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Pressure Specification for LIGO

by Alex Abramovici

1 The Pressure in the Pipes

1.1 Noise Due to the Presenc¢e of Gas in the Pipes

Molecules crossing the beam path inside the Fabry-Perot cavities in a grav-
ity wave detector cause fluctuations in the index of refraction of the medium
between the mirrors. This, in turn, leads to fluctuations in the optical path
which are perceived by the interferometer as fluctuations in the length of
the arms. It can be shown? that the spectral density of the equivalent
gravity wave signal (for unit signal to noise ratio) is:

SRY(f) = i/L U (no—1>2exp [—Zﬂfw(Z)sz (1)

L2 Jo wow(z) \ 1m0 Vo

where:

o L - the length of the interferometer arms.

lrevision follows review by R. E. Spero
2for the theory, see S. E. Whitcomb Optical Pathlength Fluctuations in an Interferom-

eter due to Residual Gas, provided as an Appendix




e 7 - the number of gas molecules per unit volume. 79 is the number
of molecules per unit volume at atmospheric pressure, so that n =
1op/Po, With po the standard atmospheric pressure of 760 torr.

® 1o - the index of refraction of the gas at atmospheric pressure.

® vy - the rms speed of molecules in a plane transverse to the light
beam, at the operating temperature®: vy = (2kT/u)'/?, where k is
the Boltzmann constant, T is the absolute temperature and p is the
mass of the molecule. p = M/A, where M is the molecular weight
and A is the Avogadro number.

o w(z) - the gaussian beam radius at coordinate z.
o f - the frequency of the fluctuations.

Replacing the above into Eq.(1) yields:

5h2(f) — _L8_2 Lﬁ(no_l):)( M )Eexp [_M] dz (2)

o po mow(z) \2kTN (2kTA/')%

For a LIGO type cavity, e. g. consisting of a flat mirror and a mirror
with R = 5 km, 4 km apart, w(z) is practically a constant. If the pressure is
constant, the integral can be readily evaluated®. It is reasonable to replace
w(z) in Eq. (2) by 2.28 cm, the geometric mean of the largest and smallest
value of w(z) for the 4 km cavity. Egs. (1,2) refer to a single arm. For two
arms, the amount of noise power doubles, but the signal power quadruples,
so that a unit signal to noise ratio is obtained for half the §h%(f) given by
Egs. (1,2). One notes that, for molecules with mass numbers in the lower
tens, the exponential in Eq. (2) is very close to one for frequencies below
1 kHz. Replacing all the constants by their numerical values yields:

SR3(f) = 9.67x107%(ng —1)?pM? (Hz™') (3)

where the pressure p is to be expressed in torr. Values of np — 1 and M for
several gasses of interest are given in Table 1.

3room temperature, for the LIGO

*If p is a function of z, one has to take the average value, over the length of the beam
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Table 1: no — 1, M, C (Eq. 6) and D (Eq. 13) for several gasses

| Gas | (ro—1) x 10 | M| Cc| D]

H, 1.4 2 1.0} 1.0
He 0.36 4| 10.7|0.71
0O, 2.8 32| 0.062 | 0.25
N, 3.0 28 | 0.058 | 0.27
CO, 4.5 44 | 0.021 | 0.21
Co 3.4 28 | 0.045 | 0.27
Ar 2.8 40 | 0.056 | 0.22
Water 2.5 18 | 0.104 | 0.33

If several molecular species are present, the combined power spectral
density of equivalent strain noise is evaluated by using:

SR(f) = 3 8h(f) (4)

1.2 Pressure Specification for the Pipes

The specification for the tolerable pressure in the pipes is obtained as fol-
lows:

1. Determine the desired strain sensitivity A,.

2. Divide hy by the square root of the corresponding band width (A f)1/2
in order to obtain the spectral density of the signal, §h4(f).

3. Assume that a certain molecular species dominates the composition of
the gas in the pipes. Evaluate the corresponding pressure specification
by setting §h4(f) = Sh(f) in Eq. (3):

103 h2

= (1735 of (torr) (5)

p




and by using Table 1. If the pressure specification py, for hydrogen has
been calculated, than for another gas G:

1

— (n0H2 - 1)2Mf212
= 1

(rog — 1)2 M4
The values of C for several gasses are given in Table 1 (column 4).

For example’ for by = 5.5x10"%°, Af = 1.6 x10~8 Hz and a residual gas
dominated by hydrogen, the admissible residual pressure is 6.9 x 10~° torr,
for unit signal to noise ratio. If the dominant molecular species were water,

a similar signal to noise ratio would require the pressure not to exceed
PH,0 = 7.1 x 10710 torr,

(6)

p¢c = Cpy, ; C

2 The Pressure in the Chambers
2.1 Damping of the Test Mass by Residual Gas

The main effect of the presence of residual gas in the vacuum chambers is
damping of the test masses through test mass/molecule collisions. Assume
that at each collision with the test mass a molecule carries away a momen-
tum pve. Then, the quality factor Q. corresponding to the damping of a
mass m and cross sectional area S by the residual gas is®:

mwepoN3 1 )
Sno(kT)? pM

where wo = 2w fy with f; the resonant frequency of the pendulum. The
spectral density of gravity wave signal for unit signal to noise ratio is:

2 _ 16kTUJO 1
6hgas(f) - Lznga.s (27Tf)4

Scorresponding to a periodic signal with h = 5.5 x 10=29, at 215 Hz or higher, and an
integration time of 107 s.

Sslightly different values result for different assumptions concerning the momentum
transfer. See also V. B. Braginski, A. B. Manukin: Measurement of small forces in physics
experiments, (U. of Chicago Press, 1977), p 59, and also The Blue Book (A study of a
long baseline gravitational wave antenna system, 1984), p. V-26. As it will be pointed
out in the Summary, the differences between Qgqs values corresponding to the various
assumptions lead to little variation in the vacuum specification.

ans =

(Hz™) (8)




Combining Eqs. (7,8) yields:
no(kT)? SM32
Tipo N3 L2 mifir

This noise contribution decreases steeply with increasing frequency; it is
therefore more critical at the lowest frequencies of interest.

Shie,(f) = (9)

2.1.1 Wide Band Signal

In this case, hZ_, is obtained by integrating over the appropriate frequency
band, from f; to f;. Noting that:
2 4 1
g .21 (10)
n ft 3fi
(for Af = f, — fi ~ f1) and replacing the values of the parameters and
constants in Eq. (9) yields: :

SM3

m2f]

h? . = 82x10"32

gas

P (11)

2.1.2 Narrow Band Signal

In this case, one has to determine the desired spectral density of strain by
dividing the desired strain sensitivity by the square root of the signal band
width and proceed by calculating the admissible pressure from Eq. (9).

2.2 Pressure Specification for the Chambers

As Egs. (9,11) show, noise due to collisions between the test mass and
residual gas molecules is rapidly decreasing with frequency. Therefore, the
pressure specification has to be derived for the lowest frequency f; of in-
terest, in the following way:

1. Determine the desired strain sensitivity hy (wide band signal) or the
corresponding spectral density of strain §h%(f) (narrow band signal).

2. Determine the dominant molecular species and the appropriate value
for M. '




3. For the wide band case, set hyy, = hy in Eq. (11) and determine p:

2 £3
p = 1.22x 1031%‘—M%h§ (12)

For the narrow band case, set 62,
specification from Eq. (9).

If the pressure specification has been calculated for hydrogen, then for
a gas G:

(f) = 6h3%(f) and determine the pressure

1

My,

MZ
The values of D for several gasses are given in Table 1 (column 5).
For example, for Ay = 1072% in a band of 1.6 x 10~% Hz (from a periodic
source) at 10 Hz, and for hydrogen dominating the residual gas, unit signal

to noise ratio corresponds’ to p = 3.2 x 10~% torr. The corresponding
pressure for water is py,0 = 1.1 x 1078 torr.

p¢ = Dpy, ; D = (13)

3 Summary of Pressure Specifications

The present note outlines the procedure for deriving the vacuum specifica-
tions for LIGO pipes and vacuum chambers from the desired strain sensi-
tivity and from knowledge of the residual gas composition. The pressure
specifications derived for hydrogen and water are summarized in Tables 2,5
below.

The following comments apply:

1. "Ultimate sensitivities” in Tables 2,5 are the bottom lines in the sen-
sitivity curves shown in the December 1987 Proposal (Appendix A).

2. All other parameters being equal, the pressure specification scales
with the desired sensitivity as p o< h2.

3. The most demanding pressure specifications (Table 4) correspond to
the highest sensitivities expected to be achieved with interferometers

for a 1 ton fused silica test mass, 0.8 m long, 0.85 m in diameter



Table 2: Specification for pressure in the pipes (bursts)

| GW frequency (Hz) | Ultimate h | pg, (torr) | pro (torr) ||

10 1.3x107%2 [ 6.1 x10°7| 6.3 x 1078
50 6.5x107%* | 3x10~% | 3.2x107°
100 1.1 x 1072 | 44 x 1078 | 4.5 x107°
1000 1.1x10722 | 44 x 1077 | 4.5x 1078
u ® best ultimate sensitivity for bursts “

Table 3: Specification for pressure in the chambers® (bursts)

| GW frequency (Hz) | Ultimate h | pa, (torr) | pryo (torr) |

10 1.3x 1072 | 2.6 x 1075 | 8.5 x 107
50° 6.5x 1072¢ | 8 x10~% | 2.7x 10°°
100 1.1x10722 | 18x10~3| 6.1 x 10~*
1000 1.1 x 10722 | 1.8 x 10? 6.1 x 10!

* see Point 4 in this Summary
® best ultimate sensitivity for bursts

Table 4: Specification for pressure in the pipes (periodic®)

| GW frequency (Hz) | Ultimate h | pg, (torr) [ pr,o0 (torr) |

10 10-%7 2.3x107%| 2.4 x 10~7

- 100 1.1 x10"2 | 27x 1078 | 2.9 x 10~°
215° 5.5x107%° | 6.9 x 10-° | 7.1 x 10~10
1000 55x107%° | 6.9 x 102 | 7.1 x 10-1°

® an integration time of 107 s is assumed
> highest sensitivity for this and higher frequencies




Table 5: Specification for pressure in the chambers® (periodic®)

| GW frequency (Hz) | Ultimate h | pa, (torr) | pa,o (torr) |

10 10~%7 32x107%) 1.1 x10°®
100 1.1 x107%2 {39x10~*| 1.3x 10~*
215¢ 5.5x 10729 1 2.1 x 10-3 | 6.8 x 10~*
1000 5.5 x 10~2° 1 0.3

* see Point 4 in this Summary
® an integration time of 107 s is assumed
© highest sensitivity for this and higher frequencies

operating close to the quantum limit and looking for periodic sources,
with an integration time of 107 s.

. The tabulated pressure specifications for the chambers correspond to
damping of the test mass by residual gas being the dominant noise
source related to gas. One should keep in mind, however, that the
chamber manifold has nonzero length, ~ 1% the length of the pipes.
This means that if the pressure in the chamber manifold exceeds 100
times the pressure in the pipe, index fluctuations in the manifold will
become the dominating gas related noise and interferometer perfor-
mance will degrade. One should therefore require that the pressure
in the chambers should not exceed ten times the pressure in the pipes.

. Once the pressure specification for hydrcgen has been determined,
the specifications for other gasses are derived by using Eq. (6) for the
pipes and Eq. (13) for the chambers.

. Estimates using slightly different assumptions for the gas/test mass
interaction conclude that the resulting noise is somewhat higher, lead-
ing to tolerable pressure levels in the chambers up to twice lower than
the ones given above.



4 Conclusion

The result of the above estimates is that in order to achieve the ultimate
LIGO preformance, as defined in the December 1977 proposal, one should

maintain the following ceilings on gas pressure:

e For hydrogen, 7 x 10~° torr in the pipes and 7 x 10~8 forr in the
chambers.

¢ For water, 7x10710 {orr in the pipes and 7x 10~ torr in the chambers.




APPENDIX

Optical Pathlength Fluctuations in an Interferometer
Due to Residual Gas

S. £. Whitcomd
othars?

Division of Physics, Mathematics, and Astronomy
California Institute of Technology
Pasadena, California

Planning is now underway for large gravitational wave antennee to be con-
stucted in the next 5 years. These antennae will use ultra-precisa laser inter-
ferometers to monitor gravitationally-induced motions of test mass over multi-
kilometer baselines with a precision of 107!” m or better. With such a high pre-
cision, these interferometers are-sensitive to a number of noise sources which
are normally ignored in other applications of optical interferometry. This letter
discusses one such noise source, the fluctuations in optical pathlength
(equivalent to fluctuations in the index of refraction of the residual gas) due to
the statistical variation of the number of atoms in the laser beam. Sinct; the
cost of the vacuum system is the major expense associated with the large anten-
nae, it is important to estimate the vacuum requirements as accurately as pos-
sible. ‘

Assume that the measurement is to be made along the z axis from z=0 to
z=L using a laser beam with a gaussian intensity profile (in eylindrical coordi-

nates)
2/ .
O

where w(z) is the waist parameter and /¢ is the total energy flowing in the

d
beam. in what follows, it is assumed that w <. and 2—?—«1.
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The most useful formulation of the problem is to calculate the spectral den-
sity of the optical pathlength fluctuations. The optical pathlength (¢) fluctuates
about its mean </> as molecules move across the beam. These fluctuations can

be characterized by the spectral noise density (f #0)

T/2 2

2 7[ L(t)exp(i2mst)ds
-¥r2

G(f) = lim >

where () is the optical pathlength as a function of time. G{f) bas units of
m? Hz"!,

As shown below, the precision needed for gravitational-wave dete_ction‘
requires gas pressures which yield mean free paths long compared to the
transverse dimensions of the beam. Thus the molecules can be considered to
cross the beam independently and without collisions. Our approach will be to
calculate the eflect of a single molecule crossing the beam, as a function of its
velocity and‘position of closést approach to the beam axis, and to subsequently
integrate over the equilibrium distribution of velocities and positions to get the
spectral density of the optical pathlength fluctuations.

The presence of each molecule in the laser beam has two eflects: a small
distortion of the phase fronts and a small change in the average phase of the
light. The net phase shift is proportional to the number of molecules in the
beam, while the wave front distortions grow proportional to the square root of
the number of molecules and can thus be ignored. The phase shift due to a par-
ticular molecule (and the corresponding addition to the optical pathlength) is
proportional to the intensity of the laser light at the position of that molecule

divided by the total energy flux of the beam; that is, if the position of the i**

molecule is (r;,2;), its presence makes a contribution to the optical pathlength

6L =8 exp[— mz—]
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where 8 depends among other things on the type of the molecule. Assuming
there is only a single molecular species present, B can be calculated by sum-
ming the contributions to the optical pathlength from a uniform distribution of
molecules in the beam and comparing the result with that predicted using the

classical index of refraction. This procedure gives

2(n-1) _ 2a

nemw?  mw?

where 7 is the number density of molecules, n is the mean index of refraction
- at that density, and a = (n—1)/ 70 depends only on the type of molecule.

In fact, the molecules move through the beam randomly and the contribu-
tion to the total optical pathlength of the i** molecule is a function of time
6L(t). 1f the molecule makes its closest approach to the beam axis with impact
parameter p; at time £; and with speed perpendicular to the beam axis v;, then

_ o PRt —ti)zvle

The total optical pathlength as a function of time is obtained by summing over

all molecules

(t)=1L +Z‘j 5L(¢t)

where L is the physical pathlength. This yields a spectral density (f #0)

2

T/73
e 2 :
G(r) = lim = 4{;2 Z‘: 84 () exp(fi.Zﬂ'ft)dt
2 Ts72 . 2
= I%E?; _42 8, (t) expli2nft)dt
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The cross terms in G(f) average to zero because they depend on the transit
times of unrelated molecules. The individual integrals are straightforward. The
remaining sum and limit may be evaluated using the distribution function for p

and v.
- 2
G(r)=2f [ [npw)|[folo.v)explianst)dt| dpdv dz

where n(p,v)dp dv is the number of particles per unit length per second making
their closest approach to the beam axis with impact parameter p and perpendic-

ular speed v. Assuming a Maxwell-Boltzmmann velocity distribution, 7 is given by

' 4
n(p,v) dpdu dz = 'ZO; exp[ —-] dodv dz
vy

where vg=(2kT/ m)*. Integrating over p and v gives the result

enfw(z
™ dz (1)

G(f)= f 2noa”

v w(z)

As a practical example of the usage of (1), consider a gravitational wave
antenna with two 5§ km long arms. A reasonable goal for the strain sensitivity is
AM/1<3x10"23Hz % at a frequency of 1 kHz. One possible confizuration for the
gravitational wave interferometer uses a pair of optical cavities for the two

arms. The strain noise of such an interferometer due to the gas

A _ [2G(f)H

T L
is found by looking at the (incoherent) difference between the two arms. The
most economical design, in terms of total evacuated volume and mirror size, is a
cavity configuration near confocal. In this case the beam has a roughly constant

diameter wR(AL/2m)%. For an antenna with 5 km long arms operating at

DRAFT—-DRAFT—October 24, 1984—DRAFT DRAFT
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A=500nm, a sensitivity of 3x10-2 Hz % at 1 kHz requires a density <2x10!1em-3
(assuming the residual gas is N2), corresponding to a pressure <6x107® torr. In
Some vacuumn systemns, more than 95% of the residual gas is hydrogen. If this is
the case, then the pressure could be higher by a factor of ~10 because of the

lower refractive index and higher speed of hydrogen.

An alternative configuration for the interferometer is a Michelson inter-
.ferometer using Herriott delay lines in the two arms. The geometry of the
Heriott delay line is such that the b one-way paths through the arms are nearly
independent (non-overlapping) with a minimum beam diameter approximately
the same as for the optical cavities discussed above. It follows that the strain

sensitivity of such an interferometer is given b y

A _ [RGUNHP

l bL

The pressure required for a delay line is a factor of & higher than for an inter-
ferometer using opf.ical cavities. This result is simple to understand: since the
delay line uses a b times larger volume of gas than the cavity, it can have a b

times higher density to get the same fractional fluctuations in the column den-

sity. ‘
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