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Abstract

To reduce the thermal noise in the next generation of gravitational wave detectors, flat-top beams

have been proposed to replace conventional Gaussian beams, so as to obtain better averaging over

the Brownian motion of the test masses. Here we present a detailed investigation of the unwanted

opto-acoustic interactions in such interferometers, which can lead to the phenomenon of parametric

instability. Our results show that the increased overlap of the Mesa beams with the test masses

leads to approximately 3 times as many unstable modes in comparison to a similar interferometer

with Gaussian beams.
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I. INTRODUCTION

Future gravitational wave (GW) astronomy requires detection of astronomical sources at

a significant rate, with a signal-to-noise ratio well above unity. The sensitivity of the present

detectors [1–3] is still far from this goal. Advanced LIGO is expected to be the first detector

in the required sensitivity regime. However, further advances are required. An intensive

effort is underway to define techniques which will enable improved sensitivity.

To achieve improved sensitivity beyond Advanced LIGO, two major noise sources must be

reduced: thermal surface vibration of the test masses (thermal noise) and photon counting

in the dark port of the interferometer (shot noise).

There have been three alternative suggestions for the minimisation of thermal noise. One is

the choice of the material for the test masses. Such materal should be chracterised by low

acoustic and thermo-elastic losses [4]. The second is the use of cryogenics to directly reduce

the amplitude of thermal fluctuations [5, 6]. The third is to minimise the mirror thermal

noise by improving the averaging of surface vibration. This can be achieved by increasing

the area of the optical beam that interacts with the test mass surface. Ideally, a beam with

a flat wavefront would be the best option since the surface sampling would be the most

effective. However, such a beam profile would not sustain resonance in a cavity with finite

mirrors. A practical compromise is to use a beam with a fairly flat intensity profile covering

most of the mirror surface, dropping steeply in intensity towards the edges so as to ensure

low diffraction losses [7, 8]. There have been several proposals for a different beam geometry

in interferometers. The first was the flat-top or Mesa beam [9, 10]. Since then, others have

proposed the use of high-order Laguerre-Gaussian modes [11, 12], and Conical beams [13].

Mesa beams have been successfully created in optical resonators [14]. Numerical studies

have shown that this type of flat-top beam can reduce mirror thermal noise by a factor of

∼ 3 with respect to conventional Gaussian beams [15, 16]. Moreover, if flat-top beams are

used in an Advanced LIGO type interferometer, the entire sensitivity curve can be limited

by quantum noise.

The next generation of GW detectors requires the use of high optical power to reduce the

contribution of photon shot noise. For example, in Advanced LIGO approximately 800 kW

of optical power will circulate in the arm cavity. Unfortunately, high optical energy density

in the interferometer arms can also be responsible for a non-linear interaction of the electro-
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magnetic field with the mirror substrate acoustic motion. On one hand, high optical power

improves photon counting and thus lowers the shot noise, but on the other hand, high power

can also increase the chance of the carrier being scattered into a higher order mode via an

opto-acoustic interaction.

The scattering of light by acoustic waves is a well-known phenomenon. There are three major

mechanisms responsible for scattering in optical cavities: the elasto-optical mechanism, the

length modulation mechanism, and the ripple mechanism. In the elasto-optical mechanism,

the refractive index variation induced by an acoustic wave acts as a grating in the medium

through which light propagates, and causes scattering. If this process occurs in an optical

cavity, the scattered light can stimulate acoustic wave excitation in the medium [17, 18].

Such scattering with positive feedback is called stimulated Brillouin scattering (SBS). For

SBS, the modulation frequency is ∼ 1010 Hz. In the length modulation mechanism, a rigid

mirror attached to an acoustic resonator creates a frequency modulation. There is no change

in the spatial structure of the scattered mode [19]. Usually, the optical sidebands which are

created occur within the cavity linewidth. In terms of spatial structure, only two modes

participate in the scattering process: one optical and one acoustic mode - this is therefore

a 2-mode process. This 2-mode interaction has been widely adopted in mode cooling [20],

optical springs experiments [21], and in creating linear motion transducers [22].

The topic of this paper involves the ripple mechanism. It is an opto-acoustic interaction

which combines both SBS and intercavity modulation. The optical cavity length is not

modulated by the translation motion of the mirror, but by the ripple-like standing waves

on the surface associated with the bulk internal motion of the mirror substrate due to its

acoustic modes. The surface vibration of the mirror in the optical cavity scatters a carrier

mode into a transverse optical mode (TEM) of the cavity. This TEM can excite and amplify

an acoustic mode by the same feedback mechanism as in SBS. Such a scattering process is

characterised by a simultaneous triple resonance of a carrier optical mode, a transverse op-

tical mode, and an acoustic mode. We call this process a 3-mode interaction.

Zhao et al. [23] have experimentally shown using an 80 m cavity that the interaction of

photons with test mass surface vibration indeed occurs. This was the first evidence that

cavities may sustain such 3-mode interactions. Numerous previous experiments have re-

ported 2-mode interactions [24].

For various reasons discussed further below, 3-mode interactions are macroscopic, involving
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acoustic modes of the mirror in the frequency range 104 − 106 Hz, and transverse modes

up to 8th order. We normally refer to the transverse modes as high order modes (HOMs);

these HOMs lie above or below the main cavity frequency.

Two opposite processes are allowed in opto-acoustic scattering. The first, corresponding to

acoustic amplification, which occurs when ω0 − ωhom ≃ ωm. The second, corresponding to

acoustic dampingand occurs when ωhom−ω0 ≃ ωm. Such 3-mode interactions depend on the

frequency match between the carrier mode ω0, the higher-order mode ωhom, and the acoustic

mode ωm, as well as on there being a spatial overlap of the acoustic mode shape and the

transverse optical mode (see Fig. 1). If the interaction strength is large enough, then the

acoustic mode amplitude can experience exponential growth over a short time ranging from

tens of milliseconds up to minutes (e.g. see [25]). This phenomenon is called parametric

instability (PI).

Parametric instability was first analysed by Braginsky et al. [26], Kells et al. [27], and Zhao

et al. [28] for the case of a single optical cavity. Braginsky et al. showed that PI is a po-

tentially serious problem for the next generation of GW detectors. Kells et al. pointed out

that by ignoring damping processes, the PI models can overestimate the number of unstable

modes. In detailed analysis of a more realistic case, Zhao et al. showed that PI was likely

in Advanced LIGO. Similar results were obtained by Bantilan et al. [29]. Both analyses

showed that PI can occur for acoustic modes lying in the range from ∼ 10 kHz up to ∼ 100

kHz for the Advanced LIGO type interferometer. Since then, the analysis has been refined

to consider the effect of power and signal recycling cavities [30–34].

The results of this modelling show that mismatch between cavities significantly affects PI;

both power recycling and signal recycling can significantly change the instability conditions.

However, the potential for instability is well estimated by considering a single cavity. More

complex interferometer configurations can show both increased and reduced levels of insta-

bility, depending on precisely defined but poorly designed details, such as errors in the radii

of curvature of the mirrors. For comparing two types of optical cavity, it is sufficient to

consider a single optical cavity.

PI can be described by a parametric gain parameter R. If R > 1, then an acoustic mode

becomes unstable. For the case of the single optical cavity, the parametric gain of an acoustic

4



Transverse mode

(Scattered carrier)

(Scattering medium)

Acoustic mode

Laser  TEM 00

(Energy Pump)

TEM ij
scattered mode

carrier TEM 00

ωmωm

nearest resonance 

TEM ij   TEM pq

Po
w

er
 in

 th
e 

ca
vi

ty

Frequency

FSR

FIG. 1: The idea of 3-mode interactions. The left plot represents the scheme by which three modes

interact with each other. The carrier mode is pumped into cavity where it experience scattering on

the mirror surface profiled by a particular acoustic modes. If the mirror surface motion spatially

overlaps with the electric field distribution of a transverse optical mode, there is a possibility for the

carrier mode to be scattered into this mode. The right frequency combination of all three modes

can result in amplification of acoustic modes via the transverse optical mode, as represented in the

diagram by a closed loop. The frequency structure is shown on the right graph. The asymmetry of

the modal structure of optical cavities means that only one sideband participate in the interaction.

This could be either red or blue-shifted. The graph shows an example of the excitation process

due to a red-shifted sideband. Note that in practise there is no special requirement for the pump

energy to be in the form of the TEM 00 mode: this is just the conventional choice for the pump

mode.

mode is:

R =
4PQmQΛ

mcLω2
m

(

(

1 + ∆ω2

s/δ
2

s

)−1
−
(

1 + ∆ω2

a/δ
2

a

)−1
)

, (1)

where ∆ωs/a ≡ ω0/hom − ωhom/0 − ωm is the resonance condition describing either excitation

or damping of the acoustic modes, δ is the half linewidth of the optical mode, m is the

mass of the test mass, and L is the length of the cavity. According to the above formula,

parametric instability is directly proportional to the circulating power P in the cavity, the

acoustic mode quality factor Qm, the optical mode quality factor Q, and the overlapping

parameter Λ. A detailed description of Λ is given in Sec. IV.

To properly estimate R values, both acoustic and optical mode structures must be known.

Frequencies and spatial distributions of modes are necessary to determine resonance condi-
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tions and overlapping parameters, respectively. Since the cavity losses determine the optical

quality factor, a careful analysis of optical losses must also be taken into account.

Ju et al. [35] showed that multiple interactions can occur simultaneously, further increasing

the problem of PI. The parametric gain for any acoustic mode results from a superposition

of multiple interactions with high-order optical modes (HOMs). Each HOM, depending on

its frequency, can contribute to either excitation or damping of the internal vibrations of

the test masses. For the purpose of this paper, we adopted a decomposition method. Based

on the multi-mode nature of this phenomenon, the effective parametric gain of any acoustic

mode can be written as:

R =
4PQm

mcLω2
m

(

HOMs
∑

rs −

HOMs
∑

ra

)

. (2)

However, the mode superposition method can be problematic. The exact evaluation of

the scattered beam requires complete basis set of the cavity modes. Moreover, some basis

elements represented by highly diffractive HOMs (low finesse modes) can substantially

differ from their analytical counterparts. Therefore an analytically estimated basis can be

incorrect [36]. For this reason, a numerical approach seems to be the most suitable in order

to calculate highly lossy HOMs for the total scattered field representation. Ideally, the

summation in Eqn. 2 should be carried out over an infinite number of modes. However,

due to the increase of diffraction losses with optical mode order, combined with a reduced

magnitude of the overlapping parameter at large frequency differences, it is generally a

good approximation to terminate the summation at the 8th order of the optical mode.

The geometry mismatch (corresponding to a small overlapping parameter) is the dominant

factor which determines the summation threshold. Thus relatively low-loss HOMs above

8th order make insignificant contributions to the parametric gain for the beam geometries

considered here.

Parallel to the development of the superposition method, Kells [37] developed another way

to estimate parametric gain. Instead of the multi-mode analysis, Kells treated the scattered

net field as a whole, avoiding individual modes. The analysis of an Advanced LIGO single

cavity done by Bantilan and Kells [29] confirmed that these two methods are equivalent to

each other.

Note that the gain contributions (Eqn. 2) of the Stokes processes rs and the anti-Stokes

processes ra differ in sign, while their magnitudes are given by rs/a ≡ QΛ(1 + ∆ω2

s/a/δ
2
s)

−1
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(see Eqn. 1). Thus, the effective gain can be either positive or negative, depending on

whether the excitation or damping process is dominant in a multiple HOM system. A

negative value of R indicates that the acoustic mode is damped, a positive value indicates

that damping is reduced, and R > 1 indicates parametric instability.

The analysis for Gaussian beams has shown the strong sensitivity of the system to very

small changes in cavity parameters, which strongly affect the resonance condition. This

sensitivity is such that mirror imperfections are likely to dominate actual observations. As

has been previously emphasised, this means that results must be interpreted as being a

statistical prediction of the probability of the instability, rather than a precise prediction of

actual behaviour.

In view of the above, for this paper we have restricted our analysis to a single cavity.

The prediction of the instability was determined by the generalisation of Eqn. 2. Test

masses were assumed to be made of sapphire. There are three reasons for this. Firstly, as

discussed by Ju et al. [38], the high velocity of sound in sapphire means that the acoustic

mode density is lower. This has the advantage, in general, of reducing the possibility of

opto-acoustic interactions, and thereby of decreasing the expected number of unstable

acoustic modes. Secondly, the smaller number of acoustic modes also means that the

computational task is easier, reducing the very long CPU times required for numerical

analysis. Thirdly, sapphire is the proposed material for the LCGT detector in Japan, and

it is a candidate for third generation cryogenic detectors for which Mesa beams might be

considered.

The motivation of this work is to compare interferometers with flat-top beams to those

using conventional Gaussian beams. Comparison of all the other beams, mentioned earlier,

is beyond the scope of this paper. Each will have a different pattern of opto-acoustic

interactions, determined mainly by an opto-acoustic overlap integral, and by the spectrum

of higher-order modes.

We consider three different cavity types: Gaussian near-concentric (CG), Mesa near-flat

(FM), and Mesa near-concentric (CM). Due to the high susceptibility of the near-flat FM

cavity to radiation pressure induced tilt instability [39], we only focus on concentric cavities.

However, the FM case is useful for estimating and validating CM cavity parameters.

For definitiveness, we have chosen parameters similar to those used to define Advanced
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LIGO. Our purpose is to obtain an estimate of the relative differences between the Mesa

and Gaussian beam cavities. These relative differences are not strongly dependent on the

detailed parameter choice.

Analysis of PI requires detailed modelling of both acoustic and optical modes. In Sec.

II, we describe the modal analysis of the acoustic modes. In Sec. III we describe the

methods used to determine the optical structure of the Gaussian and Mesa beam cavities:

resonances, mode shapes, and losses associated with cavity structure. In Sec. IV, we describe

the estimation of the overlapping parameter Λ for the optical and acoustic modes, which

determines the possible amplitude of opto-acoustic interactions. Finally, in Sec. V we

present the results for the PI analysis of the two systems.

II. TEST MASS ACOUSTIC MODE MODELLING

To determine the mode shapes u and frequencies ωm of test mass acoustic modes, we used

Finite Element Analysis (FEA). Sapphire anisotropy and the detailed geometry preclude

analytical solutions.

In FEA, mathematical operations are performed on nodes which are grouped into elements.

The displacement vector u in each node can be written as:

Mab
∂2ub

i

∂t2
+ Kaibku

b
k = 0, (3)

where Mab is the element of the global mass matrix, and Kaibk is the element of the global

stiffness matrix, defined as follows:

Kaibk =

∫

s

Cijkl

∂ϕa
(

~ξ
)

∂ξj

∂ϕb
(

~ξ
)

∂ξl

dV, (4)

Mab =

∫

s

ρϕa
(

~ξ
)

ϕb
(

~ξ
)

dV. (5)

C is the 4-rank compliance tensor (see Table I), ρ is the density of the test mass, and ϕ(~ξ) is

the position-dependent shape function, defined as ui

(

~ξ
)

= ϕq
(

~ξ
)

uq
i . This shape function is

an interpolation which specifies the vector u at an arbitrary position on the test mass. Since

the shape function refers only to a single element, the K and M matrices are constructed

by rearranging and adding element stiffness and mass matrices, respectively. Substituting
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TABLE I: Notation and values for the main parameters used in this paper.

Quantity Value Description

Test mass:

rt 0.16 m Radius

dt 0.2 m Thickness

φt 0.5 deg Back face wedge angle

C C11=498.1 C12=C13=110.9 Non-zero elements of the compliance

C22=C33=496.8 C23=163.6 matrix [GPa] for m-axis sapphire crystala

C35=-C25=-C46=23.5

C44=166.6 C55=C66=147.4

ρ 3983 kg/m3 Density

m 40 kg Mass of the test mass

Qm 1·107 Acoustic mode quality factor

Optics:

L 4000 m Cavity length

TITM 1.4 % Input test mass transmissivity

TETM 5.0 ppm End test mass transmissivity

FSR 37.474 kHz Free spectral range

λ 1.064·10−6 m Wavelength

k 5.9905·106 rad/m Wave number

D 1.041·10−1 m Mesa beam radius

R 2050.6 m Radius of curvature

for concentric Gaussian mirrors

P 830 kW Circulating power in the arm cavities

acompliance tensor for m-axis is shown in matrix form [40].
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u = µmcos(ωmt) in Eqn. 3, where µm is the eigenvector representing the mode shape of the

mth natural frequency ωi, we can obtain an eigenequation as follows:

|K − ω2

i M | = 0. (6)

By solving Eqn. 6, we can obtain mode shapes µm and mode frequencies ωm.

Procedures, such as meshing of the model, evaluation of the stiffness, and mass matrices

were performed using ANSYS FEA software [41]. To solve Eqn. 6, we chose the Bloc-

Lanczos method [42], which is one of the standard ANSYS approaches for a model with a

large number of nodes.

To ensure that all acoustic modes had correct shapes, and were not affected by poor meshing,

we created a test mass model with ∼ 140000 nodes. The model was meshed with 8-noded

linear 3D elements. The test mass was assumed to be a cylinder with 45o chamfers on the

corners, and with a back face tilted 0.5o with respect to the front face (for separation of

surface reflections). The dimensions of this 3D model are shown in Table I. The substrate

was chosen to be a sapphire crystal with the m-axis parallel to the circumference of the

cylinder.

The eigenvectors µm obtained from the solution were normalised to unity such that the

largest component was 1. We calculated the first 800 acoustic modes. The resonant fre-

quencies of the model are shown in Fig. 2. It is useful to scale them relative to the free

spectral range (FSR) of the optical cavity. For an opto-acoustic interaction, this mode fre-

quency must coincide with an optical mode frequency difference (∆ = |ωhom−ω00|). Almost

all of the 800 modes sit within the 0-3 FSR range.

It is clear that the acoustic mode density increases with mode frequency. The mean mode

spacing reduces to ∼ 50 Hz at the high end of the range. Thus, there is a larger probability

for higher-frequency acoustic modes to be in resonance with optical modes.

Each acoustic mode frequency and mode shape, determined in the above analysis, is stored

in a database for the purpose of estimating PI once the optical modes have been determined.

III. OPTICAL MODE STRUCTURE

In the opto-acoustic scattering, the strength of the scattering interaction is governed by

resonance conditions defined by ∆ω having a low value and Λ having a high value. Therefore,
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FIG. 2: Acoustic modes of the sapphire test mass model. Mode frequencies fm are represented in

terms of the Free Spectral Range (FSR) of the optical cavity. The 800 modes plotted here cover

the frequency range up to the 3rd FSR. This covers all the modes that can potentially contribute

to parametric instability.

besides determining the acoustic modes, it is necessary to find the frequencies and shapes

of the higher-order optical modes.

An analytical solution of the beam propagating in the cavity is well established for Gaussian

beams. However there is no simple analytic solution for flat-top beams. In addition, the

analytic solution for a Gaussian cavity does not accurately represent a real cavity with finite

mirrors (see, for example, Barriga et al. [43]). Therefore, a numerical analysis again becomes

essential to find the mode shapes and frequencies and for both types of beams.

A. Cavity eigenstates and eigenvalues

The optical cavity mode structure and mode shapes were solved using the cavity eigen-

value equation. For this purpose, we use the Fresnel-Kirchhoff propagation equation de-

scribing the electric field E(~r, z) on mirror 2, propagating from mirror 1 in a two mirror

cavity:

E2 (~r2, L) = −
ik

2π

∫ ∫

S

G (~r2, ~r1)E1 (~r1, 0)F (θ) d2~r1, (7)
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where F (θ) is the obliquity factor: F (θ) = 0.5(1+ cosθ). For long baselines F (θ) ≈ 1, where

k = 2π
λ

is the wave number, and G is the propagation kernel, defined as:

G (~r2, ~r1) =
ik

2πη
e−ikη. (8)

Here, η is the distance between any two arbitrary points on the opposite mirror, given by

η =
√

ς2 + |~r2 − ~r1|2, (9)

where

ς = L − h (~r2) − h (~r1) . (10)

In the above equations, the vector ~r is the transverse distance from the centre of the mirror, L

is the cavity length, and h is the mirror profile height. The mirror profiles h were constructed

from the non-normalised electric field distribution of the Mesa and Gaussian beams as seen

at the reflecting surface of each mirror in a symmetrical cavity, using Eqns. 11 and 12,

respectively, as follows:

uMF
00 (D,~r) =

∫

r′≤D

exp

[

−k (~r − ~r′)2 (1 + i)

2L

]

d2~r′, (11)

uGC
00 (R,~r) = exp

(

−i

[

kL

2
+

ik|~r|2

2R
− arctan

(

2R − L

L

)1/2
])

. (12)

Here, D is the Mesa beam radius, and R is the radius of curvature for the Gaussian beam.

We use D here to be consistent with the original work on Mesa beams [9, 10]. The Mesa

beam is obtained by superposition of the optimal Gaussian beams, i.e. beams with the best

combination of the minimum beam diameter and best collimation over the distance from

the cavity waist to the mirror position. Optimal beams ensure that the Mesa beam edge has

optimally sharp falloff. The integration in Eqn. 11 is carried out over a circle with radius D,

which defines the Mesa beam. We assume the Mesa beam to have a radius of D = 4
√

L/k

= 0.1041 m (4× bigger than the optimal Gaussian beam waist), which corresponded to a

Gaussian beam with R = 2050.6 m, with the same diffraction losses of 19.5 ppm. We chose

such a beam size to allow comparison with previous work on Mesa beams with the same

beam radius [39, 44].

Note that we desire each of the beams to be a steady stable-state beam in the cavity. The
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stability of the beam is achieved when its profile duplicates itself after a round trip. In other

words, the reflected beam seen on mirror 2 is the phase-conjugate replica of the beam on

mirror 1 for the symmetric cavity case, E2 (~r2, L) = E∗
1 (~r1, 0). Therefore, to ensure that

beam profiles (Eqns. 11 and 12) would remain unchanged at each mirror position as light

bounces back and forth, the mirror phase must match with the wavefront of the beam [45].

The relation between mirror shape h and the beam wavefront is kh (~r) = u′(~r), where u′(~r) is

the wavefront of the beam, defined as: u′(~r) = Arg (u00(~r) − u00(0)). We should emphasise

here that due to the finite size of the mirrors (see Table I), diffraction leads to a change

in the profile of the beam which in turn can cause a deviation of the numerically obtained

beam profile from that of the input analytical beam. However, this effect is negligible for

low loss beams. As we show later, both the Gaussian and Mesa beam profiles have small

diffraction losses. Also, comparison of these mode shapes with numerically obtained beams

from constructed cavities, give similar results within numerical error.

There are two possible mirror shapes for which a resonating carrier mode would have exactly

the same intensity profile but with a different wavefront at each mirror. These two cases

correspond to near-flat hF and near concentric hC mirror shapes. According to Eqns. 11

and 12, the Mesa beam describes the electric field distribution at a near-flat mirror, whereas

the Gaussian beam is referred to the near-concentric mirror. To construct a near-concentric

mirror hC (~r) for the Mesa beam, we used the relation between near-flat and near-concentric

cases, as follows:

hF (~r) + hC (~r) =
r2

L
. (13)

The product r2/L is the surface height of an ideal concentric mirror with respect to a flat

mirror. Mirror shapes for the three cases: concentric Gaussian (CG), concentric Mesa (CM),

and flat Mesa (FM) are shown in Fig. 3. If the grid size for the mirror surface area S is

sufficiently fine, then the electric field E across element area d2r becomes quasi-steady [46],

and Eqn. 7 can be simplified to:

E2 (~r2, L) = N12E1 (~r1, 0) , (14)

where

N12 =
ik

2π

∫ ∫

S

K (~r2, ~r1) d2~r1. (15)

13



0   2 4 6 8 10 12 14 16
 

0

1

2

3

4 

5 

6 

7 

radius [cm]

h 
[µ

m
]

 

 

Concentric
CG
CM
FM

FIG. 3: Mirror shapes for the ideal concentric mirror (solid thick line), concentric Gaussian mirror

CG (dashed line), concentric Mesa mirror CM (dash-dotted line), and flat Mesa mirror FM (solid

thin line).

Thus, we can introduce an eigenvalue equation, as follows:

γE1 = N12N21E1, (16)

where the complex coefficient γ is the eigenvalue corresponding to the eigenvector E1, and

N12 is the kernel integral over the mirror surface for a beam propagating from mirror 1

to mirror 2. The eigevector represents one of the cavity modes which can be sustained at

resonance. The amplitude |γ| in Eqn. 16 can be interpreted as beam attenuation due to the

diffraction losses per round-trip, and is expected to be less than 1. By solving Eqn. 16, we

obtain the set of eigenvectors which satisfy the orthogonality relation
∫

Ei
1 · E

j∗
1 d~r = δij for

any i and j eigenvectors. Therefore these eigenvectors can be considered as a basis which

spans the space of the cavity states. Each cavity state is defined by one or more eigenvectors

(in the case of degeneracy) and its eigenvalue. Eigenvectors contain information about the

electric field distribution and the wavefront of the optical mode, whereas eigenvalues carry

information about frequency and mode loss. In our case, the basis includes both non-

degenerate and 2-fold degenerate eigenvectors. The degeneracy is due to the fact that some

eigenvectors occur in pairs, having the same eigenvalues. Such degenerate eigenvectors
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correspond to the identical optical mode with different spacial orientation. More about

mode orientation is presented in Section IV.

The grid size was determined by checking the convergence of the eigenvalues for a range of

grid dimensions. By solving Eqn. 16 with a uniform quadratic grid size of 3.4 × 3.4 mm, we

obtained a set of eigenvectors corresponding to mode shapes and eigenvalues, which contain

information about phase and diffraction losses. For the purpose of our analysis, we calculated

46 optical modes. We chose only one mode from each degenerate pair which reduced the

number of modes down to 25. This allows us to substantially shorten the computational

time for the parametric instability analysis. The list of all 25 modes is shown in Table II.

B. High-Order Mode resonances

Resonance frequencies of the high-order modes were estimated using eigenvalues obtained

from Eqn. 16. The phase angle between two eigenvalues corresponds to the Gouy phase

difference between two modes. Therefore, the HOM frequencies of fhom with respect to the

carrier mode frequency f0 could be calculated according to Eqn. 17:

∆νf0 =
FSR

π
(arg (γf) − arg (γ0)) , (17)

where FSR = c/2L is the free spectral range. The concentric case for the Mesa beam was

estimated using two different approaches. In the first approach, we constructed a nearly

concentric mirror and solved Eqn. 16. In the second approach, we used data obtained from

the nearly planar Mesa cavity analysis, and used the duality relation γC = e−i4kL
(

γF
)∗

to obtain the concentric case [47]. Both results agreed within 0.1 % accuracy. This entire

analysis was initially performed for a FM cavity. Fortunately, the good agreement with the

duality relation ensured that conversion between the FM and CM solutions could be made

analytically. Since we already had data for the FM solution, we used them to obtain the

CM cavity parameters. In Fig. 4, we show the first 25 optical modes for the two different

cavities. Modes for which ∆ν ≥ FSR, are contracted modulo FSR to appear in the 0-1

FSR range, since they exist as high-order modes of any nearby axial mode. In other words,

modes with ∆ν ≥ FSR are associated with the axial mode M < 0. The axial mode index

M defines allowed carrier resonant frequencies, and has a value of M = 0, ±1, ±2, ±... .
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FIG. 4: Near-concentric cavity structures for Gaussian and Mesa cavities. Each dashed vertical

line corresponds to a higher-order mode frequency lying in the 1st FSR. The number above each

vertical line refers to the mode type listed in Table II.

Due to the duality relation, the CM cavity structure in the 1st FSR range is:

∆νC = M · FSR − ∆νF , with M = 1, (18)

where superscripts C and F correspond to the concentric and flat case, respectively. Accord-

ing to the above equation the HOM location relative to the FSR is swapped between the con-

centric and the flat cavity. In the flat cavity, the mode location is shifted toward higher values

of M with increasing mode order; whereas for concentric cavities, the mode location is shifted
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toward lower M with increasing order. Note that both the optical field pattern and the spa-

tial displacement pattern of the mirror reflecting surface have cylindrical symmetry. More-

over, both patterns increase complexity in the same fashion (radial and azimuthal divisions)

with increasing mode frequencies. Therefore, the near-concentric cavities have an intrinsic

mismatch between lower-order acoustic modes and lower-order optical modes. This is bene-

ficial for the PI situation. As shown in Appendix A, the CM cavity has a unique mode dis-

tribution, with increasing Gouy phase such that arg(γi−1)−arg(γi) << arg(γi+1)−arg(γi).

It seems that the mode spacing in such a cavity becomes significantly larger with an increase

of the mode order, in comparison to the Gaussian concentric cavity.

We now go on to estimate the losses for the optical cavity high-order modes.

C. Cavity losses

The optical loss of the cavity high-order modes directly determines the parametric gain

R for the opto-acoustic interactions. There are two dominant sources of loss: coupling losses

due to the transmissivity of the input mirror, and diffraction losses which are associated

with mirror geometry and mode shape. Since parametric gain is proportional to the quality

factor of the optical modes, the Q-factor for each optical mode needs to be estimated. The

loss parameter δ from Eqn. 1 is defined as follows:

δf = −
FSR

4π
ln [(1 − σf) (1 − T1) (1 − T2)] . (19)

Here T1 and T2 is the transmissivities of each of the two mirrors, and σf is the diffraction

loss of the optical mode per round-trip. The eigenvalues are related to the diffraction losses

as follows:

σf = 1 − |γf |
2. (20)

According to the duality relation [47], both FM and CM cavities have the same diffraction

losses. Therefore, we adopt the σ values of the Flat Mesa cavity for the CM cavity. The

diffraction losses are shown in Fig. 5. Appendix A presents Table II relating mode number

to the conventional mode shape notation (TEM pq). Note that the fundamental CG and

Mesa (either FM or CM) modes (ie. mode #1 in Fig. 5 corresponding to the TEM 00

mode) have the same loss for both types of beams, as determined by our design criteria.

The σ-value for HOMs is strongly dependent on the mode shape. Modes with the same order
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FIG. 5: Diffraction losses for concentric cavities. The x-axis corresponds to the mode number

shown in Table II (Appendix A).

have substantially different losses. This effect is more prominent for the Mesa cavity. There

is a noticeable difference in the magnitude of the losses between the two types of cavities.

The losses of the HOMs for the CG cavity are much higher than for the Mesa cavities. Fig.

5 shows that the losses of all mode families increase with radial mode index q, but decrease

with azimuthal mode index p, except for the particular case of the second and third modes,

for which these trends are reversed.

Smaller diffraction losses for Mesa beams mean narrower peaks, and higher Q-factors. The

quality factor is defined as:

Qf =
−2πνf

FSR · ln [(1 − σf ) (1 − T1) (1 − T2)]
. (21)

The Q-factor upper limit is set by coupling losses, and has a value of ∼ 3·1012. Due to

the diffraction losses, the Q-factor is reduced below the value set by the transmissivity of

the mirrors. Fig. 6 shows the Q-factor as a function of mode number for both cavities.

There is a distinguishable difference between CG and CM modes. Most of the Mesa beam

cavity modes have a Q > 1012. Diffraction losses only significantly reduce the Q-factor

for the higher orders of the modes considered. For all modes with radial index p = 0, the

diffraction loss has a very small impact on the mode Q-factor. On the other hand, Gaussian

HOM diffraction losses cause their Q-factor to be reduced by a factor ∼ 10. Only a few of

the first low-order modes have a Q-factor set by coupling losses.

Since parametric gain is directly proportional to the optical Q-factor, the higher Q-factor
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(Appendix A).

of the Mesa cavity optical modes acts to increase parametric instability as compared to the

Gaussian cavity.

We now go on to determine the critical geometrical overlap of the optical modes described

in Sec. III with the acoustic modes described in Sec. II.

IV. OPTO-ACOUSTIC INTERACTION: THE MODE OVERLAPPING FACTOR

A low-loss resonant 3-mode interaction (for which ∆ω ≈ 0) is not sufficient to en-

sure that the parametric gain will exceed unity. The gain also depends on the magni-

tude of the geometrical overlap between the modes,which is defined by the overlapping

parameter Λ. Mathematically, three modes - consisting of the carrier E00, the high-order

mode Ehom, and the acoustic mode µ - must have a spatial match defined by the integral
∫

E00(~r)E∗hom(~r)µ⊥(~r)d ~r⊥, where µ⊥ is the displacement vector of the acoustic mode normal

to the test mass surface. The higher this integral value, the better is the overlap between

modes. Moreover, each acoustic mode µ has different strain energy, due to the difference

in spatial displacements between modes. In other words, each acoustic mode varies in the

fraction of the total mass which vibrates. Such a fractional mass, called the effective mass,

refers to the excitation susceptibility of an acoustic mode. If the effective mass is large then
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the energy required to induce vibration is also high. A normalised overlapping parameter

between the ith HOM and jth acoustic mode can be written as:

Λ =
V
(∫

E00 (~r)E∗hom (~r) µ⊥ (~r) d ~r⊥
)2

∫

|µ (~r) |2d ~r⊥
∫

|E00 (~r) |2d ~r⊥
∫

|Ehom (~r) |2d ~r⊥
, (22)

where the product V/
∫

|µ (~r) |2d ~r⊥ is the mass ratio of the mass of the test mass to the

effective mass of the acoustic mode.

In our analysis, we estimated the maximal overlapping parameter Λ by rotation of the optical

mode with respect to the position of acoustic mode. The reason why we performed mode

rotation comes from the fact that an optical eigenvector solution gives degenerate modes

(modes with the same γ) oriented with respect to each other by π/(2p), for the same (p,q)

type with q 6= 0. The indices p and q correspond to radial and azimuthal indices, respectively.

Such orientation of the degenerate modes is the result of the orthogonality of the eigenvectors

in the solution of Eqn. 16. Each non-radially symmetric mode requires exactly two basis

eigenvectors to be fully described. This is analogous to a vector in two dimensional space,

which can be defined by two basis vectors spanning the space. Each pair of eigenmodes has

the same values of σ and ∆ν. It is clear that Λ(φ = 0) + Λ(φ = π/(2p)) = Λ(φ = φmaximal)

for a particular mode. Therefore, to reduce the number of optical modes in the parametric

instability analysis, we chose one mode from each pair, and found the angle at which Λ has

the largest value. The Λ-values were calculated for all 800 acoustic modes, using a set of 25

optical eigenvectors. To ensure that Λ was calculated with high accuracy, we interpolated

an acoustic mode µ⊥ onto the finer optical mode grid, and then rotated the optical mode

by 1 deg steps. An example of the Λ-value as a function of rotation angle is shown in Fig.

7. In an ideal cylindrically symmetrical situation, optimal modes would be likely to align

themselves to the maximal Λ-value. However, in real situations asymmetry is likely to lock

the mode orientations to specific values. Thus, this method of choosing the maximal overlap

estimates the worst case for PI.

From the plots in Fig. 7, it follows that CM modes have larger overlaps. One of the factors

responsible for high Λ-values is the relatively large size of CM modes with respect to CG

modes. Note, however, that the overlapping is a product of three modes. Thus the beam

size is not the only factor responsible for large Λ. It also depends on the shape match

between optical and acoustic modes. For a particular 3-mode combination, the CG cavity

can sometimes have larger Λ. This is shown in Fig. 8. Only optical modes with a value of
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FIG. 7: Overlapping parameters Λ as a function of opto-acoustic mode rotation. The solid/dashed

line corresponds to the overlapping of CG/CM modes, respectively. These plots were produced

such that Λmax was at φ = 0. Note that for any optical mode of (p,q) type with q = 0, Λ remains

constant for an arbitrary φ, as expected.

Λ greater than a threshold value Λth (either Mesa or Gaussian modes) are presented in this

figure. The value of Λth is given by Λth = ω2
m/ϑQm, where ϑ = 4PQ

mLc
. This is the threshold

value for Λ overlap for which the opto-acoustic interaction can be potentially dangerous.

This quantity was estimated for a constant Q-factor, corresponding to the coupling loss.

Fig. 8 shows that the CM cavity has ∼ 2 as many cases where Λ > Λth, as compared to the

CG cavity. This indicates that the chance of PI to occure may be higher by a factor of ∼ 2

for the Mesa cavity.

By plotting the distribution of the overlaps, we found close similarities in the distribution

patterns for both cavities (see Fig. 9). However, they differs in the number of optical modes
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FIG. 8: Ratio of Mesa beam to Gaussian beam overlapping parameters Λ, for a given acoustic

mode.

exceeding the Λ-threshold value in various Λ ranges. There are substantially more optical

modes in 1 ≤ Λ < 2, 2 ≤ Λ < 4, and 10 ≤ Λ < 20 bins for the Mesa cavity, whereas the other

ranges remain almost identical. The diference in each of these bins is ∼50% with respect to

the Gaussian cavity.

The dependence of Λ on the relative alignment of the optical and acoustic modes shows

that designs that lock these modes in particular orientations can be used to minimise the

chance of instability from particular modes. However such minimisation of Λ cannot be

achieved in general, because of the multiplicity of modes.

The previous sections describe how data was obtained to model parametric instability. We

go on to present the results of the PI analysis.

V. PARAMETRIC INSTABILITY

Parametric instability analysis was carried out for a 2-mirror cavity, with parametric

gain R estimated according to Eqn. 2. Since we are only interested in determining the

relative risk of instability between the two cavity configurations, we assumed the acoustic

mode Q-factors to be constant (see Table I), with a Qm = 107. This is a typical Q-factor

expected with current detector technology. The resonance conditions ∆ω for both damping

and excitation processes were estimated using 800 acoustic modes. R-values for each mode

were calculated by superposition of the excitation and damping processes for all 25 modes.
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FIG. 9: Histogram of the optical mode distribution in terms of the overlapping parameter Λ.

Each bin represents the Λ range normalised by Λth = ω2
m/ϑQm, as described in Section IV.

To ensure that all mode interactions with positive and negative gain were taken into account,

we extended the ∆ω calculation to a range of M = ± 4 [49]. The parametric gain for 800

modes in the CG and CM cavities is shown in Figs. 10a and 10b, respectively. Each dot

represents the R-value for a particular acoustic mode. There are 2 and 10 unstable modes

(R ≥ 1) for the Gaussian and Mesa cavities, respectively.

As discussed ealier, and explained in Zhao et al. [28], small changes in mirror shape can

cause detuning of the optical HOMs, and thus significantly affect parametric instability. For

Gaussian cavities, this effect can be explored by considering the dependence of parametric

instability on the mirror radius of curvature. We can then allow for manufacturing tolerances

and differential thermal distortions of the mirror. Unfortunately, we cannot use the same

method for Mesa beams since the cavity is not characterised by a radius of curvature. For
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FIG. 10: Parametric gain for concentric (a) Gaussian, and (b) Mesa cavities. Dots represent gains

for the resonance condition ∆ω estimated from acoustic and optical analysis, whereas the vertical

red lines represent gains in the ∆ω ±2π·2000 Hz range.

this reason, we have chosen to consider the gain range for which the resonance condition

∆ω is allowed to vary by ± 2000 Hz. The number of unstable modes will vary dynamically

as the thermal condition of the interferometer changes. Such a procedure ensures that all

potentially unstable modes are included. The variation of the parametric gain is shown in

Fig. 10 as vertical lines. Dots correspond to ∆ω values obtained from the optical mode

structure and acoustic mode analysis. In Fig. 11, an example is shown of R-value changes

for an 85 kHz mode, as a function of ∆ω′ = ∆ω ± 2π · 2000 rad/s. Each peak represents

an interaction of a different optical mode with the same acoustic mode. In some cases, the

resonance peak can be positive with R exceeding unity and causing instability. In some

other cases, becomes negative indicating that the acoustic mode will be damped.
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FIG. 11: An example of gain R variation for the 85.134 kHz acoustic mode in the ∆ω/2π ± 2000

Hz range. Note, variation in R corresponds to the vertical line in Fig. 10.

By counting all modes for which R ≥ 1 for some values of ∆ω in a chosen range, we found

that there are as many as 24 and 72 unstable modes per test mass in the CG and CM

configuration, respectively. This indicates that the Mesa beam cavity seems to be more

susceptible to parametric instability by a factor of ∼ 3. The distribution of modes in terms

of R-value is shown in Fig. 12. Only modes with R ≥ 0.2 are presented. In spite of a larger

number of unstable modes for the Mesa cavity, the mean gain <R> of the unstable modes

is 6.2, whereas for the Gaussian cavity <R> = 8.8.

VI. CONCLUSIONS

Our analysis has revealed several differences between Mesa and Gaussian beam cavities.

We found that the overlapping parameter is larger in the Mesa cavity than in the Gaussian

cavity, for ∼70% of all acoustic modes. In spite of larger HOM spot sizes, the diffraction

losses are smaller than those for the Gaussian cavity by ∼ 1 order of magnitude. We were

somewhat surprised to find that while the Mesa cavity has a more radially extended field

distribution, it simultaneously has low diffraction losses in comparison to Gaussian beams.

However, this result is in agreement with mode shape calculations done by Tarallo [48].

These unusual properties of the Mesa cavity modes, i.e. more radially extended electric

field but simultaneously lower losses with respect to CG modes, are most probably due to

the mirror topography of the Mesa cavity. The rapidly rising edge of both the CM and
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FIG. 12: Histogram of the acoustic modes distribution per test mass in a) the Gaussian cavity,

and b) the Mesa cavity, respectively. Only modes with parametric gain R ≥ 0.2 are shown.

FM mirrors spreads the HOM field over a relatively larger mirror area, but at the same

time confines the light more efficiently than the CG mirror [36]. Because the Mesa beam

distributes energy over a larger area of the test mass mirrors than does the Gaussian beam,

it is not surprising that the overlapping parameter for the Mesa beam cavity is larger than

that of the Gaussian cavity.

The concentric Mesa cavity seems to have a unique mode structure, in which modes are

not equally spaced in frequency, whereas the concentric Gaussian cavity modes are more

uniformly distributed. The difference in the mode distributions for the CM and CG cavities

is quite prominent. This can be seen in the frequency offset data given in Appendix A. For

example, modes 3 and 4 (TEM 10 and TEM 02) are almost equal for the CG cavity, but

differ by several kHz for the CM cavity. This clearly causes a significant difference in the
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parametric instability solutions for the two types of cavity.

The following three factors: the difference in optical structure of the CM cavity, the lower

diffraction losses, and the larger overlapping parameters, all have a direct impact on para-

metric instability. Our analysis shows that for the Mesa beam cavity, there are likely to be

∼3 times as many unstable modes as compared with a conventional Gaussian beam inter-

ferometer. However, the mean parametric gain is slightly lower. Nevertheless, parametric

instability is likely to be a more significant issue for Mesa beams.

Finally, it is important to point out that both the CM and CG cavity systems require a

solution to the PI problem. Two methods have been identified - acoustic damping or optical

feedback [25]. Our work emphasises that, in both cases, solutions need to be implemented,

and given that this can be achieved for CG cavities, it should not be so difficult to extend

the solutions to CM interferometers.
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APPENDIX A: OPTICAL SPECTRUM OF THE CG VS. CM CAVITIES

TABLE II: Optical mode structure for CG and CM cavities. Column 2 is the list of optical mode

types used in the analysis. Indices p and q correspond to the radial and azimuthal numbers of the

mode. Columns 3 and 5 show the difference between the carrier frequency at M = 0 and the higher

order mode. Note that all HOMs are intentionally shown in the 1st FSR range. Columns 4 and 6

give the diffraction losses per bounce for each of the beams.

Gaussian cavity Mesa cavity

No. Optical ∆ν [Hz] σ [ppm] ∆ν [Hz] σ [ppm]

mode (p,q) modulo FSR (per bounce) modulo FSR (per bounce)

1 Carrier 0 19.5 0 19.5

2 01 33710.5 307.9 35957.1 101.9

3 10 29942.9 2664.3 31415.2 40.7

4 02 29945.3 1560.9 33474.3 31.0

5 11 26137.2 11804.1 26907.3 441.3

6 03 26164.3 5742.7 30180.2 303.0

7 20 22184.2 47090.3 21330.8 2633.1

8 12 22239.4 37693.6 22193.5 1876.4

9 04 22346.1 17555.6 26237.8 782.0

10 21 17975.4 104682.0 15487.9 6580.1

11 13 18174.1 81114.0 17143.0 3934.5

12 05 18463.7 39173.2 21690.9 974.5

13 30 13152.7 186679.6 8699.0 13405.0

14 22 13367.4 171579.3 9389.8 10448.0

15 14 13840.4 133066.3 11774.1 5084.5

16 06 14461.1 68653.9 16630.8 820.3

17 31 7700.8 283251.4 1792.1 24745.5

18 23 8207.6 255613.5 3007.7 17209.1

19 15 9125.2 199114.1 6012.7 7148.0

20 07 10270.0 108363.7 11107.5 1336.3

21 40 1449.6 399645.5 31627.7 50575.6

22 32 1832.1 383499.9 32198.3 43076.4

23 24 2694.7 346229.6 33910.0 27662.0

24 16 4095.3 276326.1 37368.5 11592.5

25 08 5878.3 160220.1 5157.1 3078.3
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