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ABSTRACT

The goal of this note is to calculate the shot noise for the Cal-
tech interferometer in the configuration-#=s actually usgd now.
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Introduction.

The present configuration of the Caltech interferometric gravitational wave
detector is shown in Figure 1. Two 40m long optical cavities define the arms of
the detector. Separate photodiodes monitor the refiected light from the first
mirrors of each cavity. The first arm is used to stabilize the laser frequency
while the second arm measures the difference between the laser frequency and
the cavity resonance. The comparisons are made using a phase modulation
technique. The goal of this paper is to calculate the shot noise for the current
interferometer configuration, including the effects of the meodulation scheme
and certain imperfections in the interferometer {most notably, the nonicdeal
tringe visibility).

The Hodulation Scheme

Consider arm 1 first. The input laser lizht is phase modulated at ~12 MHz, a
frequency high compared with the cavity bandwidth. Assume that the incident
leser light has «, photons/sec. The béam incident on the the cavity can be
decomposed into two kinds of light--z fraction f? which is properly mode-
matched to the cavity and a fraction :—g% which is not. The incorrectly matched
part will be entirely refiected onto the photodiode. The properly matched light
falling on the photodetector is due to tke interference between two amplitudes -

the reflected laser light with its phase-r—odulation and the cavity lizht which has .

no phase modulation {See Figure 2a). The intensity on the photoediode is just the
sum of the intensities of the properly mode-matched hght and the improperly
mode-matched light: there is no interference betwser these two pieces of the
light because they are in spatially orthogonal modes {provided the photodiode is
large enough to intercept the full beam) T._LL‘~ the expected intensily on the
photodiode is

<oy(t)> = eyl + BRARTE (8, — 2FRA (8 m) cos (Emsin o t)]

where 4 is the amplitude the cavity light would have in resonance if there were
no medulation, Jg is a Bessel function of zero order, and &, and w, are the
amplitude and frequency of the phase modulation. A is determined by the pro-
perties of the cavity mirrors,
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where t,, 7;, and 7, are the amplitude transmissivity and reflectivity of the cav-
ity mirrors. The amplitude of the camty light is reduced by a factor of Jel®m),
the fraction of the incident Seld whick :s nct shifted to one of the sidebands by
the phase modwation. The zctual number of photens falling on the detector
7,(t) will vary about the expected numder e rms variatlon of 7, in a2 shert
interva! df will have the value given by Fzisson s tatistics, namely, ‘7,48 )2¢ ]

The efiect cf 2 ";v"'v wave is to :ause g phase CLf’fere*:ce ¢, between th

& ril
zser light end the cewity Lizht (Figure 25 in generzl, the phase difference 1n
arm 2 caused by the E,fa'r.“ wave will mzve the opoczlte sign from #,. and it 1s
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the difference ¢, — ¢» which we measure. This phase difference can be related

- to the gravity wave amplitude h(w) by 2 transfer function which depends on the
frequency and angle of incidence of the wave (preprint). The most favorable
case is that of a wave incident normeal to the plane of the detector. With the
additional assumption that the detector is small compared to the gravitational
wavelength, the phase differences are given by ¢, = —¢, and
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where L is the length of one arm, v, = L/ ¢, and 7, is the cavity storage time,
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The noise level is frequently expressed as a displacement {m Hz %) using the
relation

6l = hL

~ The photon flux incident on photodetector 1 is the presence of a wave is
<m(8)> = aqfi + FRARTE— 28%A  gcos [¢, (¢ )+ msin e t )

where all Bessel functions are henceforth understood to be evaluated at €,,. For
. E_
any realistic case, ¢; 5 < 1, and we can expend to first order in ¢, 2

~

<, {t)> = a,r-z + BPARIE - 28%AJgcos (&, sin o t) + 25, {8) 324  csin (S, stn o t)]

[

The signal from the photodiode is demodulated using a mixer. The process
is equivalent to multiplying by sin <, and averaging with & time constant long
éompa:ed to wp,! but short compared to the time sceles interesting for gravita-
tional wave detection.

Signal

Assume a sinusoidal signal

©1 = —¥2 = dggsinwt
Azg can be measurﬂd by comparing signais &) end Sz derived from the two pho--
tocetectors,
s T
/.. . . ,
Spw) = TJ “\t) snaptanot 4

Tne irencfer funcucn shown essuTes Thatl Alty end Lot ere releted 1o R{z) and Az(z) by
7= frie e

Tmginesrs mey crefer £ pius s.gnoin Lhe exponentel o wiich cese Ther shonld change W to
— n the trensfer Junciion.
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It follows trivially that

Noise

To calculate the noise, assume ¢; = ;;é = 0. In this case the noise is for-
mally defined to be the sum of the sguares of Ay measured with both sin ot and
cos wf phases; i.e.

2
z - _1:_“ T ??21 sin @, £ sin of "
S I 2 P s
r“ / sin &, ¢ cos ot ¢ g
+_-_f77_1___2;] Om 4t
Ty = az BATod

where < > denotes average value. {This is what we see on the spectrum
enalyzer.) To evaluate NZ we canuse 22
for the propagation of errors. If

eneralization of an elementary formula

‘then . R

Converting this to an integral, remembering that the uncertainty in n(t)dt is
[n(t)dt J4, yields
T 2
772] sin®o,, ¢
NE(U)" .[{ ‘ EJ#AszJz
[g-2 + 4278 — 2408 + 2ATuT2) |
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Notice that N 2{=) has units of radians?Hz"L
This ncise level can be converted to either displacer:e::t sensitivity
joy = | AL T e (ER R AYE Z2ATE 24ele] [, 2]
A\~ :.’_T_] ‘L_sz \ t j l EEZA‘.{-EJ-;E j lal aZj
or gravity wave sensidwvity
N ()




Discussion
As an example, let's compare the theoretical shot noise with a measured
value. The present cavities have a storzge time of ~0.Brms. The measured
transmission of the input cavity mirror is |£;]?=1.2x107% these two values
determine A = 0.72° 'The ~observed fringe wisibility with no modulation
(=p%24—A%]) of 0.5 determines 8% = 0.54. The power in the interferometer is
~1m¥ (corrected for photodiode efficiency) for one arm and ~0.5m¥ for the
other arm. The modulation index &,, is about 0.5. These values yield the curve
shown in Figure 3. The curve for g2 = 1.0 with all other parameters the same is
also shown. This represents the expected improvement in the shot noise which
can be achieved by improving the mocde matching; it also represents the best
- achievable sensitivity in this confizuation with the present mirrors and laser
power.

The measured curve in Figure 3 is found using a flashlight on the photo-
diode to give the same intensity oz the photodiede 2s when the cavities are in’
resonance. (The difference between t.h= fiashlight {constant gdt.ensity) and the

_modulated intensity of the laser light is unimportant because of the poor fringe
visibility.) The measured value azrees with the Lg-eoret'.cal value within the
uncertainties of the calibration anc of the other parameters.
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Figure Captions
Figure 1. The Caltech interferometer configuration - 1982 to mid - 19B4.

Figure 2. Diagrams showing phase relations between the phase-modulated
laser light and the unmodulated cavity light. The amplitudes are normal-
ized to the incident laser amplitude. The phases are shown both without a
gravity wave (a) and with a gravity wave {b).

Figure 3. The solid curve shows the measured shot noise for the Caltech
interferometer (May 19884). The upper dashed curve shows the predicted
shot noise using the parameters given in the text. The lower dashed curve
shows the predicted shot noise essuming perfect mode matching. ’
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