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We present analysis of undesirable effect of parametric instability in signal recycled GEO 600
interferometer. The basis for this effect is provided by excitation of additional (Stokes) optical
mode, having frequency wi, and mirror elastic mode, having frequency wm, when the optical
energy stored in the main FP cavity mode, having frequency wy, exceeds a certain threshold and
detuning A = wo — w1 — W, is small. We dicuss the potential of observing parametric instability
and its precursors in GEO 600 interferometer. This approach provides the best option to get familiar
with this phenomenon, to develop experimental methods to depress it and to test the effectiveness

of these methods in situ.
I. INTRODUCTION

The full scale operational terrestrial interferometric grav-
itational wave antennae LIGO have sensitivity, expressed in
terms of the metric perturbation amplitude, approximately 3
times better than the planned level of h ~ 1 x 10721 [1, 2] in
100 Hz bandwidth (see the current sensitivity curve in [3]).
In Advanced LIGO (to be approximately realized in 2012),
after improving noise of test masses (mirrors of a 4 km long
optical Fabry-Perot (FP) cavities) and increasing the opti-
cal power circulating inside the resonator the sensitivity is
expected to reach the value of h ~ 1 x 10722 [4, 5]. GEO
600 interferometer has absolute sensitivity less than LIGO,
however, regarding to its armlength (1200 m, in LIGO 4 km)
and circulating power (also lower than in LIGO) sensitivity
of GEO 600 is an impressive one (see [6, 7]). In particular,
GEO 600 has participated and continues to participate (with
LIGO and others) in scientific run S5 aimed to register gravi-
tational waves. In addition GEO 600 plays an important role
as a testing area for different kinds of new technologies to be
applied later for LIGO, e.g., the signal recycling configura-
tion, monolitic fused silica suspension, usage of electro-static
actuators, first demonstartion of thermal lensing compensa-
tion and several others.

The undesirable effect of parametric instability in Fabry-
Perot cavity, which may cause a substantial decrease in an-
tennae sensitivity or even antenna malfunction, was exam-
ined in [8]. This effect appears above the certain threshold
in the optical power W, circulating in the main mode, when
the difference wo — w7 between frequency wy of the main
optical mode and frequency w; of the idle (Stokes) mode is
close to frequency w, of the mirror mechanical degree of
freedom. Coupling between these three modes occurs due to
ponderomotive pressure of light in the main mode and Stokes
mode and the parametric effect of mechanical oscillation on
optical modes. Above the critical value of light power W, the
amplitude of mechanical oscillation is also increasing as the
optical power in the idle (Stokes) optical mode gets bigger.
However, E. D’Ambrosio and W. Kells have shown [9] that
if the anti-Stokes mode (with frequency wjq = wo + W)
is taken into account in the same single dimensional model,
then the effect of parametric instability will be substantially
lower or even excluded. In [10-12] an analysis was given
based on the model of power and signal recycled LIGO in-
terferometer. It was demonstrated that anti-Stokes mode
could not completely suppress the effect of parametric oscil-
latory instability. As a possible “cure” to avoid the paramet-

ric instability it was proposed [13] changing the mirror shape
and introducing low noise damping. D. Blair with colleagues
proposed an interesting concept of heating test masses in or-
der to vary the curvature radii of mirrors in interferometer
and hence to control detuning and decrease the overlapping
factor between the optical and acoustic modes [14-16]. Re-
cently, the instability produced by the optical rigidity was
observed in direct experiment [17]. The effect of parametric
instability was observed by K. Vahala with collaborators for
micro scale whispering gallery optical resonators [18, 19].

In this article we present a detail analysis of parametric in-
stability in signal recycled GEO 600 interferometer and show
that in spite of lower optical power in GEO 600 as compared
with LIGO, the parametric instability in this interferometer
can be observed if detuning A = wy — W — Wy, is small.
It can be done by changing the frequency of anti-symmetric
optical mode (see definition below) of interferometer through
varying the position of signal recycling (SR) mirror. It al-
lows using GEO 600 as a testing area to observe precursors
of PI and to work out technology to avoid it.

In section II we derive the parametric instability con-
ditions in GEO 600 interferometer. The results obtained
are discussed in section III. The details of calculations are
present in Appendix.

II. GEO 600 INTERFEROMETER

We analyze GEO 600 interferometer with signal recycling
(SR) and power recycling (PR) mirrors — see Fig. 1 and
notations to it. The interferometer is tuned in resonance
and no optical power from the carrier passes through SR
mirror. The wave Eg traveling through it is used to detect
the signal. Interferometer is pumped through port F5. We
make the following simplifying assumptions:

e Optical losses in all mirrors as well as thermal noises
are not taken into account.

e Transparencies of PR and SR mirrors are Ty, Ty cor-
respondingly and the lengthes of both arms are tuned
so that symmetric mode is in resonance with the pump.

e The distances between the beam splitter and PR, SR
mirrors are short (about several meters) as compared
with the total arm length (1.2 km), hence, we consider
the phase advance of the waves traveling between these
mirrors as a constant and omit its dependence on fre-
quency.
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e We assume that optical properties of the arms are iden-
tical. (The analysis of PIin LIGO interferometer with
non-identical arms are presented in [20].)

e We do not take into account anti-Stokes mode.

A. Initial equations

We denote the mean (constant) amplitude of the main
wave (at frequency wy) by calligraph upper case letters, and
small, time-dependent amplitudes of Stokes and elastic mode
by lower case letters. For example, the complex amplitude
of Fi can be written: Fy = Fre t@ot 4 fre i@t where
the mean amplitude F7 corresponds to the main mode with
frequency wp and small field f; — to the Stokes mode with
mean frequency w. Below we recalculate all constant ampli-
tudes through amplitude Fy in arms, so that F; = F> = Fo.
We normalize amplitudes so that |Fp|?> = W, where W is
optical power circulating in each arm. The displacements
of mirrors’ surface are denoted by x12, Y12, Upr, Xbs
(see Fig. 1) and we introduce slow amplitudes as following
X1 — xje Wntpxrel®nt and so on. We start with time do-
main equations for small amplitudes f3 of symmetric mode
and f4 of anti-symmetric mode (see details in Appendix A):
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Here y4,y_ are relaxation rates of symmetric and anti-
symmetric modes correspondingly. We assume that PR cav-
ity is in resonance, i.e. phase advance ¢, between beam
splitter and PR mirror is fold to 27: exp(idpr) = 1. It means
that mean amplitudes in SR cavity equal zero: F4 = &4 = 0.
In contrast, we assume phase advance ¢ between beam split-
ter and SR mirror having an arbitrary value. We also assume
that ¢pr (and ¢) does not depend on time.

The coupling between Stokes and elastic mode arises as
follows. The wave of main mode reflecting from surface of
mirror, oscillating with frequency wy, and having complex
amplitude x, originates waves

- (Foefiwot_f_FSeiwot) (Xefiwmt_'_x*eiwmt)

with frequencies wp £ wy,. One of them (having frequency
Wo — Wy ) is in resonance with Stokes mode — it is the ori-
gin of term in the right part of Eq. (2.1, 2.4). Another one
(having frequency wo+ wqy ) is in resonance with anti-Stokes
mode, which we do not take into account in our considera-
tion.

Comparing left parts of Egs. (2.1, 2.4) we see that reso-
nance frequency of symmetric mode (w1q) differs from reso-
nance frequency of anti-symmetric mode by detuning & which
can be controlled by position of SR mirror.

Tse T—2 SR mirror

FIG. 1: Signal and power recycled GEO 600 interferometer. FM
— folding mirrors, EM — end mirrors, BS — beam splitter. Here
F1, Eq1 are amplitudes on plane (1), F2, E2, F3, E3, F4, E4 are
amplitudes on beam splitter.

We have to supply Egs. (2.1, 2.4) with equations for evolu-
tion of elastic mode amplitudes (see details in Appendix A):
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Here masses of folding and end mirrors in arms are denoted
by m (they are equal to each other), my,, mys are masses of
PR mirror and beam splitter correspondingly (elastic modes
in SR mirror does not participate in parametric instability),
Wm, Ym are normal frequency and relaxation rate of elastic
mode, the other notations are given in Appendix A.

The waves of main and Stokes modes reflecting from the
mirror produce radiation pressure force proportional to the
square of sum field. In formula for this force we take into
account the cross term only proportional to

—iwpt iwpt —iwgt iwgt
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which contains the difference frequency (wo — w1) (in reso-
nance with elastic mode). It originates the terms in the right
parts of Egs. (2.7 — 2.12).



TABLE I: Constants and parameters of GEO 600 used for esti-
mates.

Symbol| Physical meaning Numerical value

m Masses of EM and FM 5.6kg [21]
mypr | Mass of PR mirror 2.9kg [21]
Mps BS mirror mass 9.3kg [21]

L Effective arm length 1200 m

w Light power circulating in each arm| planned 10 kW
wo Mean frequency of carrier light 1.8-10"0 7!
Tor Power transparency of PR mirror 0.09% [22]

Y+ Relaxation rate of sym. mode ~ 565"

Ter Power transparency of SR mirror 1.9% [22]

Y- Relaxation rate of anti-sym. mode | ~ 1200 s™'

Wm Elastic mode frequency ~10° 1/sec
Ym Relaxation rate of elastic mode ~0.125 5"
Gross | Loss angle (Ym = wm Pross/2) 2.5 x 107 [23]

B. Parametric instability conditions

The masses (and sizes) of end and folding mirrors (EM and
FM) in arms of GEO 600 are practically the same, PR mirror
and beam splitter have different masses (see Table I). Hence,
there is a very small chance that frequencies and structures
of elastic modes in beam splitter, PR and other mirrors (EM,
FM) coincide, and we have to analyze parametric instabil-
ity with elastic modes of these mirrors separately. Further,
considering elastic modes in EM and FM we can assume
that mirrors are elastically identical (i.e. the frequencies and
structure of elastic modes are the same); then we can con-
sider symmetric (subsec. IIB1) and anti-symmetric modes
(subsec. ITB2). In the opposite case we can consider fold-
ing and end mirrors separately (subsec. II B 3), including PR
mirror (subsec. IIB4) and beam splitter (subsec. IIB5). In
subsec. II B 6 we present solution of characteristic equations
obtained in subsec. IIB1 - II B 5.

For estimates we will use parameters of GEO 600 interfer-
ometer presented in Table I.

1. Symmetric mode

We see from equation (2.1) that amplitude f3 depends
on sum coordinate (4 (recall that here we do not take into
account dependence on coordinate Xps, Upr — it will be
done below). Using Egs. (2.7 — 2.10), we obtain the set of
equations in time domain:
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We call this mode a symmetric one. Finding solution for
this set as f3 = f3eM ™t (. =, e we obtain character-
istic equation (recall that optical power circulating in arms

is equal to |Fol? = W):
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Here A is overlapping factor (see also (A31)), it is equal
to 1 if distribution of Stokes mode field and elastic mode
displacement on mirror surface coincide completely, in reality
A < 1. The parametric instability will takes place when the
real part of one of the roots of this characteristic equation
becomes positive.

2. Antisymmetric mode

For anti-symmetric mode we have similar set of equations
in time domain, using (2.4) and (2.7 — 2.10):
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Finding solution for this set as f4 = f4eM At ¢ = _eM
we obtain characteristic equation:

29 =1 (2.19)
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3. Single folding or end mirror

Now we can consider the case when only one mirror par-
ticipates in parametric instability. This may happen when
normal frequencies in different modes differ from each other
by value Aw, larger than one of relaxation rates vy, or y_
i.e. (using parameters from Table I) — Awp,/wm, > 1073,
Such difference may be easy produced by suspension system
or caused by inhomogeneity of mirror material [10].

Considering, as an example, only folding mirror in east
arm (position x1) we obtain from Egs. (2.1, 2.4, 2.7) the
following set of equations:
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We can obtain the same characteristic equation consid-
ering only the folding mirror in north arm (position x;).
Considering only one end mirror in any arm (positions y;
or yz) we obtain the same characteristic equation (2.23) but
without factor 2 before Q.



4. Single PR mirror

Considering only PR mirror (posision yp») one can obtain
set of equations similar to Egs. (2.13, 2.14) and characteristic
equation similar to (2.15):

2Qpr =1, (2.24)
A+vm) A +vL—14)
(,U]/\W |N]|2
=— A= 2.2
Qor = T " (2.25)

5. Single beam splitter

As a following example, we consider only the beam splitter
— from Egs. (2.1, 2.4, 2.12) we obtain
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6. Solution of characteristic equations

Recall that parametric instability corresponds to the case
when real part of one of the roots of characteristic equation
becomes positive. The solution of characteristic equations
can be considerably simplified if we take into account strong
inequality (see parameters in Table I):

Ym < Yi, Y- (2.31)

This inequality allows us assuming that one of the roots
which is interesting for us has imaginary part much less than
relaxation rates y., yY_ and we can find, for example for
(2.15) an approximate solution and then the parametric in-
stability condition:

50 50 < 1
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The characteristic equation (2.19) for anti-symmetric
mode differs from corresponding equation (2.15) for sym-
metric mode only by I'_ substituted instead of y,. Hence
the parametric instability condition for anti-symmetric mode
differs from (2.32) by the same substitution only. The same
is true for characteristic equation (2.24) with substitution
2Q,, instead of 5Q in (2.15).

Using the same consideration we obtain parametric con-
dition from Eq. (2.23) (generalization for (2.29) is obvious):

20 1 1
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To be on the safe side we solved numerically corresponding
characteristic equations under assumption ym/y+ < 1072
and checked that the approximations (2.32, 2.33) are valid
with relative accuracy < 1072.

IIT. DISCUSSION AND CONCLUSION

Looking at Egs. (2.32, 2.33) we see that in case of zero
detuning the parametric instability may take place in GEO
600 interferometer if factors Q/ymy+ are greater than 1.
For parameters from Table I we estimate:

Q ~ 1.27 X A, < ~ 0.06 X A, (3.1)
YmY+ YmY-—
Do a5 A (3.2)
YmY+

Hence, one may conclude that chance to observe parametric
instability in GEO 600 interferometer is small enough be-
cause (a) overlapping factor is usually small (A < 0.1) and
(b) detuning is non zero in reality and it will also depress
parametric instability.

However, it would be very attractive to use GEO 600 as
a testing area to develop and test methods of parametric
instability suppression. For this purpose it is interesting to
enhance parametric instability. Recall that symmetric mode
is tuned in resonance with pump while anti-symmetric mode
may be effectively detuned by displacement of SR mirror.
Owing to this detuning one can easy obtain the information
on the frequencies and structures of elastic modes through
observing signal at the output port (using balance homodyne
detector not shown on Fig. 1) peaks of elastic oscillations in
mirrors. This detuning can be done in range (part of free
spectral range: Afgrg ~ 600 Hz) large enough to scan the
range of elastic frequencies (50 ... 300 Hz) interesting for
us. Therefore, one can choose a suitable elastic mode (i.e.
overlapping factor A is not small) and tune antisymmetric
mode in resonance (i.e. A ~0).

Now in order to observe parametric instability we have
either to increase the optical power circulating in arms or
to decrease relaxation rate y_ of anti-symmetric mode by
approximately two orders. Increasing optical power poses a
difficult problem. Replacement of SR mirror by another one
having smaller transparency in operating interferometer is
undesirable. However, effective manipulation by SR mirror
transparency can be done in another manner. One can place
another mirror with transparency Tqaq =~ 0.01 parallel to SR
mirror so that these mirrors assemble a short Fabry-Perot
cavity. Such replacement of SR mirror by additional ‘SR
cavity was discussed in [24]. The transparency of this cavity
vary from 4Tg; Taaa/(Ter + Taaa)? (resonance) to TsrTaaa/4
(anti-resonance) by displacement of additional mirror. So
tuning additional Fabry-Perot cavity close to anti-resonance
one can decrease effective transparency of SR mirror by sev-
eral orders. Note that additional mirror may be placed out-
side of the vacuum system of interferometer. It may provide
additional noise but it is no barrier to PI observation.

Observation of parametric instability and its precursors in
GEO 600 interferometer (in spite of it is not planned now)
will provide the best approach to explore this phenomenon,
develop experimental methods to depress it and to test ef-
fectiveness of these methods in situ.
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Appendix A: Derivation of main formulas

The electric field E in traveling wave, for example, in right
arm of GEO 600 interferometer and mean power W is written
as following;:

= 2m = —iw
E(t, 7)) ~ 1/EAo(rl)]’oe oty
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Here W is the mean power in traveling wave of main mode,
dimensionless functions Ag (71 ), Agn) (¥,) describe the dis-
tributions of optical fields over cross section for main and
other (Stokes) modes, integration [ d¥, is taken over the
mirror surface.

The Stokes wave appears after each reflection of the main
wave from mirror surface oscillating with frequency wq,. For
example, we have for reflection from mirror with position x1:
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Here sum is taken over complete set Agn) of cavity modes
(they are orthogonal to each other) and w, is normal to
surface component of dimensionless displacement vector U
of elastic mode and x; is slow amplitude of displacement,
k = wi/c. Multiplying this equation by distribution func-
tion A} /v/S1 of more suitable Stokes mode (we drop index
(M) from this point on), integrating over cross section and
omitting non-resonance term (~ xje~**“m*) one can obtain
in the frequency domain:

€1 (Q) = 7f1 (Q) — N]fOinZikXT (A — Q),
Js AoA; wy (7) dF
1= )
Vs Mo dF 1[5l afy

A=wy— w1 — Wn.
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Below we apply these consideration to each reflection.
However, for simplicity we do not write factor Ny in ev-
ery formula and restore it in final formulas (after expanding
exponents like e'** in series).

Beam Splitter. We consider that F», E,, F3, Esz, F4, Eg
are amplitudes on beam splitter (its transparency is equal
to Tvs = 1/2) as shown in Fig. 1. Amplitudes Fy, E; we
consider on plane (1) (see Fig. 1) so that phase advance be-
tween beam splitter and this plane is el = 1. F,, E, are
amplitudes on beam splitter. The phase dps = V2 kxps is
introduced due to shifting position xps of the beam splitter.
Thus, we have:

F iF3 — F4€7i¢’b$
—=—, k=
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Arms. Denoting T = L/c where L is the path length be-
tween the beam splitter and the end mirror in each arm, we
have:

Ey =—6F e’ E; = —0Fe**2, (A5)
0 =e"T ~ 1421071, z12=2x12+Y12 (A6)
Substituting (A5, A3) into (A4) we obtain:
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We consider the case when PR cavity is in resonance (see
below) — this means that the mean amplitude F4 = 0.
Hence, as it follows from (A3) that the mean amplitudes
in arms are equal to each other and we denote them by Fy
(i.e. F1 = F2 = Fp). Then we can obtain the formulas for
mean amplitudes:

—F3 F3
1 2 /3 0 1 2 NG 0 (A9)
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From Egs. (A7, A8) expanding exponents in series and
restoring factor Ny like in (A1) we obtain for small ampli-
tudes

e3(Q) =—0f3(Q) +N1Fo Zik(C:(A —Q)+ XES(A — Q)),

(A11)

e4(Q) = 04(Q) + Ny Fo2ik(C" (A — Q) —x5,(A — Q)),
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For Power Recycling Mirror we have:

Fie " = iy/T Fs — /T— T Eze®r (14 2iky3,),

(A14)

Gpr = (W1 + Apr + Q)1 /c. (A15)
Here last term in brackets in the right side of (A14) corre-
sponds to expansion in series of term e***Yrr. We assume
that PR cavity is in resonance, i.e. exp(idpr) =1 and dpr
does not depend on frequency Q due to shortness of PR
cavity. Below we use for small amplitude only Eq. (A14)
omitting term ~ F5 (because there is no pumping of Stokes
mode):

f3 :—\/1 —Tpreg —\/] —TprN15321ky;r. (Alﬁ)
And substituting (A11) into (A16) we get:
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Expanding in series e*'C?7 ~ 1 4 2iQT, /1 — Tor @ 1—
Tpr/2 in Eq. (A17) we can obtain in frequency domain:
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Now using obvious rule (—iQ) = 0+ one can obtain Eq. (2.1)
in time domain from Eq. (A18).
For Signal Recycling Mirror we have:

Fae ' = iy/TsrFg — /1 — TerEqe'®.

We assume that SR cavity is not in resonance (i.e. the phase
advance ¢ between beam splitter and SR mirror has an ar-
bitrary value) and we also assume that ¢ does not depend

on frequency Q. Again for small amplitudes we omit term
~ F¢ in Eq. (A20)

fq+ /1 —Tere?®eq =0.

Now substituting (A12) into (A21) we get:
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Below we assume convention: ¢ — ¢+71/2 (it corresponds
to resonance for anti-symmetric mode is ¢ = 0):

fa(1—0e”® /1 —T,) = +iN; Foe?® /1 — T (A23)
x 24k(C = x3,).

Expanding in series e*'?T ~ 1 4+ i2Q71, €2 ~ 1 4
2ib, V1 —Tgr = 1 —Ts/2 in Eq. (A23) we can obtain in
frequency domain:

—wiN1Fo
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Now one can obtain time domain Eq. (2.4) from Eq. (A24)
using rule (—1Q) = 0.

Ponderomotive forces. Considering the end mirror with
coordinate y; we substitute the light pressure force acting
on it into equation for the mirror coordinate yi:

2 . )
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(A26)
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where integration is taken over volume V of mirror. Pre-
senting y; — yje @mt 4 y’{em"“t we finally find equation
(2.8) for slow amplitude y3 using (A3) and similar equation
(2.7) for x} (the force acting on mirror with coordinate xj
is two times larger). The equations (2.9, 2.10, 2.11) can be
obtained in a similar way.

For the slow amplitudes xps of beam splitter we have:

_ Nje™ 6
2iwmMmps e /2’
G = (F3f3 + Fafa — Fifi + Ees + E5ea — Efen),
simplify using (A3, A9) :
G :FS(_fl +f2+ e —ez—\/z(fg—eg)) ~
~ F§(2V2if4 — 2V213) =
= 2V2 5 (ifa — f3) = 4F5fa.

Xps + YmXps = (A29)

(A30)

In the right part of equation (A29) factor 2 in denominator of
the first multiplier appears when we go to equation for slow
amplitudes (absence of factor 2 in numerator in contrast to
(A26) is due to our taking into account both incident and
reflecting waves in term G), and factor v/2 in denominator of
the second multiplier is due to accounting for only projection
on axis Xps. As a result we find equation (2.12) for slow
amplitude Xxys.

The overlapping factor A is equal to (see Eqgs.(A2, A28)):

Ni2 V[ Ao A wy (7) 471 |
W oMo dr [l AP drL [ P
(A31)

A=

L (Ci _X:tk)s)y
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