic gravitational wave background

asa:ming that, tbi' b;;;;J &tno o:i-ginatei in, Jr ie gcattered in the same w:ry as, the luminous ma'tter in

or:r galaxy, and for ;;r digtributed ia-the sane way as 
-the 

galactic halo. It appears very rrniikely that in the

ircflTnifiGolcfo il"e"L.y *g *f: r"" ."y ro*lo of a sicb'"tic gravitational-wave barl'g'or:nd distributed

in thig way. Eowever tn"=Jr"io of suci harmonics would be one vay to denongtrate that a sto&astic barkground

had ertra'galactic origin.
Fbr the distribution-of hrminous matter in the galaxy we consider a set of three modele constnrcted by Kent, Da'me

and Fazio F3l to *oaerJ.a lr- a"t" fog a_e rntJta iao*pe taken as part of tbe Spacelab 2 rnineion' Thege models

all assume cylh&ica-$fu;ehy ;JiJ. the ioial hrminosity to consisb of two conponents, orre, uD(r,z)' modeling

the digk and the orxo,'r"kil, rnoaAing tle central bulge, tth.t. 
" 

aad z denote cylin&ical polar coordinates based

at the center of the Gala,:cY.

The first model, wbich we refer to as KDFI, takes

v o k, z) = tt De..' / h'g,&z (1 l-(zh'))

*.(h' * dly_r")fi /'/h4
vs(rrz) = 1ta

where po = 1072 Logc-2, h, = 2775pc, hz = L2Lpc, 11s = 6208 Lopc-2 rhs = 634pc and eB = 0'26pc'

The gecond model (KDF2) iakes

. exp (-Vn n,ll)
v 9(r, z) - P,De'r I 

h" -")'J

where ,ro - 1208.t6p c-2, lL, = 2694pc, h, = 204Pc, FB = 7710 L,PC-2, lrg = 500 Pc and e8 = 0.19 Pc.

The r.hi'd model (KDF3) tattes

ro(ho +QtQ-,ilT:@
vsb,z) = Ita

= 978 Lopc-2, ft,r - 3001p c, PB = ?395 tr6pc-2 , hB = 66?pc, e.B = 0'39 pc and h,(r) ig now a fi:ncEion

fz't1

(12.2)

(12.3)

(12.5)

(12.6)

(t2.7)

where po
given by

with ,l-io = 165 pc, f'i! = 5300 pc, 17" = 24? pc and r9 
-= 

8000 pc, the last two quantities being the height of the

catactic disk at tte p#ihoo ;i th; s,-;a tle aisiano-of ttr. sun from the Gataciic center, respectively'

"1il;ily,; ;;;a;l f* the galacric halo we take the model of yo'ng 
[15]

@ R>o2&r&aro=ttut@

where B denotes the distance from the Gaia,ciic center and R" = 2700pc.
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The final piece of information we need before we cau caiariate the muitipole moments p26, fot ry.h. . distributioa

is the dilection to the gJ*ii. center aaa tle o*entation of tbe Galaxy- It ig etandard to ocpress this in terms of ihe

equatorial coordinate "yA [14] in which the a-axis is tal<en aiong tle Celestiat ry"+ pole, $e l'-axis is ta]en in

fi"*##;irffi frg50) ro'""i equino:c g0; - o and a are takeo-as the epherical polar coordi'etes corresponding

to these anes. Ir ternu of these, the direction to the Gatactic ceni;er ig given by

a=265.6o d=-28.f'

and the direction of the Galactic North pole by

e -- L92.25" 6 =27.4".

(12.e)

(12.10)

We take the equatorial coordinate syst€m. to define oru Comic frame. We aow determine f(0) Uv cboosing a

d;;;O -a -t.S"ti"e i,he intensity along that-dirgdm: I! this wtly we 
"qi*3t 

p2*fot each model aod hence

by Eq. (10.5) the -i,ri*c value gf g; ""G-y for detection of each multipole. To eneure conl/ergeBce of the suE

ia thir case it r* o.".rroy to ioaoa""bot iUrrUine to the sum for I up to of order.100 (dependent o-n rn)' Tables tr

and,Itr showg the -t*riry'"iirr";;A;ii" uarkerou'a distributed in ihis wayrequired to detest multipole moments

from rz = 0 to * = 2;i; tle io* modets.with g-0% confidence in one year ofbbse!''tation for Iuianital and Advanced

LIGO respecti\relY.

TABLE tr. seosiiivity of the Initiai LIGO detector to the fiIst 25 multipoles ia the gravitational stochastic backgrouad"

as8uBed to follovr the lumiaosif,y of the Gata:cy or Galactic halo. This table shosE the iuteosity of stochastic bar&grouad

teq,lit"d to detect

0
1

2

3

4
o

6

7
8

I
10
11

t2
13
L4
to
16

L7
18

19
20
2t
22
23
24

1.4 x 10-6h;o?
1.4 x 10-6tt;o?
1.9 x 10-thio?
3.0 x 10-!1l;;?
4.6 x 10-6b;o?
?.3 x 10-th;?
?.8 x 1o-5hio?
8.6 x 10-thio?
1.2 x 10-{hio?
2.0 x lo-lhio?
3.6 x 10-{h;?
5.0 x 1O-'isio?
6.3 x 10-{h;o?
9.2 x 10-1h;?
1.5 x l0-erzi?
2.4 x 1o-shio?
3.6 x 10-8t!io?
5.1 x 10-81l,;?
?.3 x 10-3h;?
1.0 x 10-2h;o?
1.4 x 10-2hi;
2.1 x 10-2h;?
2.s x to'2hl:o
4.0 x 10-2hio?
5.1 x 10-2hi?

f.4 x rO-5ln-o2o

1.3 x 10-5hi?
1.9 x 10-6h;?
2.9 x 1o-6hio?
4.4 x 10-5hio?
6.9 x lo-thio?
?.4 x 10-5rrio?
8.0 x 10-6hio?
1.1 x 10-lhio?
2.0 x 10-1h;o?
4.0 x lo-lhio?
5.2 x 10-1tr;?
6.2 x 10-1hio?
E.9 x 10-1h;o?
1.5 x 10-srt;?
2.5 x 10-8h;?
3.? x 10-3hi#
5.2 x 10-3hi$
?.2 x 10-shi?
1.0 x 10-'zh;?
1.4 x 10-2h;?
2.1 x 10-2h;o?
2.9 x 10-'hio?
3.9 x 10-trfo?
5.0 x 10-2hio?

1.4 x 1o-6h;Jo
1.3 x 10-5rh-o?
i.8 x 10-5tfot
2.9 x 10-5hio?
4.6 x 10-5hio?
?.1 x 10-6hi&
?.5 x 10-5hio?
s.3 x 10-5hio?
1.1 x 10-4tlio?
1.9 x 10-1h;?
3.5 x 10-1h;?
4.9 x 10-1hio?

- 6.2 x tO-lhio?
9.0 x 1o-lhio?
1.5 x 10-8h;o?
2.4 x t}-gh;A
3.6 x 10-3ht;o
5.1 x 10-3h;o?
?.1 x 10-3hiot
1.0 x 10-2hio?
1.4 x 10-2h;?
2.0 x 1o-2hfo
2.8 x Lo-2hlto
3.8 x 10-2hio?
4.9 x 1o-2hi1

3.9 x 10-eh;o?
3.4 x 10-sr{o?
3.6 x 1o-shio?
4.2 x 10-3rh;1
5.0 x 10-8rr.io?
6.1 x 10-8h;o?
8.1 x 10-8hio?
L.2 xto-2hl:o
t.7 xto-zhlf2,o
2.? xl}-2hl:o
4.3 x 10-2tzio?
?.0 x 1o-2hio?
1.2 x 10-rh;o?
2.0 x 10-rh;?
3.1 x 10-rhio?
5.0 x fO-1tr;'z.
?.8 x 10-1iz;?
1.2 x 1oohio?
1.? x 10ohio?
2.4 x 1oohio?
3.6 x 10oh;?
5.0 x 10ohio?
6.5 x 10oh;ot
8.9 x l0otrio?
1.2 x 101h;o?
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TABLE IIL Se'"iiivity of lhe Adva.aced LIGO detector to the f,rst 25 multipoles ia i,he gravitational stocbastiq la"rrgrouudp
assrrned to follow the ltraiaosity of the Galaxy or Galaccic halo. This table shoyrs trhe iate.sif of giodastic !:.lrground
requircd to detect trhe uultipole 5- d& 907o coafideuce in oue year of obe€rtratioa.

ln Oso% KDF1 O99x KDF2 fteo% KDF3 Oe6e6, Eaio

0

2-3
4
6

6

7
8

9

10

11
-'"72

13
L4

15

16

L7

18

19
20
2t
22
23

24

t.8 x to-lol;o!
4.8 x lo-lorrioa
1.1 x l0-erzi?
5.3 x to-et;ozo
6.4 x lo-ehio?
1.1 x 10-6fti0?
3.1 x 1o-Eiio?
1.2 x 10-7tfo?
2.4 x Lo-?hlf;
4.5 x 10-7hio?
1.1 x 10-6fti0?
3.0 x 10-6r&io?

5.5 x 10-6tr;o?
8.3 x 10-6hio?
1.5 x lo-!tfo?
3.0 x 10-thi;
4.4 x 10-5lzio?
6.0 x 10-6h1fr
9.4 x 10-5hio?
1.6 x 10-1hio?
2.1 x 10-{h;?
2.? x 10-{h;1
S.9 x 10-{tsio?
5.9 x lo-lnio?o
?.8 x 10-1h;ot

t.z x to-roa;ozo
+.2 x to-ton;ft
1.0 x 10-erh;?
6.0 x 10-etrio?
6.0 x lo-efti,o
1.0 x 10-thi#
3.0 x l0-ttrio?
1.3 x 10-7irio2o
2.4 x to-rhlr;
4.2 x L}'r h;:o
1.0 x 10-6hio?
3.3 x 10-€tli;
5.5 x 10-6h;o?
7.? xt}-6hlf,o
1.5 x 10-6r{0?
3.2 x 10-5tr;#
4.4 x l0-tlrio?
5.6 x 10-thi?
9.0 x 10-5rrio?
1.6 x 10-1[;?
2.1 x 10-{ft;ot

.. 2.5 x 10-1h;#
3.? x 10-{h;o?
5.8 x 10-1hi?
?.5 x 10-1r!io?

1.? x 10-roh;o?
4.? x7o-tohl:o
1.0 x 10-eh;#
5.4 x lo-ehiol
6.3 x 10-erf6
1.0 x lo-Ehio?
3.0 x 10-th:"?
t.z xto-?nlf,
2.4 xto-?hl:o
4.5 x 10-7rh1?
1.1 x 10-orrio?
3.1 x lo-ohio?
5.7 x 10-ch;o?
8.? x 10-€rr;?
1.6 x 10-Etfo?
3.1 x 10-5rr;? :

4.7 xt0-6hl& I

6.4 x 10-6lriot
1.0 x 10-4rdo?

- 1.? x 10-lrzi#
2.3 x 10-{h;o?
3.0 x 10-lrzi?
4.2 x Lo'1hlr;o
6.4 x 1o-lhio?
8.4 x lO-ltrio?

6.7 x 10-Eh;o?
?.8 x 10-8h;"?
r.r x ro-?lrio,i
2.6 xt0-7hl';
O.+ x fO-?tr;"?6.4 x lO-'zlrloro

1.6 x 10-6h:3hio?
L-24.4 x lo-ohi;i

1.3 x 10-5th;to
2.7 x7.,0'6hy$
6.3 x 10-6nio?
1.3 x 10-{rh*
z.Axfi-1hffi
4.5 x 10-1h;o2o
?.7 xto-(hlrio
1.3 x lo-shioi
2.0 x 10-'hloi
3.0 x 10-8h;o?
4.4 x lO-shlol
6.4 x 10-8hiot
9.0 x 10-3h;?
L.2 x t0-2hl';
1.7 x 10-zful'zo
2.3 xto-?hl;
3.0 x 10-2[io?
3.9 x 10-2t{ot

XIIL CONCLUSION

In this papd, we have shown how the siguals from a pair of gravitational wave detectors may be analped to search
for anieotropieg in the gtochastic gravitational wave background. We have shown how the corela,tion between f,wo
detectors may be determined with an averaging time short compared to a day but long compared to the light travel
time betweeo the detectors, and hovr +'his correlation may be 6sg6mposed into barmonics of the Earth's rotation.
'We have calculated the signal-to-noise ratios associated with gu& tueasurements, a,nd shown that csiain tyrpes of
anisotropy might reasonably be detecied wiih insiruments that will be avaiiable in the noltoo'distant future.

1X this point, ig ig .{ifFgull to proceed furiher without a more detailed knowledge of the instrumental data ihai rrill
!g f6rthcoyning. The results given in this paper make it straightforwa.rd to predict the orpected ha.rmonic a,mplitudes
5- of the detector correla,tioa for a given anisotropic distributioa pcm of gravitational wave barkgror:ad. It is more
difigulf to go the other way. This would involrre uging a given set of obgerved harmonic anplitudes S- to obtain
the ralues of (or constrabts on) the pc-. There are a va,riety of fltting trgrhniques that could be used - ma.king the
appropriate choice wiil probably require real data-
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APPENDD(: ANALYTIC EVALUAfION OF INTEGR'trLS

Iu this appeudix we derive a dosed form expression for the iuiegral

fL
t*(d = I da e*Pf(u)t rI0 - uzll*Vz

J.L

where iV is a non-negative integer.
Firgt we note tbat

(A1)

(A2)

(A3)

(A4)

(A7)

P;*(") = 6-rfffiefttl
so that it fu only necessary to deal with the case ,t 2 0. For & ) 0 we haw

sk

= (-1)e(1 - u21k/2 
fue21u'1Pf(") = (-1)F(1 -u')*trh

glvrDg

x*(o)= (-1)e ft ^ "*un 
(t - u')r #Pt@).' J-t " oun

The presence of the factor (l- ur)k now eufllres that when we integrate by parts lc times uo bor:ndary t€rE8 appeal

eo that

ze*@)= I' drP,,u)#[et*,/11 -u')r]. :

Tbe derivative can be ocpanded by theiiebni, rule to gfve

k

!(;")'r"+*-'(u)e;*
-0

whee pn+*-r@) is a polpomial of degree N + ft - r. Or:r problem is thus reduced to that of finding

Ju{@) -- ft a, ei*uM P27u1.
J-t

(A5)

(A6)

For M = 0 this is a.rr eleneotary integrat grven by

,la(a) --2iti2(E) (A8)

where jr(c) dsrotee the epherical Beesel firnction of order I [16]. Eigber M Yalues may then be obtained by differen-

tiation

,rut@) = (-i)u #Ja@). (Ae)

These deriyatirres may in tr:ru be expressed back in terrns of (r:ndiserenti,ated) spherical Bessel frrnctions using the

relations [16]

s1
friXa = #ltiu:(s) - (t+ l)ir+r(a)l

e...
= ii(z) - i+t(z).

(A10)

(A11)

!

l
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Time Frequency Search of GW Chirps
M. Feo, V Pieno, I.M. Pinto, M. Ricciardi .:

(_

a) A Rigorous Framework (1994-1996)

. graceful time-shifting and windowing properties
of lWT -> time series splitting and splicing;

. uniform asymptotic expansion of WVT in cTo/ zrrgi
proof that IFL : support of principal part of WVT
irrespective of PN-order;

. study of statistical properties of WVT of noisel '

. DIL extraction of IFL (outperforms barycentric algo):

. 2DKolmogorov-Smirnovdata-sieving;

... chirp-model independent; plus:

. Generalized Hough algorithm for parameter estimation;

. fmplementation of matched filter as line integral in t-f
ptane along estimated IFL.

a) A FORTRAII package

\ . lvlodular
. Well documented

. Flexible

(Submitted to Phys. Rev. D, 1996)
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{.
Evaluation of a Stochastic Resonance Based Detectors
V Galdi, V, Pierro, I.M. Pinto

t_

Comprehensive analysis of (lst order) bistable system driven
by' harmonic + gaussian input; special emphasis on:

. detection characteristics (ROC)

. €ornparison with ilIF in terms of Roc & comput. burden

. design optimization criteria

Dlain results:

o gtrobed strategies;
o ehoice of output observables ->

non parametric (sign counting) _' '- parametric (lst moment);
. . limits of adiabatic approximationl

o Gxistence of Benzi's SR;
r comparison with ilIF -> -,

performance generally worse
computational burden might be less;

r sensitivi{v to Doppler modulation.

(Submitted te$hys. Rev. E, 1996)



Eviluation of a Stochastic Resonance
Based Detector of Weak Harmonic Signals

in Additive Whiie Gaussian Noise

V. Galdi, V. Pierro; I. M. Pinta

D.13.8., Tiniaersity of Salerno

sia Ponte Don Melillo, I-81081 Fisciano (SA), Italg
E -m ail : a in g aI, pi eruin, p int o @ s al ern o. infn. unis a. it

Keywords: Stochastic R.roo.o.., Nonlinear Filteriag, Sigrral Detection.

December 6. 1996

Abstract

Aa engineering approach to stochastic Resonance in a framework of signal

Detection is presented. Eva.luation of detection performance and comparison

with usual techaiques (matched filter) are developed by means of extensive

IVIonte Cado simulations.

1 - Introduction.
Stochastic Resonaace (henceforth SR) was introduced in the early '80s by Benzi [1].

Since then, it has attracted considerabie attention with ieference to a variety of fields

including: Signal Processing and Analysis [2i,[3],[4],[5], Neuroscience [6], Electronic

Devices [7], Optical and lvlagdetic Bistability [8],[9]. In this PaPer we explore the

possibility of using SR for detecting weak harmonic signals in white gaussian noise.

Our aim is twofold: to for:rrulate an engineering approa& providing an hopefuily

clear and complete view of the SR as a Siglal Detection tool. In this connection we

pinpoint a number of yet unclarified issues:

o Sound statistical-detection analysis:

o (Dis)assessment of resonant features:

o Convenient modei parameirization in view of performance optimization-
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LOCALLY OPTIMUM DETECTION OF
Fpnroorc cRAvrrATroNAL wAvES

Filomena Flagiello, Stefano Marano
email: flag@nadis.dis unina'it

DIE, Uniuersiid d; NaPoIi Federicg I!,
Via'Claudio 21, I-80025, Naltoli', Italia

Maurizio Longo
email: longo@cesare-diiie'unisa'it

DIIIE, t|niueisitd, degli Studi di.Salerno
Via MeIiIlo 1, I-84081, Fi'sciano (SA), Italia

LOD test Given the AM/FM model of the sig-

;-"d from periodic gravitational sources

at the output of thL laser interferometric anten-

nas: we deielop a locally optimum detection test
for the signal.
In the siinal model there are several parameters

dependen-t upon the orientation of the antenna'

thi fr"qu"ncy and the direction of arrival of the
*r"". titote6ver the received AM/FM signal h'as

a narrow relative bandwidth,'over which the noise

has an almost flat spectrnm, so it can be taken as

white.
in ttr" present a.nalysis 1ve assume that the ob'

""t*tion 
time ? is-small, i.e. T <L month, so

itt" fU term cointains only the contribute of the
rotrtion of the E;arth around its axis rvith fre'
qu"niv fi = 10-5 Hz- For a fixed frequency .Jo
Jiih""vv-*" from the source' we suPpose that the

sisnal is known except for three parameters: ca'
ii? oomintl strenght of the wa!e1 fo, its initial
;h;;. and d, the-phase in the FM term which

ieoresents the azimuth of the source in a suitable
birtesian frame. We assume gs and o as inde
oendent random variables uniforml-v distributed
in (0,2r) while a6 is modeled as a deterministic
bud unknorvn paratneter. The A\'I term is not very

sienificant so we ignore it'- The locall.v optimu-m

deiector (LOD), i]e- asirnptotically optimum for
vanishing'signals. is based on tlte statistic:

Figure L: Pa vs ^9NR in dB fot lb = Ln, fo :
100 Il:, Plo= 10-1,? - 10 daYs and 1) e: t'
2) 0 = t,3) 0 - 0. The dashed line reports the

performlnces of the noncoherent correlator'

In FiE.1 we qive the performances of the LOD in

term"of the llot of P4 versus the Signal-to-Noise
ratio.
Numerical imPlemgnlation, In gr{er-!::o*
struct the test we need the samptes oI rne ur r on

N - 2BT points (B is the singie'side band of the
sienal) witir step M, which is the integer number
oiobs'ervation days-'To this aim, rre can perfolm
M DFTS on Nl = N/luI points and sum up' Fe
.iui" of the dependence of M on the observation
iime 

", 
the number of additions increases linearll"

with ?.
Also we propose the implementation of the re-

ceiver rvhen the frequency Js is unknorin and range:

over the band (/o-;n, fo^or).--A's-decision statis-
ii. *" adopt thi-niiriftum-o! f(J6;) shere-/oi is

irt."o rvitli a given step in (.fo-;,,,- Jo^o")' Using
an operationai'ambiguil."- function for the statistic'
*" d'"do"u a step foi the frequencies of I and ii'e

show that in order to construct the seteral f("fo;)
we need the samples of a DFT over a very !u1g:
number of points(- 10to)' The length of the DFT
depends upon thd receiver bandrridth s'e rvant to
u*ptot" and the observation tin:e long enough if
wc want a rexonable Signal-to-Noise ratio.
We are currently interesled in methods for an op-

timum realization of tlie DFT dependent upon our
application.

r-

H."rr'J.(P) | /'' t'l'-':"1ro+"r' 1"i'l'

where J"(') is the n-th order Bessel function of

noi f,inl'ind ,rl is (largest int'eger next to) the

modulation index.
j;::

,Ss
,tH

::1
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Distributed Detection of Chirp Gravitational Waves

S. Marano, University of Naples, VIRGO grouP

M.. Medugno, CPS-CNR, Naples

M. Longo University of Salerno, VIRGO grouP

We deal with the simplest form of the chirp

signal (i.e. Newtonian). This signal is basically

characterized by two parameters: arrival time,
fo, and sweep time r (i-e. the signal duration)'

We consider the classical detection theory

yielding a bank-of-filter detector where each

filter is matched to a specific value of i'.
In our setup the lorver cutoff of the antenna

and the sampling frequency ar€ respectively

fs=10H2 f"-lKHz

As the range of mass Parameters is y'v{ €
(0.25Mg,30Mo), the range of values of srveep

time is approximatelY

r € (5 seconds,4 hours)

The spacing betrveen adjacent filters in the

bank can be chosen approximately constant: in
the white noise case Ar = 240 ms. This is

the value of Ar in rvirich tire ambiguit-v func-
tion is just one half. -\s a conseguence of this
setup s'e require a nuutber of fiiters in the or-

der of 60000. First in't'estigations for the colored

(VIRGO like) noise indicates that such number

decrea-ses approximateli- by an order of nta'gni-

tude.
lVe int'estigate the computationa'l require-

rurents of the detector. The overall tttentorl' re'
quirement is approximatel.t- 1013 bvt'es. n'hile the

floating point operations per second results in
the order of several GFLOPS.

We investigate distributed network com-
puting in order to implement such detector b1'

heterogeneous high performance worksta-
tious interconnected via an Ethernet netw'ork-

Our final goal is to design a distributed on-line

detector running on a number of arailable 'w'ork-

stations; the computation is decomposed across

the workstations in such a rvay to minimize com-

munications and to match the reception rate.
We derive a theoretical value of G(u) (Grain):

the number of filters in the neighbour of
w = f"r that a single "tipicalt' worksta-
tion is able to process in real time- (\\'e
define "tipical" a workstation rvith certain n'ell

known and constant performance.) Then rve de-

fine a non-ideality factor ,C. namell" a cor-

rective factor taking into accouttt a number of
efects that previous theoretical analysis cannot

include (e.g- usc of "non-tipical- workstation.

memory chaching managernent. nremory paging.

compiler optimization fea.tures. effciency of fft
algorithn, and so on). Tire value of .C is es-

timated in a experinrental 1va.v oYer three higil
performance workstatiotts under L nix operating
system: a Sun (Machine A) a Dec (B) and an

rBM (C).
The value of Grain to be used in a practi-

cal design will result in Gn.-r = G /L. Sperinren-
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tations are in Progress to confirm this statment'

For the largest nalues of r (and hence of
u) our cornplexity analysis may be questionable,

in which very long FIR filters should requirc a

suitable segmentation to take place in the RAM

memory of workstations- This is a topic of cur-

rent work.
Finally, we stress that the complexitl' of the

structure does not change very much rvhen tlte

unknowledge of some noise characteristics is in-

cluded at design stage- In other rvords a CFAR
(Constant False Alarm R.ate) approach or

some other kind of spectral noise estimation
can be pursued rvith basica"lly the some netrvork

of workstations.

In the next three tables the qriin characteristic
of iiri ilittiiieJnjmed A, B, C, are summarized-

Figure 1: Theoretical value of Grain versus tti =
*lt Jc

Figure 2: Experimenta.l values of the parameter

.C versus w = r I" for several nrachitres

Machine A

Model SPARCstation l0
uDu/Arch. SPAII.C/sun.l
Clocl (l\ithz) 100

Main \{em (f{BY) 32
O.S. version SunOs {.1.3
Manifacturer Sun
Cachc (ist./d) 6.lK

Machine B

Model DEC 300G600

Cou/-l.rch. DEC 2106{/.{XP
Ctock (I'fbz) lio

Main !v{em (-uljy} &
O-S. rersion DEC OSF /1 3.2

Manifacturer Disital
Cache (ist./d) 2M

Machine c
lr4odel R_s/6O0e3Ar'
Cpu/.\rch. l'oE'er.1

Clock (\lhz) 59

l\'laiu \lenr { \'lB.'-) 32

O.S, version .{,IX 3.:l.l'
lvlarrilactur€r IBIVI

Cache (ist./d) 32k. (i-{k
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Abstract

Aa engineering approach to Stochastic Resonance ia a framework of Signal

Detection is presented. Evaluation of detection performance and comparison

with .risual techniques (matched. frlter) are d.eveloped by means of axtensive

Vl.onje Carlo simulations.

1 - Introduction.
Stochastic Resonance (henceforth SR) was introduced in the eariy '80s by Benzi [1].

Since then. it has attracted considerable attention with reference to a variety of fields

iaclud.ing: Signal Processing and Analysis [2],[3],[a],[5]' Neuroscience [6], Electronic

Devices lZ1, Opti"al and Magnetic Bistability [8],[9]. In this paper we explore the

possibility of using SR for detecting weak harmonic signals in white gaussian noise.

Our aim is twofold: to formulate an engineering approach providing an hopefuily

clear an6 complete view of the SR as a Signal Deiection tool. In this connection we

pinpoint a number of yet unclarified issues:

r Sound statistical-detection analy'sis;

r (Dis)assessment of resonant features;

o Convenient model parametrization in vierv of performance optimization'



The paper is organized as follows. In Section I we heuristically review the SR

concept and introduce the mathematical model. In Section 3 we discuss the possible

applications of SR in Signal Detection and in Secti.ony' we rephrase the starting model

in terms of convenient dimensionless parameters. lVe present the results of exaustive

iVlonte Carlo simulations which allow a complete characterization of the SR system

(like a band-pass filter) and to address the optimum detector synthesis problem. In
Section 5 we discuss some simple and efi.cient detection algorithms, based on the

analysis of the statistical properties of the system response. trVe outline a comparison

with traditional techniques based on (optimum) linear filtering in terms of Receiver

Operating Characteristics (henceforth ROCs). Conclusions follow in Section 6. A
number of formal developments are collected in the Appendixes.

2 Stochastic Resonance: Heuristics.

We consider a one-dimensionai nonlinear dynamical system. described by the

following first order stochastic Langevin equation (henceforth SLE):

\r/{ t -- -*ror* Asin(c,," t +,i) * e n(t),

I t(0) : co;

where n(t) is a stationary.zero-mean white gaussian noise

Eln(t)n(t *r)l - 6(r),

and V(c) represents a (bistable) quartic potential :

-2 +4V(x)--';*b?, a,b>0, (3)

with stable stationary points at xi - *t@, an unstable stationary point at z : 0,

and a potential barrier height:

17 a2
r'h - 4b' (4)

The stochastic process c(l) solution of (1), can be conveniently characterized in

terms of its probability density function (henceforth PDF) p(x,t),, ruled by the asso-

ciated Fokker-Planck Equation (henceforth FPE) [iO]'[tt]:

ry : *{Iry- Asin(c'r"' + d)] pi''')} + ifin@'t)'

p(t,0): 6(r - ,o)'

(2)

t
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Unfortunately this equation cannot be solved in closed form. Only approximate so-

iutions, valid under special assumptions are available. In an attempt to qualitaiively

und.erstand the SR mechanism, the following considerations can be useful. In the

absence of noise (e - 0) and with a weakharmonic bias (subthreshold signal, A < Vo)

the (d.eterministic) process c(t) oscillates indefinitely in a neighbourhood of a stable

stationary point: no traasition between the two stable states is allo'wed. In the pres-

ence of noise only (A = 0) the system response c(t) jumps at random times between

noisy neighbourhood,s of. the stable states ofr . The first-passage time from one well of

the bistable potential to reach the unstable point is itself a random variable, whose

mean (Kramers time) can be expressed exactly as a double integral [10]:

Tr : T(x*to 0) = 3 lr"* 
d.s expl2V(y)lu'1,[* ""nt- 

2V(z)le2] dz. (6)

Various approximations can be applied to this iotegral to obtain anaiyiical estimates

[12],[i3]. In the followiag we shall refer to the estimate:

'r=**n[?] '
(i)

which provid.es a good approximation in the parameters range of interest 1'

As an effect of noise, switching between the stable fixed points becomes possible

even for a subthreshold inp+rt signal. It can be heuristically grasped that, in particular

conditions, there might be a possibiliiy that the switching be driven by the harmonic

forcing term; so that, the state of the system locks to the input signal'' It can be

sho*n that the correlation degree between the system response and the sinusoidal

signal d.epends on the noise intensity and takes a maximum for a critical value of this

1ait.r. It was initially suggested [1] that such a behaviour results from the matching

of the forcing period T, : 2n la" with tlvice the Kramers time:

(8)

This SR definition, which resembles T;"J:rrresonance has suffered. several criti-

cisms [14], and even denied. Some Authors introduced alternatiae definitions' more

directeiy interpretable as a bonaTtde resonance [15].

In the following we shall try to characterize the SR with special reference to

Signal Detection. A typical resonant behaviour (ia the detection performance) will

be indeed pointed out.

twicethatintroducedbyBenzi[1].Th]slatter,however,
provides a good approximation only in the iigrt-bcrrier asymptotic limit e * 0. For finite e the first

correction is available [13]. It can be verified that (7) provides a good trade-off between ease aud

accuracy in the (finite) potential barrier height range of interest'



3 SR and Signal Detection.

The possibility of using SR for detecting weakbarmonic signals in white gaussian

noise has been suggested. by several Authors [2],[3],[4]. To easily understand whg and

hou: this can be achieved, we focus on SLE (1) and FPE (5)'

In the absence of the harmonic signal (A = 0) the steady state PDF of r(t) is

readily obtained:

ls_v1
p"(r): cexpl+|, (e)

LI
where C is a normalization constant. Fig. / shows the typical behaviour of p"(c):

it is evenly distributed around the origin and clusters within two peaks centered at

cfi having (equal) wid.ths increasing with the noise intensit.v, e. The presence of the

sinusoidal forcing term produ ces a modulated-in-time symmetry breaking in the PDF'

This effect can be easiiy described in the adiabati,c regime (fi >> 7*)' by solving

perturbatively the FPE as follows [t0],[l+]:

( 10)

c(t) being a normaiization factor. we note a periodic simmetry breaking induced

Uy iU. har-monic signal presence. This effect aPPears indeed in aII regimes 2(not only

in the adiabatic oo.!; .oa can be used to detect the signal Presence. The detection

algorithms presented in this paPer are thus based on the analysis of the simplest

conceivabl e ( a ) symrnetry i'n di, cat o r s', viz 
"'

P+(t) = Prob{"(t) > 0} = I p(x,t)d'x,

E(t): Ela(t)l= l:zP@,t)d,a. (12)

In the absence of a signal one obiouvsly has P+ - 0.5,t =0. Fig.s 9,9show the

time evolulion of P* ^oi 
E, obtained from numerical simulations (see Ap'pendfu Q,

in the presence of signal. in the non-adiabatic regime' As one can see' after a short

transient tbey lockto the signal, indipendently of the initial conditions- Horvever, as

seen from Fig.s 2,3, unlike ihe adiabatic regime (10), phase-Iocking is not achieved'

and a (constant) phase lag shows up'

f* -Y * o,,t"t,,q] 
.p(x,t)j_cat*rl-ff1 '

(i 1)

ilIt ,ro be e-xplained applying Floqudt theorv, [7]'[16]'



4 sR characterization with reference to
Signal Detection.

In the previous section we have qualitatively analized the possibility of using sR in

Signal Detection. Before proceeding to a quantitative analysis it can be convenient

to d.efine more rigorously lhe detection probiem- For the time being we shall assume

that the uogulu, frequency (rs as well as the initial phase / (taken zero- here' for

simplicity) of th" signal are known (coherent detection), and that we are faced with

a strict d.etection ir;o", namely io decid.e whether the signal is present (4+0) uPon

watching at the respoqse c(t) across a firite time interval, [0,N[]' T9 this end we

capitalii on the breaking-syra:netry efect ind.uced in the PDF of c(t) by the signal

prlr.o.", witnessed. by the time behaviour of P+(t)'E(t)'
We introduce some dimensionless parameters:

6, = rr)"Tk , norrnalized angular frequencg,

t/- - norrn ali z ed pot ential barri er heig ht,Vo

-te.

(13)

(i4)

where E" represents the ,iloul energy. Equation (1) can be rephrased in terms of the

above parameters as follows:

i : ai - *e'+ srvnr/-P sio(a,tl + n(tl,
4Vo ! lvz'

E(0) - es.

, signal - to - noise ratio, (15)

(16)

t;
SNR : I7:

NT"A2
2e2

where:
;--

/F)et/t*
-a = a Tn: t6o exp(2ts).

Now we can analyze the system response (in terms of detection performances) by

varying the three fundamental parametets o" , lo , slrE. In Fi,g.s /1,5 we report'

respectively, the peak (maxt) arnplitude of P1(t) and E(t)' versus-the-rormalized

angular frequency (obtained. via Monte carlo lVlethod, see Appendix Q' for some

tyiical urlrru, of ^5ift, at a fixed value of %. As one can easily see, the qualitative

behaviour is the same: the amplitud.e frequency resPonses show a typical resonant

behaviour, reaching a maximum at:

6s-1t , u'i;2.. T,-ZTP, (i7)

which is exactly the Benzi condition (8) for SR. Note that our numerical results melge

smoothing into the adiabatic (analytic) ones as 6" is decreased' in Fig' 6 rve report

the corresponding phase lag with respect.to the input harmonic signal, which turns

I
+--

tk



out to be the same for both P..,' and E, and almost independent of the ^9NR (at

least in the iimit of statistical error, see Appendi, q.It is interesting to note that

similar phase dispiacements (typicai of several physical systems which exhibit SR,

[?],[1?],F81) are observed. in deterministic (linear) resonators. VarJing % on" obtains

several families of curves like those described above (not reported for brevity) and

one can readiiy verifu that the position of the maxima (resonance condition) are

always consistent with (17), and the phase displacement keeps the same qualitative

behaviour, ind.ependently of Ve. However, the resonance peak level depends (weakly)

otVo, as shown in Fi'g-s 7,8fot Pa and E, respectively.

Optimum SR Detector SYnthesis.

The above analysis shows that the peak resonance level of the (a)simmetry indi-

cators is maximum in a relatively narrolv band of frequencies, for a quite wide class

of potential barrier heigths. Aithough we haven't yet cleariy defi.ned the detection

strategy, it is not difrcult to understand that the P1 (E) resonance peak level maxi-

mization corresponds to detector performance optimization. In fact this leads to the

maximization of the asymmetry effect (in the output PDF) induced by the signal

Presence.
Now we have all the tools to address the optimum SR detector synthesis problem.

Having fixed the signal angular frequency cu" and the noise power spectral density e2,

we first have to put ourseltes in the resonance condition (t7) (bV varying & ). Then

we can use the last degree of freedom available to maximize the resonarrce peak level

(by varying %). {-lsing eq.s (a),(7) we can determine the potentiai parameters a, b of

the SR filter.

5 - Detection Algorithms and Performance
Evaluation.

In this Section rve shall develop a quantitative analysis of the SR detector perfor-

mance, with reference to several detection strategies. \&'e shall assume that the SR

detector has been designed according to the optimum rules defined in the previous

Section. In Appendix A we show that there is no gain in adopting a continuous-time

likelihood ratio test on the output process, since this is equivalent applying matched

fiitering on the input process directly. On the other hand, in Appendis B we shorv

that in the adiabatic assumption, the strobed average strategy is equivalent to the

(optimum) Neumann-Pearson ratio test [19] on the output process. This hears some

heuristic hints to use the same strategy also in the optimum (non-adiabatic) operat-

ing conditions. iVloreover, we will shorv that the strobed sign-counting strategy, which

looks less computationaliy expensive, performs onl-v slightly worse. For these reasons,

we shall focus on strobed sign-counting and barycenter analysis, for the coherent and

incoherent cases. 
6



Non-Parametric Algorithms: Sign Counting'

We start examining the coherent detection. The first proposed algorithm is non-

parametric [19]. The SR filter output r(t), observed on a finite time interval i0,ll7"]'
is sampled at times:

(2ktrb _r
4 - 

-2 
'- , k: 0,1, 2r...r2N - L, (18)

(ts

when the asymmetry effect induced by the signal presence is maximum; ty' denotes

the (known) phase lag iotroduced by the SR filter. We obtain the following time

series 3:

c1, - (-I)k x(t1,) , le : 0, 1, 2, ...,2N - 1' (19)

Then the signal presence can be, checked adopting the following decision ruie [19].

One counts the number ^lf1 of positive samples:

2N-r
N+- Lu(rr), (20)

&=0

where t/(.) is Heaviside's step function, and adopts the decision 'y1 (unsymmetrical

distribution, signal Present) iff :

lv+ > f, (21)

and the decision 7e (symmetrical disiribution, no signal present) if:

N+(f , (22)

where the threshold f is an integer larger than zero (unilateral symmetry- hypoth-

esis [t9]). The detector's performance is described by the following false'alarm and

missed-detectionprobabilities, a and B:

a= Prob{ff+ > t lnosignal} , p=Prob{/f+sf lsignal}. (23)

The stochastic variables :c6 are statistically independent and identically distributed,

thus [19]:

a=L/z(l+1,2/f-f) , g:1-Ip*(f +1,2N-f), (24)

where p+ = Prob{r1, > 0} and lr(r,g) is the incomplete Beta function [20].

In Fig. 9 we report the Receiver Operating Characteristics (ROC) of the above

described SR detector. B1' compaing Fi.g. 9 with the corresponding ROC for the

optimumlinear detector [19]. reported in Fig. 10, orLe finds a sysiematic loss of about

-4 dB. __L|^,'.|^-.-....-.f,..'-|__-
7 rhlh/ lla'u cL{lfze r*or

Art t ( )U"LiU

*rhnvtt-^-



Parametric Algorithms: Barycenter Analysis.

The second proposeC aigorithm is of parametric type [19] and is based on the same

sampling technique introduced previously (18),(19). The decision rule is based on a

test of the first moment (barycenter) of the samples distribution:

(25)
1 2/v-1

P: m ]-, sr,.
f=u

One adopts the decision 71 (unsymmetrical distribution, signai present) iff:

Ftt,
and the decision 'ys (symmetrical distribution, no signal present) iff:

F1l,
f being the threshotd (I > 0). One has [i9]:

(26)

(27)

a:1_"(#) rtR)

where:

Et: ELxt I signall , cr2 -Varlcpl signall, co2:varfxpIno signalf,

- r ft lt2\F(x): fr J_*exn [-7J 
at. (2e)

The corresponding ROC is shown in Fig. .//. \,1'e note a slight improvement with
respect to the non-parametric strateg,v.

Non-Coherent detection.

In the previous Sections we have assumed the signal as perfectly known. In

this connection the Optimum Linear Detector (henceforth OLD) admits an (actir;e)

implementation (product-correlator, [19], [21]) which ultimately requires an integrator

and a threshold-decision unit. Thus its complexity seems comparable with the SR

detector but, as shown in the previous subsections, its performance is better (b,v

about 4 dB, by comparin'g Fig./0 with Fig.s 9,11)

If the initial phase of the signal is unknown (non-coherent detection) an active

implementation of the Optimum Phase Sensitive Detector (henceforth PSD) [19], [211

involves a loss of about -3 dB with respect to the coherent ROC, as shorvn in Fig.

11.

ln Fig. 13 we report the block-diagram of a non-coherent SR detector lvith non

parametric strategy a. Using a single SR filter and a multiply displaced sampling,

aFor the parametric strategies the basic idea is identical.
)l



taking y'f" samples in an half-period' one can obtain, at the end of the observing time

interval, the most advantageous d.ecision variable. It's not difrcuit to understand that

this algorithm is asgmptotically efi,cienN in that its Roc approach the corresponding

.oh"r.i.t ones (Frg. 9), provided. the obsening time interval is sufi'ciently large

(lf-10a) and the sa*pu"; sufrciently dense (the tolerable uncertainty in the peak

iosition is -rlN"). Tior, fot non-coherent detection, the SR detector performance

is asgmptoticallg comparartle with the (active) Optimum PSD one, with abnost the

sorne comPledtY.
In principle one could aPPiy a similar sampling technique to the OLD and thus

lury*itoti.aUyl recover J dB,but this id.ea involves a considerable complexity growth'

i.r.iirr. implementation, in fact, would require a bank of correlators, and so a num-

ber 2/f" of integrators, while SR detector requires oniy a single integrator' On the

other hand., a passive implementation would require a tnatched'f,Iter l21l and so a

non-trivial frequency."rpoor" shaping (frequency-domain analysis) or computation-

ally intensive convolution operations (time-domain aaalysis).

Doppler Effect.

In the previous analysis we have modeled the signal to detect as a perfect sinusoidal

signal. In some typicai problems (e.g radar detection. gravitational waves detection)

this assumption nright berom" inaccurate due to ihe presenc e of' Doppler effect [Zt]' In

this subsection we iace the-probiem of evaluating the Roc degradation of a sR based

detector ind.uced by negletlng the Doppler efiect. W-e consider the non-pa'rametric

sR coherent d.etector s. In secti,on y' wehave analized the P'L(t) resPonse of an sR

fllter for an input sinusoidal signal s(t) - Asin((lj"t) (see Fi'g. 2)' The steady-state

behaviour can be approximativ-ely modeled (negleting higher order harmonics) as:

(30)

where pyo"), l: are computed numerically (see Appendia Q. Now we introduce the

Doppler Efiect in the input signal as a slow and' weale angular modulation, viz':

s;(t) = Asin [tr"t * masin(..r3t)] , ud, K t!" , m4 K' l' (31)

We assume the ratio arfa,1 to be a rational number, so that the input signal has

period Ta = 2r f aa. In ui"* of the adiabaticassumption (r, < o") we can determine

ih" .orr"rponding P+(t) solution by perturbing eq'(30):

@etricdetec|orisstraightforrvard.Fornon-coherentdetectionwehave
to consider also the time-quantization error'

P+ (t) = f, * lrY"' - !] 'i"t, "t * $),,



Adopting the sampiing scheme introduced in Section 5 with reference to coherent

detection:

,, ak - (-1)ec(t1) , k = 0,7,2,...,2N - I, (33)
us

and so negleting the Doppler Effect, one has a performance degradation. One can

easily estimate this degradation in the worst caseby computing:

(34)

where

p$) -L*lp?"") -ll r.i" [(*+1)' , - -,-l', /Qk+t\r \ll
- 2, L** zJ,-,- L , *nzasin 

LA [? -,t')ll (s5)

One finally finds:

a : hlz(f* 1,21v -I), B(-o'st) - 1 - I p(.o,,t)(f + 1,2N -I). . (36)

Fig. U shows the ROC d.egradation as.a function of the mod.ulation strenght nza.

6 Conclusions and Recommendations.

We have characterized the SR mechanism with reference to Signal Detection.
The results of extensive numerical simulations show a distinct resonant behaviour
(in terms of performance) in substantial agreement with Benzi's SR condition [1].
Evaluation of the detection performaace (ROC) has been accomplished with reference

to statistically well-based detection strategies, using Nlonte Carlo iViethods. Detection
performance seems not much \ryorse (in some case comparable) to the OLD ones, at
the same level of complexity. As hints for future research we can cite:

o Analy'sis of the possible enhancen'tenf features of a SR device incorporated in a
Signal Processing system.

r Analysis of SR in extended systems (globaliy coupled devices) and its applica-
tion to Signal Processing. As stated in Section 5, a single-device SR detector
seems to be in principle worse as compared to the optimum iinear filter. Cur-
rently. there is a great interest in the Scientists for the use of arrays of coupled

SR devices, due to the possibility of enhancing the processing performance
(Array- Enhanced Sfi, [4],[5]).

r Study of SR for coloured, non-gaussian noise.

10



Appendix A - Continuous Strategies'

In this Append.ix we show that OLD is optimum also by comparison with the

nonlinear SR strategy. More precisely we address the general probiem of finding the

optimum (coherent) performance for a continuous detection stratery related to an

It6 Fi,lter. viz.:

{ ;att,:'t" 
*en(t)' t€ ro,rt '

["**t

(A1)

(,43)

(A4)

)' 
(Ab)

s(t) and n (t) being, respectively, the (known) signal to detect and a stationary (zero

**"1 *hite gaussian noise, Eln(t)n(t + t)l = 5(r). Introducing a A-step time

discretization one has :

ak+r-st : Lla(zr)+sr *.en1,l', &:0,1,",'lf -1, N: LT/AJ'
a1, = x(kL), s* : s(ftA), n1' - n(kL)- 

r' L' - LL t a), (A2)

The optimum strategy, according to Neumann-Pearson [f 9], is based bn a test of the

nt azim,um lik elihoo d ratio:

I l(ro,....2,v) 2 c + signal Present,

I l(r0,..., zry) ( c + no signal present-

,,"".,t.n'):ffi,
p(.) being the joined PDF and c being a suitable threshold. Using the short'tirne
-iul* 

apjroxi,mation (A, -r 0, [11i,[22]) for the involved PDFs one has:

E*'{-
- rk - o(c6)A]2

p(ao, ...,c7,7 | no signal) - (2trAe\-* 2t\ez

p(ro,...,,x1,7 | sisnal) - (2nL,e')-+ iI^ "*n{-['i+' 
-'t -1(3-r)a - sra]'?]'

F-o \ rou 
(,4,6)

Thus:

log [i(r6,..., 'no)] = ] E {ro 1"**, - &k -o(c6)Al - }"n} ' @7)
e- &-o

Taking (A2) into account and. letting A + 0 (continuos strategy), the-Neumann-

Pearson test (.rl3) can be rephrased as follows:

11



( 1 tr +:+ + signal present,I i J" 
s(r)z(r) dt>rog" 

2 r, r

{ (A8)

I I l,"n)z(t) d,t< los ,*r3 + no sisnat present,

where:

z(t) :s(t) + e n(t), ,": Io s2(t) dt. (A9)

It can be readily verify that the above decision rule is identical to that obtained

applying the OLD to the input signal*noise mixture z(t) (see [19]'[21]). Thus, the

optimum continuous strategy applied at the output of an It6 Fiiter involves i) the

recostruction of the input signal*noise (cancelling the fiiter effects!) and ii)tbe appli-

cation of OLD. As a conclusion, one can state that the OLD performance represents

an upper-bound for ang continudus strategy iinear or nonlinear. The strobed strate- ,

gies discussed in Section 5 yield a good tradeoff between performaace and budget

(storage and computational)-

Appendix B - Optirnurn Detection Strategy in
Adiabatic Regime.

In this appendix we show that the optimum strategy in ad.iabatic regime is

equivalent to the barycenter analyis introduced in Section 5:

( u>l + si,gnalpresent,, (81)
t , a I => ni signal present,,

where f a suitable threshold,

1 2:\ -1
p:*L*t, @2) i

't=0

and or is a time series defined bY:

x1, = (-7)kx(tx), Ie = 0,1,...,2tV - 1. (.B3) j

The sampling times are defined as follows6:
j

,o:W. @4)
2a"

It is well knorvn that the optimum strategy. according to Neumann-P6arson [19],
is based on rnaximum likelihood rati'o test:

6Note that the phase lag inlroduced by the SR frlter is negiigible in the adiabatic regime.

l2



I t1r1to1,,...,a(tz9-t)] 2 " + signal present,

I l[ro, ...,x(tzx-t)] < . + no signal present,

I[r(ts), ..., s(tzx-t)] =- p(r(to),...,c(tzry-r) | "o signal)'

(85)

(86)

p(.) being the joined PDF and c being a suitable threshold. In the adiabatic regime

(7" > ?s) the random variables c(t1,) arc independent and identically distributed

(Section3, eq. (10)), thus we can factorize the joined PDFs, obtaining the foliowing

(approximate) expressions:

2N-1

p(x(to), ..., s(tzw-t) | sisnal) = (Ct)tt lI .*p
/s=0

"'qrY- -W- + Ar(t1,)sin(a.,"r6),4
,2 l2

(87)

p(x(to),...,x(tzN-r) | no sisnat): (co)'N'fI'"*n l#:,#1 (88)\-ul 

| "t 
l' 

)

Thus:
2N-1

iog{/[o(ts),...,x(tzN-t)]] o I t(t*)sin(cu,tp) = 
*E 

(-1)ir(t1) x p' (Bg)

The above equation immediately show the perfect equivalence between optimum

( Neumann-P earson) strat egy and barycenter analysis'

Appendix c - Numerical solution of stochastic
D ifferential Equatiols.s.

We consider a standard monodimensionai it6 Siochastic Diferential Equation

(henceforth SDE) [22]:

2.iV-1

! , - alx(t),ll + 6[r(l), t] n(t),

I o(0) - zs.

n(t) being a stationary zero mean white gaussian noise

Eln(t)n(t+r)l - 6(r).

(cl)

(c2)

The most eficient and widely applicable numerical approach to solve seems to be the

simuiation of sample paths, having introduced a suitable time discretization. e.g.:

0: to ( fr (...( t,l -t, tr-tr-t: A:l/:\'
13
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In many pratical situations, as in .gection 3-1, one may only be interested in the

expectation E[g(c(t))] for some function g. The type of approximation required is

calied weak, because it is noi necessary to have a close pathwise approximation to
the It6 process. In our simulation, presented in Section 3-.{, we have used a weak

predi,ctor-corrector method of order 2.0 [22] because of its oumerical stabiiity. This
method uses a corrector:

g,n*! : z" * 0.5[a( in+t * o(o"))]A * 6n, (c4)

6":0.2516(e*) + 6(r-) +2b(a")lLW+

+0.25[b(e+) - b(t-)]t (LW)' - AIA-1/2,

with supporting values:

( 111\

i! = sn* a(x*)A,.'b(x)^6',

in+r: z" * 0.5[o(x) + a(x")]A + (i",

with the supporting value

-o = zn* o(r")A * b(x")LW, (c8)

where LW are independent lV(O;A) Gaussian random variables and the time depen-

dence is dropped for simplicity. Following the classical Nlonte Carlo scheme l22l we

evaluate the moment Elg(x(t))] using the estimator

aad predictor

(c6)

(c7)

(ce)
fuI

pM: x,I-tDglrkl,
h=l

which represents th arithmetic mean of. ilI independent simulations of the random
variable g(zN). Obviously the result wiil be affected by i) a systematic error (effect of

discretization, €"r"-(r(A')) and ii)a statistical error, which in view of Central Limit
Theorem is asymptotically gaussian distributed with zero average and r.m.s. devia-

tion: €"6o1 - lut-Lvarlg(xy)l\-r/2. It is readily seen that the confidence intervals
width decreases with order fuI-ttz as fuI + oo.
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Experiences with the analysis of the

:,
(_

Giovanni Vittorio Pallottino

d.t

ctatasets
!

ROG Collaboration (Guido pizzella):

INFN (Istituto Nazionale di Fisica Nucleare) Rome, Frascati

Explorer and Nautilus

Universify of Rome .I-a Sapienza \

Universify of Rome Tor Vergata

Universify of Aquiia -\

CNR (Consiglio Nazionale delle Ricerche) Frascati
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Activity of Rome group (Amaldi,Pinella), starled in the'70'

1) Experimentation on small cryogenic antenfi'as

which prwided several importanl results 
t

and exPerience

2) Studies on g.w. detector modeling and analysis

design criteria for large detectors

and advanced algorithms for data analysis

3) Oonstruction of three cryogdnic g.w. detectors

now used as test facility for new instrumentation

* EXPLORER IZSOO kg, 900 Hz) in Geneva, CERN

now operating, the first bar to operale contirt:ously

+ NAUTILUS (2300 kg, 900 Hz, 100 rnK) irn,Frascati, INF

now operating, the first ultracryoEen'ic detector

2 GWDAW 96 Bosqr
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100 mK (NAUTILUS)
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(EXPLORER)

lock-in
am plif ie r
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vc
computer

lock-in
amplif iers

and

synthesizers

f ilters

antialias

auxiliary sensors
(accelerometer, search coil.

pressure sensors, etc.)
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To improve the SNR we use filters based on the thei

of the optimum filter (for detecting a delta function)

We use different filters, according to 
..

A) the samplin$ time of the signal to be processed

directly sampled a1220 Hz .(4.5 ms) or at SkHz (0.2 msl

sampled at 3.4 Hz (290 ms) afler processing with lock-ir

B) the parameters used for constructing the filter
fixed parameters (mathematical model of the detector)

adaptive filters, obtained from the spectrum of the data

with different adaptivity , i.e. memory, and other

PROCEDURE

GWDAW 96 Boston

NEW PROCEDURE

ACQUISITION

FILTERING 
i

FILTERING
DETECTOR
(two modes)



DATA ACQUISITION AI..ID FILTERING

Procedure used until 1996

a) the signalsJrom tlre

are sampled with

1t.ilock-in's at the

At = 290.8 ms

two modes

and filtered
with non adaptive and adaptive wiener filters

b) the signal frorn the antenna (one channet)

is sampled at higher rate, with I At = 4.54

and filtered with an adaptive filter
matched to a delta function

Procedure used since 1996

the signal from the antenna (one chanriel) is
(5 kHz) and filteredsampled with At = 0.2 ms

-with various adaptive filters (different properties)
this procedure proy-ides yery large flexibility

GWDAW 96 Boston gv,o



What we search for? a

Basically bursts, i.e., short events (in the ms range)

with srnall amplitudes

to be extracted from the noise using powerful

filters (exploiting the different statistical

properties of the signal and of the noise)

which we model as delta functions

But we also found that our data can be used

to search for:
_* periodic waves (Pia Astone reporting on that)

- stochastic background

3 GWDAW 96 Eoston 9vp



How dc we expect the data to be?

Superposition of large well behaved noise
with Gaussian distribution

with Lorentzian spectrum at the resonant modes

and of srnall (as well
orders of magnitude

as rare) g.w. signals

below the noise

This is what we get during most of the time
(as regards, of course, the noise....)

while other times the matter is different

ot 
-t - Lt -'Lt- - - - , ,o o a .its statistics are not time-invariant

as shown bv the distributions- 
and by tn. ,prcfra

4 GWDAW 96 Bosro n 
'

as i the noise is not a station rocess
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Explorer sept. 25, l9g5 (7.6 hours of data)

a
0)
o-
E6
Q

o
0)

_o
E
:f

initial slope 12.9 mK

mean value 12.9 mK

standard deviation 12.9 mK

FILTl?o t!IElEr?

energy (mK)
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A typical distribution

days or weeks
log N

(samples)
s_

The samples of the

tails are the most

important for analysis

of the filtered data taken over

d,
noise temperature
oj the detector

temperature of
the excess nois e

when establishing upper limits for g.w.

when selecting candidate events for coincidence
analysis between two detectors

The rate of the excess noise is usually rather variable

Part of it

\ - of local

Oi/DAw $ Bo$m

(sometimes the large pulses are close together)

can be eliminated if occurring when

disturbanies (accelerometers, etc.) are

sensors

excited

wp

energy



Coincidence analysis befween the data of two
(or more) detectors located at convenient distance

{.

Before even daring to start this analyqls one has to

perform a numBer of tests and take nurioo, decisions

-> BE SIJRE OF Tm TIMING OF'THE DATA (know the error)

+ DECIDE WHAT TO SEARCH FOR (short bursts or what else)

---+ CAREFULLY EXAMINE TIIE TWO STREAMS OF DATA

E the autocorrelation function, for example, provides information
on the durations of the disturbances

n the distributions provide the "temperature" of the only
important part of the data

* SELECT A SUTTABLE ENERGY THRESHOLD
tr for a given number of events per day?

tr a fixed threshold or an adaptive one (to have constant rate)?

4 DECIDE IF CONSIDER SAMPLES ABOYE THRESIIOLD

OR "EVENTS" (defined.by m&(. energy, time arnd &'ratio'n)
=-g#DAw s B6ton

b%t

Lt - | r'r
fr^t\Ag tAd x-a

J.

ds c,.*tr. tlr.'-..
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Other points:

-> Have the "events" roughly the samg energy,

when independently observed using the two modes

of the resonant detector?

-+ How long the "events" are?

their duration should be related to the integration time

of the filter. If much longer, they are presumably garbage

each at some "cost" in terms of the final probabilify

--> Energy threshold for defining the "events" to be anatyzed

or adaptivity (memory), when using a variable threshold

for obtaining a given ratg of "events"

+ -Width of the coincidence window 
\

tJ
/ GWDAW S Boston gvp



A single optimum filter enly exists to

which is not usually the case :
s*

Different filters may turn oui to be optimum

i. e. provide maximum sensitivity (SNR improvement)

for different operating conditions of a given detector

(various filters with different adaptiviry (memory)

have been discussed by tvtaiia Alessandra Papa)

But. when

we found

as regards

filtering the same data with different filters

very different and (disturbing) results

the sets of "events" obtained with them:

GlvDAw 96 Boscn

the overlap between those Sets of "elirents"

is Yery small, say about 5'- lAVo



Some reasons why the sets of events arg, different

1) Most of the "events" are not canonical

i.e. they are not fRe response to a delta function excitation

but rather disfurbances or tails of dhe thermal noise

2) Even those canonical contain some amount of noise

which is differently . reshuffled by different filters

tlus changrng the observed energy of the "events"

3) Different filters may have different sensitivity

as."short" events considered "long" by other filters

log (N) Just belpw the threshold there.is^ a very

large 'reseryoir' of (fiftered) data sarnples

even a small charge of the nolse
I

may bring them above the thr,esho'ld

energytlresfrold

I+1


