Digital Filter Noise

Why does the textbook tell us not
to use direct form 27

Matt Evans



Introduction

L
* Read refl, in particular chapter 6

e z-transform to go from s-domain to z-
domain

l+bz" +bz™
2

2
H(S)=GS +Bs+ B,

—H(z)=¢

s+ As+ A, l+az"' +a,z

 Once you have the z-domain coefficient,
your filter equation Is

yn = g(xn + bl‘xn—l + b2xn—2 )_ alyn—l - aZyn—Z



“Direct Form 1”
Implementation

N
* Direct implementation of equation for y,

 The TF Is performed In two steps
H(f)=gxH_,,(f)xH,,(f)
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“Direct Form 2”
Implementation

 Rearrange DF1 to get DF2
— Equivalent computation

— Uses less memory
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Hpoles(f;* /4) =~ 1

H. o (f 1 4) =1
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Direct Form 2

Fixed Point Noise Analysis

« With fixed point numbers, the quantization
noise analysis Is relatively easy (ref 1)

* Noise added at each multiplication
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Direct Form 2
Fixed Point Noise Analysis

The output noise power density is

N (f) = N QH [ +2.

where
DF2 2™
-> (D :(‘_E\, > fg
. and B is the number of bits after the

decimal point and fs the sample

@<—~<——>->® frequency. For example, with B=64

and f, = 16384 Hz,

F 2% 107
‘ > Quant \/ Quant \/T \/7
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Direct Form 2

Floating Point Noise Analysis

« With floating point numbers, things are
more complicated

— Noise added at multiplications and additions
— Noise depends on the signal
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Direct Form 2
Floating Point Noise Analysis

e
g EA]z

Nour ()= Q( > A

inp ut output

Where A, is the floating point
multiplier used in each operation.
Nouant IS @s before, with B the
N DF2 oUT number of bits in the mantissa.
= = - For example, a signal between 8
] ] ] and 16, expressed in double
. precision, would have
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for f, = 16384 Hz as before.




Direct Form 2
Noise Analysis: Example 1

 Input signal white (BW = 8kHz)
e 2 poles and 2 zeros 1Hz
— Roughly: a,=-2+¢, a,=1-¢, b,=1, b,=a,, b,=a,

All of the operations involve the
signal filtered by the poles. The
amplitude spectral density is
about 107 in DC. Taking A to
be the RMS of this signal,

C _D 2 6 X 10_12
3 3 Noyr (f) = \/SAMIDNQuant = JH=

2x107"

VH:z

as compared to

n[N(f) = \/AlzNNQuanl =




Direct Form 2
Noise Analysis: Example 2

.
 Input signal pink
— RMS dominated by low-frequency signal
— typical of LIGO signals
— Assume RMS of input A =1

2x107"
2
IN DF2 oOuUT ny(f) = \/A]NNQuant = I
-' P\ ——
which makes the
unchanged output
¢ 5 noise seem very large

6x107"

‘ > Noyr (f) = \/ 8 Ay guant = N2




Biquad Form

B
e Biquad form avoids large internal values

— A null filter (as in previous example) leads to
no added noise

— Requires one additional summation

N a,, =-a, -1

OuT
a, =-a,—a; -1

BOF
b - - :
; I ¢, =b —a

c,=b,—a,+b —-q,

The “biquad” form is a particular
state-space arrangement which
minimizes flops. Its layout is very
similar to the analog biquad filter.




Biquad Form

Noise Analysis

* For non-null filters, the internal sighal RMS
IS similar to the output RMS, so

ouTr (f ) 8 Quant maX(Aanut’ output )

BQF ouT

I a notch filter applied to a

signal with an RMS of 1,

@_. > T_._’ for example, would give
6x107"
n =./84° N
J‘ OUT(f ) \/ IN*Y Quant \/ﬁz
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DF2 vs. BOF
Empirical Results

e High and low | N
frequency input e TS HIOTSINEEXOC D

« 41 order notch .

Biquad Form
Input2e8

— fp:fzleZ o ........................ .......... ‘ —Direct Form 2

- Qp=1
— Qz=1e6
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DF2 vs. BOF
Empirical Results

o Output noise

roug h Iy as Xy = SIN27T x 1) +107 sin(27w xt x f, / 4)

10

expected in )

e e S B 5543 S B S 34
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e Biquad reveals . T
guant noise not
well modeled b
by white noise
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Conclusion

e Direct Form 2, used by LIGO, is not a good
choice for low-noise filtering

* Noise in floating point DSP has been studied
extensively for high-quality audio applications

 Many low-noise implementations are available
— State-space second-order sections are general
— Noise optimized forms usually involve more flops

e For a very modest increase in computational

time, we can improved noise performance by
many orders of magnitude
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A LIGO Signal

e Strain

— RMS dominated
by 18Hz peak

— Added 160dB
band-stop around
150Hz

A notch at 1Hz

Induces noise In

the stop-band

S5 Strain

s

‘1Hz Notch Filter ~

~ Induced Noise " .
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Low-Noise Form

L.
* Proposed form avoids large internal values

— A null filter (as in previous example) leads to
no added noise

— Requires no additional flops

IN LNF OouUT
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N ouT (f ) =N Quant ( Az’iput

Low-Noise Form
Noise Analysis

LNF

H)| + S 47

oop

2 2
Hpoles(f)‘ + Aoutput

For non-null filters, the
internal signal RMS is similar
OuT to the output RMS, so

NOUT (f) = NQuantAozutpth + 6‘Hpoles (f)

which is similar to DF2 below
the pole frequency, but lower

above that frequency.
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DF2 vs. BOF
Empirical Results

 High and low
frequency Input
e 4™ order notch
— fp=fz=1Hz
- Qp=1
— Qz=1eb

= sin(2 x1) +107 sin(2mw xtx f, / 4)

xinp ut

s Direct Form 2 vs. Low-Noise Form Filtering

Direct Form 2
Low-Noise Form ]
Input f 2e8
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DF2 vs. LNF
Empirical Results

o Output noise
close to
expected In
both cases

Amplitude Spectra

magnitude {arb JrtHz)
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