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1 Frequency Response

The response of a Fabry-Perot cavity is given by

Eouy (t) = t3ry Z Eipe (t —n7) (rirg)™ ™,

n=1

where E;,. is the field of the incident laser beam, E.,, is the field of the beam
leaking out of the cavity, 7 is the cavity round-trip time, and ¢;,71, and r;
are the input mirror amplitude transmission and reflectivity and the output
mirror amplitude reflectivity, respectively. If

Einc = Eoe—i(21ruot+¢(t))

with ¢ (t) < 1 V¢, then
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The voltage V,, at the output of the demodulator is proportional to the
product of the magnitudes of the incident and cavity fields and of the phase
tzrzlEo

angle between them. Since |Eg,| & -t;;—" the only factor in this product

which depends on ¢ (t) is the phase angle between the fields; write

[

Vi (8) ¢ (t) = (L = rar2) D 6 (t = n7) (ryr)™ ™!

n=1

This is a real, time-domain equation, so it is possible without ambiguity to
introduce a new phasor reference. Let

¢ (t) = goe™™"
Vm (t) = Voe-iwt
then

VO _ 1— eiw'r
do 1= rirgeiwr
if w coincides nearly with a cavity free spectral range, and if ryry =~ 1, this
transfer function can be approximated by
Vo  —ibT,
o 1—ibr,

.
1-ryry °

1

where 6 =w — 2 and 7, =

2 Servo Stability

In this section we explore the stability of a servo loop containing the transfer
function (1). We assume a cavity 4 km long, with r;r, = 0.95. Bode and
Nyquist plots for g% are shown in Fig. 1 (that the Nyquist plot is exactly
a circle can be seen from the fact that (1) is a Mdbius transform in the
variable ¢7, which, as a function of w, maps the real line into a circle in
the complex plane). The open loop gain, H, of the servo-locked system will

be H (w) = %G (w), where G (w) is the gain of the feedback amplifier. A
K_ .

simple feedback amplifier might have G (w) =

this gives

—twTs




K 1 - eiw‘r
—iwT, 1 —ryrpeiwr
Bode and Nyquist plots for H (w) with K = 200 are shown in Fig. 2. Clearly
the phase margin becomes small near the resonance at the first free spectral
range. One solution to this problem is to add pole-zero pairs in order to
reduce the phase lag at frequencies above the first resonance. Bode and
Nyquist plots for

H(w) =

i g i
Hw) =K = 1ty 1 1=¢7
142 142 —wr, 1—rree”

with z; = (27)40kHz, p; = (27) 400kHz, 2; = (27) 4MHz, p, = (27) 40MHz,
and K = 200, are shown in Fig. 3 (the curves are traced only up to a
frequency of 750 kHz because of the computational expense of tracing the
rapidly increasing number of resonances in each octave of increasing fre-
quency). The drawback to this feedback amplifier frequency response is that
the slope of its gain above the first resonance is constrained to approximately
-10dB per decade and one needs to increase the unity gain frequency con-
siderably for a small increase in gain at the first resonance. The unity gain
frequency will probably be limited to a few MHz by technical constraints,
and the gain achievable at the first resonance will not be large except for very
long cavities. In principle one could also increase the bandwidth past the first
resonance by inserting poles and zeroes into the feedback amplifier frequency
response to cancel the poles and zeroes given by equation (2). Whether one
can generate poles and zeroes with sufficiently high Q’s and keep them tuned
is uncertain.
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Abstract

The frequency response of a system consisting of a cavity with
phase coherent detection of the relative phases of input and leak-
age fields is derived. A simple feedback arrangement allowing phase-
locking of the input light to the cavity with a bandwidth exceeding
the free spectral range of the cavity is analyzed. It is found that with
this arrangement the slope of the loop gain above the free spectral
range frequency of the cavity is limited to about -10 dB/decade.

1 Frequency Response

The response of a Fabry-Perot cavity is given by

Eeuy (t) =813 Y Eine (t — n7) (ryra)" ",

n=1

where E;,. is the field of the incident laser beam, E.,, is the field of the beam
leaking out of the cavity, 7 is the cavity round-trip time, and ¢;,r;, and r;
are the input mirror amplitude transmission and reflectivity and the output
mirror amplitude reflectivity, respectively. If

Einc — Eoe—i(21ruot+¢(t))



with ¢ () < 1 Vi, then

00
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The voltage V,, at the output of the demodulator is proportional to the
product of the magnitudes of the incident and cavity fields and of the phase
2
angle between them. Since |E,,,| ~ hﬂ, the only factor in this product

— 1l-rirp

which depends on ¢ (2) is the phase angle between the fields; write

Vi (1) o (1) = (1 = ry75) i ¢ (t — n7) (ryry)" "

n=1

This is a real, time-domain equation, so it is possible without ambiguity to
introduce a new phasor reference. Let

¢ (t) = ¢Oe—iwt
Vm (t) — Vbe-—iwt
then
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if w coincides nearly with a cavity free spectral range, and if ryry ~ 1, this
transfer function can be approximated by

Vo —167,
— - 2
¢o 1—1b7,
where § =w — 22 and 7, = —— .
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2 Servo Stability

In this section we explore the stability of a servo loop containing the transfer
function (1). We assume a cavity 4 km long, with r;r; = 0.95. Bode and
Nyquist plots for %g- are shown in Fig. 1 (that the Nyquist plot is exactly
a circle can be seen from the fact that (1) is a Mdbius transform in the
variable €7, which, as a function of w, maps the real line into a circle in
the complex plane). The open loop gain, H, of the servo-locked system will
be H (w) = %&}G (w), where G (w) is the gain of the feedback amplifier. A
K_ .

—twTs !

simple feedback amplifier might have G (w) = this gives

K 1— eiwr
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Bode and Nyquist plots for H (w) with K = 200 are shown in Fig. 2. Clearly
the phase margin becomes small near the resonance at the first free spectral
range. One solution to this problem is to add pole-zero pairs in order to
reduce the phase lag at frequencies above the first resonance. Bode and
Nyquist plots for

H(w) =

1+2 14% 1 1_er
1+;—“1’ 1+;—“2’ —twT, 1 —rireetr

with z; = (27) 40kHz, p, = (27) 400kHz, z; = (2r) 4MHz, p; = (27) 40MHz,
and K = 200, are shown in Fig. 3 (the curves are traced only up to a
frequency of 750 kHz because of the computational expense of tracing the
rapidly increasing number of resonances in each octave of increasing fre-
quency). The drawback to this feedback amplifier frequency response is that
the slope of its gain above the first resonance is constrained to approximately
-10dB per decade and one needs to increase the unity gain frequency con-
siderably for a small increase in gain at the first resonance. The unity gain
frequency will probably be limited to a few MHz by technical constraints,
and the gain achievable at the first resonance will not be large except for very
long cavities. In principle one could also increase the bandwidth past the first
resonance by inserting poles and zeroes into the feedback amplifier frequency
response to cancel the poles and zeroes given by equation (2). Whether one
can generate poles and zeroes with sufficiently high Q’s and keep them tuned
1s uncertain.
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